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0U[YVK\J[PVU! KPNP[�JSHZZPÄJH[PVU
;OL�[HZR! ^YP[L�H�WYVNYHT�[OH[� NP]LU�H���_���NYH`ZJHSL�PTHNL�VM�H
KPNP[� V\[W\[Z�[OL�Z[YPUN�YLWYLZLU[H[PVU

+PNP[Z�MYVT�450:; KH[HZL[
� �
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http://yann.lecun.com/exdb/mnist/


6UL�HWWYVHJO! [Y`�[V�^YP[L�H�WYVNYHT�I`�OHUK�[OH[�\ZLZ�`V\Y�H�WYPVYP
RUV^SLKNL�VM�KPNP[Z�[V�WYVWLYS`�JSHZZPM`�[OL�PTHNLZ

(S[LYUH[P]L�TL[OVK��THJOPUL�SLHYUPUN�! JVSSLJ[�H�I\UJO�VM�PTHNLZ
HUK�[OLPY�JVYYLZWVUKPUN�KPNP[Z� ^YP[L�H�WYVNYHT�[OH[�\ZLZ�[OPZ�KH[H�[V
I\PSK�P[Z�V^U�TL[OVK�MVY�JSHZZPM`PUN�PTHNLZ

�4VYL�WYLJPZLS �̀ [OPZ�PZ�H�Z\IZL[�VM�THJOPUL�SLHYUPUN�JHSSLK
Z\WLY]PZLK�SLHYUPUN�
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( ZPTWSL�L_HTWSL! WYLKPJ[PUN�LSLJ[YPJP[`�\ZL

>OH[�^PSS�WLHR�WV^LY�JVUZ\TW[PVU�IL�PU�[OL�7P[[ZI\YNO�HYLH
[VTVYYV^&

*VSSLJ[�KH[H�VM�WHZ[�OPNO�[LTWLYH[\YLZ�HUK�WLHR�KLTHUKZ
/PNO�;LTWLYH[\YL��-� 7LHR�+LTHUK��.>�
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/`WV[OLZPaL�TVKLS

7LHR�KLTHUK ≈ θ1 · (/PNO�[LTWLYH[\YL) + θ2

MVY�ZVTL�U\TILYZ θ1 HUK θ2

;OLU� NP]LU�H�MVYLJHZ[�VM�[VTVYYV^»Z�OPNO�[LTWLYH[\YL� ^L�JHU
WYLKPJ[�[OL�SPRLS`�WLHR�KLTHUK�I`�WS\NNPUN�P[�PU[V�V\Y�TVKLS
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65 70 75 80 85 90
1.6

1.8

2

2.2

2.4

2.6

2.8

3

High Temperature (F)

Pe
ak

 H
ou

rly
 D

em
an

d 
(G

W
)

 

 
Observed data
Linear regression prediction
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5V[H[PVU
0UW\[�MLH[\YLZ! x (i) ∈ Rn , i = 1, . . . ,m

� ,�N�! x (i) ∈ R2 =

[
OPNO�[LTWLYH[\YL�MVY�KH` i

1

]

6\[W\[! y(i) ∈ R �YLNYLZZPVU [HZR�
� ,�N�! y(i) ∈ R = {WLHR�KLTHUK�MVY�KH` i}

4VKLS�7HYHTL[LYZ! θ ∈ Rn

/`WV[OLZPZ�M\UJ[PVU! hθ(x ) : Rn → R
� /`WV[OLZPZ�M\UJ[PVU! hθ(x ) YL[\YUZ�H WYLKPJ[PVU VM�[OL�V\[W\[ y � L�N�

SPULHY�YLNYLZZPVU

hθ(x ) = xTθ =
n∑

i=1

xiθi
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3VZZ�M\UJ[PVUZ

/V^�KV�^L�TLHZ\YL�OV^�¸NVVK¹�H�O`WV[OLZPZ�PZ�VU�[OL�[YHPUPUN
KH[H&

;̀ WPJHSS`�KVUL�I`�PU[YVK\JPUN�H SVZZ�M\UJ[PVU

" : R× R→ R+

0U[\P[P]LS �̀ [OPZ�M\UJ[PVU�V\[W\[Z�H�¸ZTHSS¹�]HS\L�PM hθ(x ) PZ�¸JSVZL¹�[V
y � H�SHYNL�]HS\L�PM�P[�PZ�¸MHY¹�MYVT y

,�N�� MVY�YLNYLZZPVU� ZX\HYLK�SVZZ

" (hθ(x ), y) = (hθ(x )− y)2
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;OL�JHUVUPJHS�THJOPUL�SLHYUPUN�WYVISLT
.P]LU�H�JVSSLJ[PVU�VM�PUW\[�MLH[\YLZ�HUK�V\[W\[Z (x (i), y(i))�
i = 1, . . . ,m � HUK�H�O`WV[OLZPZ�M\UJ[PVU hθ� ÄUK�WHYHTL[LYZ θ [OH[
TPUPTPaL�[OL�Z\T�VM�SVZZLZ

θ

m∑

i=1

"
(
hθ(x

(i)), y(i)
)

=PY[\HSS`�HSS�SLHYUPUN�HSNVYP[OTZ�JHU�IL�KLZJYPILK�PU�[OPZ�MVYT� ^L�Q\Z[
ULLK�[V�ZWLJPM`�[OYLL�[OPUNZ!

�� ;OL�O`WV[OZPZ�JSHZZ! hθ

�� ;OL�SVZZ�M\UJ[PVU! "

�� ;OL�HSNVYP[OT�MVY�ZVS]PUN�[OL�VW[PTPaH[PVU�WYVISLT��VM[LU
HWWYV_PTH[LS`�
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9L[\YU�[V�WV^LY�KLTHUK�MVYLJHZ[PUN
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Observed data
Linear regression prediction

3PULHY�O`WV[OLZPZ�JSHZZ! hθ(x ) = xT θ

:X\HYLK�SVZZ�M\UJ[PVU! "(hθ(y), y) = (hθ(x )− y)2

9LZ\S[PUN�VW[PTPaH[PVU�WYVISLT

θ

m∑

i=1

"
(
hθ(x

(i)), y(i)
)
≡

θ

m∑

i=1

(
x (i)T θ − y(i)

)2

��



3PULHY�YLNYLZZPVU
.YHKPLU[�KLZJLU[�[V�ZVS]L�VW[PTPaH[PVU�WYVISLT

θ

m∑

i=1

(
x (i)T θ − y(i)

)2

.YHKPLU[�PZ�NP]LU�I`

∇θ

m∑

i=1

(
x (i)Tθ − y(i)

)2
=

m∑

i=1

∇θ

(
x (i)T θ − y(i)

)2

= 2
m∑

i=1

x (i)
(
x (i)Tθ − y(i)

)

.YHKPLU[�KLZJLU[� YLWLH[! θ ← θ − α
m∑

i=1

x (i)
(
x (i)T θ − y(i)

)
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0U�[OPZ�JHZL� ^L�JHU�HSZV�KPYLJ[S`�ZVS]L�MVY ∇θf (θ) = 0

m∑

i=1

x (i)
(
x (i)T θ" − y(i)

)
= 0

⇒
(

m∑

i=1

x (i)x (i)T

)
θ" =

m∑

i=1

x (i)y(i)

⇒ θ" =

(
m∑

i=1

x (i)x (i)T

)−1( m∑

i=1

x (i)y(i)
)

:X\HYLK�SVZZ�PZ�VUL�VM�[OL�ML^�JHZLZ�[OH[�Z\JO�KPYLJ[S`�ZVS\[PVUZ�HYL
WVZZPISL� \Z\HSS`�ULLK�[V�YLZVY[�[V�NYHKPLU[�KLZJLU[�VY�V[OLY
TL[OVKZ
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Linear regression prediction
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(S[LYUH[P]L�SVZZ�M\UJ[PVUZ
>O`�KPK�^L�JOVVZL�[OL�ZX\HYLK�SVZZ�M\UJ[PVU

" (hθ(x ), y) = (hθ(x )− y)2?

:VTL�V[OLY�HS[LYUH[P]LZ
(IZVS\[L�SVZZ! "(hθ(x ), y) = |hθ(x )− y |

+LHKIHUK�SVZZ! "(hθ(x ), y) = {0, |hθ(x )− y |− ε}, ε ∈ R+
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Squared Loss
Absolute Loss
Deadband Loss
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-VY�[OLZL�SVZZ�M\UJ[PVUZ� UV�JSVZLK�MVYT�L_WYLZZPVU�MVY θ"� I\[
�Z\I�NYHKPLU[�KLZJLU[�JHU�Z[PSS�IL�]LY`�LMMLJ[P]L

,�N�� MVY�HIZVS\[L�SVZZ�HUK�SPULHY�O`WV[OLZPZ�JSHZZ

9LWLH[ : θ ← θ − α
m∑

i=1

x (i)
(
x (i)Tθ − y(i)

)

*HU�HSZV�ZVS]L�MVY�UVUZTVV[O�SVZZLZ�\ZPUN�JVUZ[YHPULK�VW[PTPaH[PVU
�HUK�SPIYHYPLZ�SPRL�J]_W`�
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Observed data
Squared loss
Absolute loss
Deadband loss, eps = 0.1
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7YVIHIPSPZ[PJ�PU[LYWYL[H[PVU
:\WWVZL�[OH[�[OL�LHJO�V\[W\[ y PU�V\Y�KH[H�YLHSS` PZ LX\HS�[V�[OL
O`WV[OLZPZ�M\UJ[PVU�MVY�[OH[�L_HTWSL hθ(x )� Q\Z[�JVYY\W[LK�I`
.H\ZZPHU�UVPZL ε

y = hθ(x ) + ε

;OL�WYVIHIPSP[`�KLUZP[`�VM�H�.H\ZZPHU�]HYPHISL�NP]LU�I`

p(ε) =
1√
2πσ

(
− ε2

2σ2

)

:\IZP[\[PUN�[LYTZ� ^L�JHU�\ZL�[OPZ�L_WYLZZPVU�[V�^YP[L�[OL
WYVIHIPSP[`�VM y NP]LU x �WHYHTL[LYPaLK�I` θ�

p(y |x ; θ) = 1√
2πσ

(
−(hθ(x )− y)2

2σ2

)

��



*VUZPKLY�[OL�QVPU[�WYVIHIPSP[`�VM HSS [YHPUPUN�KH[H��HZZ\TPUN�ZHTWSLZ
HYL�PUKLWLUKLU[�HUK�PKLU[PJHSS`�KPZ[YPI\[LK�

p(y(1), . . . , y(m)|x (1), . . . , x (m); θ) =
m∏

i=1

p(y(i)|x (i); θ)

-PUK�[OL�WHYHTL[LYZ�[OH[ θ TH_PTPaL�[OL�WYVIHIPSP[`�VM�[OL�KH[H

θ

m∏

i=1

p(y(i)|x (i); θ) ≡
θ

−
m∑

i=1

p(y(i)|x (i); θ)

≡
θ

m∑

i=1

(
(
√
2πσ) +

1

2σ2
(hθ(x

(i))− y(i))2
)

≡
θ

m∑

i=1

(hθ(x
(i))− y(i))2
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;OPZ�PZ�H�WYVJLK\YL�RUV^U�HZ TH_PT\T�SPRLSPOVVK�LZ[PTH[PVU� H
JVTTVU�Z[H[PZ[PJHS�[LJOUPX\L

5V[L�[OH[�^L�Z[PSS�Q\Z[�W\ZOLK�[OL�X\LZ[PVU�VM�¸^OPJO�SVZZ¹�[V�¸^OPJO
KPZ[YPI\[PVU¹

� )\[�ZVTL�KPZ[YPI\[PVUZ� SPRL�.H\ZZPHU� TH`�OH]L�YLHZVUHISL�LTWPYPJHS
VY�[OLVYL[PJHS�Q\Z[PÄJH[PVUZ�MVY�JLY[HPU�WYVISLTZ
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:[VJOHZ[PJ�NYHKPLU[�KLZJLU[
(Z�TLU[PVULK� [OL�VW[PTPaH[PVU�WYVISLTZ�^L�KLHS�^P[O�PU�THJOPUL
SLHYUPUN�HYL�VM�[OL�MVYT

θ

m∑

i=1

"(hθ(x
(i)), y(i))

7YVJLK\YHSS �̀ NYHKPLU[�KLZJLU[�[OLU�[HRLZ�[OL�MVYT!

M\UJ[PVU θ = .YHKPLU[�+LZJLU[({(x (i), y(i))}, hθ, ",α)
0UP[PHSPaL! θ ← 0
9LWLH[ \U[PS�JVU]LYNLUJL

g ← 0
-VY i = 1, . . . ,m !

g ← g +∇θ"(hθ(x (i)), y(i))
θ ← θ − αg

YL[\YU θ
��



0M�[OL�U\TILY�VM�ZHTWSLZ m PZ�SHYNL� JVTW\[PUN�H ZPUNSL NYHKPLU[
Z[LW�PZ�JVZ[S`

(U�HS[LYUH[P]L�HWWYVHJO� Z[VJOHZ[PJ�NYHKPLU[�KLZJLU[��:.+���\WKH[L
[OL�WHYHTL[LYZ�IHZLK�\WVU�NYHKPLU[ LHJO ZHTWSL!

M\UJ[PVU θ = :.+({(x (i), y(i))}, hθ, ",α)
0UP[PHSPaL! θ ← 0
9LWLH[ \U[PS�JVU]LYNLUJL

-VY i = 1, . . . ,m !
θ ← θ − α∇θ"(hθ(x (i)), y(i))

YL[\YU θ

*HU�IL�]PL^LK�HZ�[HRPUN�THU`�TVYL�Z[LWZ�HSVUN UVPZ` LZ[PTH[LZ�VM
[OL�NYHKPLU[� HUK�VM[LU�JVU]LYNLZ�[V�H�¸NVVK¹�WHYHTL[LY�]HS\L�HM[LY
YLSH[P]LS`�ML^�WHZZLZ�V]LY�[OL�KH[H�ZL[
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6[OLY�THJOPUL�SLHYUPUN�HSNVYP[OTZ

<UZ\WLY]PZLK�SLHYUPUN
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*SHZZPÄJH[PVU�WYVISLTZ

:VTL[PTLZ�^L�^HU[�[V�WYLKPJ[�KPZJYL[L�V\[W\[Z�YH[OLY�[OHU
JVU[PU\V\Z

0Z�[OL�LTHPS�ZWHT�VY�UV[& �@,:�56�

>OH[�KPNP[�PZ�PU�[OPZ�PTHNL& ������������������� �
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,_HTWSL! JSHZZPÄUN�OV\ZLOVSK�HWWSPHUJLZ
+PMMLYLU[PH[L�IL[^LLU�[^V�YLMYPNLYH[VYZ�\ZPUN�[OLPY�WV^LY
JVUZ\TW[PVU�ZPNUH[\YLZ
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5V[H[PVU
0UW\[�MLH[\YLZ! x (i) ∈ Rn , i = 1, . . . ,m

� ,�N�! x (i) ∈ R3 = (+\YH[PVU i ,7V^LY i , 1)

6\[W\[! y(i) ∈ {−1,+1} �IPUHY`�JSHZZPÄJH[PVU�[HZR�
� ,�N�! y(i) = 0Z�P[�MYPKNL��&

4VKLS�7HYHTL[LYZ! θ ∈ Rn

/`WV[OLZPZ�M\UJ[PVU! hθ(x ) : Rn → R
� 9L[\YUZ JVU[PU\V\Z WYLKPJ[PVU�VM�[OL�V\[W\[ y � ^OLYL�[OL�]HS\L
PUKPJH[LZ�OV^�¸JVUÄKLU[¹�^L�HYL�[OH[�[OL�L_HTWSL�PZ −1 VY +1"

(hθ(x )) PZ�[OL�HJ[\HS�IPUHY`�WYLKPJ[PVU

� (NHPU� ^L�^PSS�MVJ\Z�PUP[PHSS`�VU SPULHY�WYLKPJ[VYZ hθ(x ) = xTθ
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3VZZ�M\UJ[PVUZ

3VZZ�M\UJ[PVU ! : R× {−1,+1}→ R+

+V�^L�ULLK�H�KPMMLYLU[�SVZZ�M\UJ[PVU&

y

−1

+1

x0
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3VZZ�M\UJ[PVUZ

3VZZ�M\UJ[PVU ! : R× {−1,+1}→ R+

+V�^L�ULLK�H�KPMMLYLU[�SVZZ�M\UJ[PVU&

y

−1

+1

x0
3LHZ[�ZX\HYLZ
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3VZZ�M\UJ[PVUZ

3VZZ�M\UJ[PVU ! : R× {−1,+1}→ R+

+V�^L�ULLK�H�KPMMLYLU[�SVZZ�M\UJ[PVU&

y

−1

+1

x0
3LHZ[�ZX\HYLZ
7LYMLJ[�JSHZZPÄLY
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;OL�ZPTWSLZ[�SVZZ������SVZZ� HJJ\YHJ`�! JV\U[�[OL�U\TILY�VM
TPZ[HRLZ�^L�THRL

!(hθ(x ), y) =

{
1 PM y != (hθ(x ))
0 V[OLY^PZL

= {y · hθ(x ) ≤ 0}
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<UMVY[\UH[LS �̀ TPUPTPaPUN�Z\T�VM�����SVZZLZ�SLHKZ�[V�H�OHYK
VW[PTPaH[PVU�WYVISLT

)LJH\ZL�VM�[OPZ� H�^OVSL�YHUNL�VM�HS[LYUH[P]L�¸HWWYV_PTH[PVUZ¹�[V����
SVZZ�HYL�\ZLK�PUZ[LHK

/PUNL�SVZZ! !(hθ(x ), y) = {1− y · hθ(x ), 0}
:X\HYLK�OPUNL�SVZZ! !(hθ(x ), y) = {1− y · hθ(x ), 0}2

3VNPZ[PJ�SVZZ! !(hθ(x ), y) = (1 + e−y·hθ(x))

,_WVULU[PHS�SVZZ! !(hθ(x ), y) = e−y·hθ(x)
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0−1 Loss
Hinge Loss
Logistic Loss
Exponential Loss

*VTTVU�SVZZ�M\UJ[PVUZ�MVY�JSHZZPÄJH[PVU
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:\WWVY[�]LJ[VY�THJOPULZ

:\WWVY[�]LJ[VY�THJOPUL�PZ�Q\Z[�YLN\SHYPaLK�OPUNL�SVZZ�HUK�SPULHY
WYLKPJ[PVU��JH]LH[� HSZV�JVTTVU�[V�\ZL�¸RLYULS¹�O`WV[OLZPZ
M\UJ[PVU� TVYL�SH[LY�

θ

m∑

i=1

{1− y(i) · x (i)T θ, 0}+ λ
n∑

i=1

θ2i

.YHKPLU[�KLZJLU[�\WKH[L� YLWLH[!

θ := θ − α

(
−

m∑

i=1

y(i)x (i) {y(i) · x (i)Tθ < 1}+ 2λ
n∑

i=1

θi

)
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Fridge 1
Fridge 2
Classifier boundary
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3VNPZ[PJ�YLNYLZZPVU

3VNPZ[PJ�YLNYLZZPVU�\ZLZ�SVNPZ[PJ�SVZZ

θ
+

m∑

i=1

(1 + e−y·x (i)T θ) + λ
n∑

i=1

θ2i

(NHPU� NYHKPLU[�KLZJLU[�PZ�H�YLHZVUHISL�HSNVYP[OT��JHU�`V\�KLYP]L�HU
LX\H[PVU�MVY�[OL�NYHKPLU[&�
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7YVIHIPSPZ[PJ�PU[LYWYL[H[PVU�VM�SVNPZ[PJ�YLNYLZZPVU
3PRL�SLHZ[�ZX\HYLZ� SVNPZ[PJ�YLNYLZZPVU�OHZ�H�WYVIHIPSPZ[PJ
PU[LYWYL[H[PVU

-VY�IPUHY`�JSHZZPÄJH[PVU�WYVISLT� Z\WWVZL�[OH[

p(y |x ; θ) = 1

1 + (−y · hθ(x ))
HUK�MVY�LHJO�KH[H�WVPU[ x (i)� y(i) PZ�ZHTWSLK�YHUKVTS`�MYVT�[OPZ
KPZ[YPI\[PVU

;OLU

θ
−

m∑

i=1

p(y(i)|x (i); θ)

≡
θ

(
1 +

(
−y(i) · hθ(x (i))

))
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4\S[P�JSHZZ�JSHZZPÄJH[PVU

>OLU�JSHZZPÄJH[PVU�PZ�UV[�IPUHY` y ∈ 0, 1, . . . , k �P�L�� JSHZZPM`PUN�KPNP[
PTHNLZ�� H�JVTTVU�HWWYVHJO�PZ�¸VUL�]Z�HSS¹�TL[OVK

*YLH[L�H�UL^�ZL[�VM y »Z�MVY�[OL�IPUHY`�JSHZZPÄJH[PVU�WYVISLT�¸PZ�[OL
SHILS�VM�[OPZ�L_HTWSL�LX\HS�[V j ¹

ŷ(i) =

{
1 PM y(i) = j
−1 V[OLY^PZL

HUK�ZVS]L�MVY�[OL�JVYYLZWVUKPUN�WHYHTL[LY θj

-VY�PUW\[ x � JSHZZPM`�HJJVYKPUN�[V�[OL�O`WV[OLZPZ�^P[O�[OL�OPNOLZ[
JVUÄKLUJL! j hθj (x )
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5VU�SPULHY�JSHZZPÄJH[PVU
:HTL�L_HJ[�HWWYVHJO�HZ�PU�[OL�YLNYLZZPVU�JHZL! \ZL�UVU�SPULHY
MLH[\YLZ�VM�PUW\[�[V�JHW[\YL�UVU�SPULHY�KLJPZPVU�IV\UKHYPLZ
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:\WLY]PZLK�SLHYUPUN! YLNYLZZPVU

¸5VU�SPULHY¹�YLNYLZZPVU� V]LYÄ[[PUN� HUK�TVKLS�ZLSLJ[PVU

:\WLY]PZLK�SLHYUPUN! JSHZZPÄJH[PVU

6[OLY�THJOPUL�SLHYUPUN�HSNVYP[OTZ

<UZ\WLY]PZLK�SLHYUPUN
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Observed data
Linear regression prediction
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6]LYÄ[[PUN

;OV\NO�[OL`�TH`�ZLLT�SPTP[LK� SPULHY�O`WV[OLZPZ�JSHZZLZ�HYL�]LY`
WV^LYM\S� ZPUJL�[OL�PUW\[�MLH[\YLZ�JHU�[OLTZLS]LZ�PUJS\KL�UVU�SPULHY
MLH[\YLZ�VM�KH[H

x (i) ∈ R3 =




(OPNO�[LTWLYH[\YL�MVY�KH` i)2
OPNO�[LTWLYH[\YL�MVY�KH` i

1





0U�[OPZ�JHZL� hθ(x ) = xTθ ^PSS�IL�H�UVU�SPULHY�M\UJ[PVU�VM�¸VYPNPUHS¹
KH[H��P�L�� WYLKPJ[LK�WLHR�WV^LY�PZ�H�H�UVU�SPULHY�M\UJ[PVU�VM�OPNO
[LTWLYH[\YL�

:HTL�ZVS\[PVU�TL[OVK�HZ�ILMVYL� NYHKPLU[�KLZJLU[�VY��MVY�ZX\HYLK
SVZZ��HUHS`[PJHS�ZVS\[PVU
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Observed Data
d = 2
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Observed Data
d = 4
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Observed Data
d = 30
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;YHPUPUN�HUK�]HSPKH[PVU�SVZZ

-\UKHTLU[HS�WYVISLT! ^L�HYL�SVVRPUN�MVY�WHYHTL[LYZ�[OH[�VW[PTPaL

θ

m∑

i=1

"(hθ(x
(i)), y(i))

I\[�^OH[�^L�YLHSS`�JHYL�HIV\[�PZ�SVZZ�VM�WYLKPJ[PVU�VU UL^ L_HTWSLZ
(x ′, y ′) �HSZV�JHSSLK NLULYHSPaH[PVU�LYYVY�

+P]PKL�KH[H�PU[V [YHPUPUN�ZL[ �\ZLK�[V�ÄUK�WHYHTL[LYZ�MVY�H�Ä_LK
O`WV[OLZPZ�JSHZZ hθ �� HUK ]HSPKH[PVU�ZL[ �\ZLK�[V�JOVVZL�O`WV[OLZPZ
JSHZZ�

� �:SPNO[S`�HI\ZPUN�UV[H[PVU�OLYL� ^L»YL�NVPUN�[V�^YHW�[OL�¸KLNYLL¹�VM
[OL�PUW\[�MLH[\YLZ�PU[V�[OL�O`WV[OLZPZ�JSHZZ hθ �
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Training set
Validation set
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Training set
Validation set
d = 4
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Training set
Validation set
d = 30
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.LULYHS�PU[\P[PVU�MVY�[YHPUPUN�HUK�]HSPKH[PVU�SVZZ
��

3VZZ

�

4VKLS�*VTWSL_P[`

�

;YHPUPUN

�

=HSPKH[PVU

>L�^V\SK�SPRL�[V�JOVVZL�O`WV[OLZPZ�JSHZZ�[OH[�PZ�H[�[OL�¸Z^LL[�ZWV[¹
VM�TPUPTPaPUN�]HSPKH[PVU�SVZZ
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4VKLS�JVTWSL_P[`�HUK�YLN\SHYPaH[PVU

( U\TILY�VM�KPMMLYLU[�^H`Z�[V�JVU[YVS�¸TVKLS�JVTWSL_P[`¹

(U�VI]PV\Z�VUL�^L�OH]L�Q\Z[�ZLLU! RLLW�[OL�U\TILY�VM�MLH[\YLZ
�U\TILY�VM�WHYHTL[LYZ��SV^

( SLZZ�VI]PV\Z�TL[OVK! RLLW�[OL THNUP[\KL VM�[OL�WHYHTL[LYZ�ZTHSS
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0U[\P[PVU! H���[O�KLNYLL�WVS`UVTPHS�[OH[�WHZZLZ�L_HJ[S`�[OYV\NO
THU`�VM�[OL�KH[H�WVPU[Z�YLX\PYLZ�]LY`�SHYNL�LU[YPLZ�PU θ
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Observed Data
d = 30
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>L�JHU�KPYLJ[S`�WYL]LU[�SHYNL�LU[YPLZ�PU θ I`�WLUHSPaPUN�[OL
THNUP[\KL�VM�P[Z�LU[YPLZ

3LHKZ�[V YLN\SHYPaLK�SVZZ�TPUPTPaH[PVU WYVISLT

θ

m∑

i=1

"
(
hθ(x

(i)), y(i)
)
+ λ

n∑

i=1

θ2i

^OLYL λ ∈ R+ PZ�H YLN\SHYPaH[PVU�WHYHTL[LY [OH[�^LPNO[Z�[OL�YLSH[P]L
WLUHS[PLZ�VM�[OL�ZPaL�VM θ HUK�[OL�SVZZ
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Training set
Validation set
d = 30
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Training set
Validation set
d = 30

+LNYLL����WVS`UVTPHS� ^P[O λ = 1
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;OL�WYVWLY�^H`�[V�L]HS\H[L�HU�43 HSNVYP[OT!

�� )YLHR�HSS�KH[H�PU[V�[YHPUPUN�[LZ[PUN�ZL[Z��L�N�� ��������

�� )YLHR�[YHPUPUN�ZL[�PU[V�[YHPUPUN�]HSPKH[PVU�ZL[��L�N�� ��������HNHPU�

�� *OVVZL�O`WLYWHYHTL[LYZ�\ZPUN�]HSPKH[PVU�ZL[

�� �6W[PVUHS��6UJL�^L�OH]L�ZLSLJ[LK�O`WLYWHYHTL[LYZ� YL[YHPU�\ZPUN�HSS
[OL�[YHPUPUN�ZL[

�� ,]HS\H[L�WLYMVYTHUJL�VU�[OL�[LZ[PUN�ZL[
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6\[SPUL

>OH[�PZ�THJOPUL�SLHYUPUN&

:\WLY]PZLK�SLHYUPUN! YLNYLZZPVU

¸5VU�SPULHY¹�YLNYLZZPVU� V]LYÄ[[PUN� HUK�TVKLS�ZLSLJ[PVU

:\WLY]PZLK�SLHYUPUN! JSHZZPÄJH[PVU

6[OLY�THJOPUL�SLHYUPUN�HSNVYP[OTZ

<UZ\WLY]PZLK�SLHYUPUN
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2LYULS�TL[OVKZ
2LYULS�TL[OVKZ�HYL�H�]LY`�WVW\SHY�HWWYVHJO�[V�UVU�SPULHY
JSHZZPÄJH[PVU� [OV\NO�[OL`�HYL�Z[PSS�¸SPULHY¹�PU�ZVTL�ZLUZL

hθ(x ) =
m∑

i=1

θiK (x , x (i))

^OLYL K : Rn × Rn → R PZ�H RLYULS�M\UJ[PVU [OH[�TLHZ\YLZ�[OL
ZPTPSHYP[`�IL[^LLU x HUK x (i) �SHYNLY�]HS\LZ�MVY�TVYL�ZPTPSHY�

-VY�JLY[HPU K � JHU�IL�PU[LYWYL[LK�HZ�^VYRPUN�PU�H�OPNO�KPTLUZPVUHS
MLH[\YL�ZWHJL�^P[OV\[�L_WSPJP[S`�MVYTPUN�MLH[\YLZ

:[PSS�SPULHY�PU θ� JHU�\ZL�THU`�VM�[OL�ZHTL�HSNVYP[OTZ�HZ�ILMVYL

0TWVY[HU[! θ ∈ Rm � HZ�THU`�WHYHTL[LYZ�HZ�L_HTWSLZ
�UVUWHYHTL[YPJ HWWYVHJO�
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5LHYLZ[�ULPNOIVY�TL[OVKZ

7YLKPJ[�V\[W\[�IHZLK�\WVU�JSVZLZ[�L_HTWSL�PU�[YHPUPUN�ZL[

hθ(x ) = y( i ‖x−x (i)‖2)

^OLYL ‖x‖2 =
∑n

i=1 x
2
i

*HU�HSZV�H]LYHNL�V]LY k JSVZLZ[�L_HTWSLZ! k �ULHYLZ[�ULPNOIVY

9LX\PYLZ�UV�ZLWHYH[L�¸[YHPUPUN¹�WOHZL� I\[��SPRL�RLYULS�TL[OVKZ��P[�PZ
UVUWHYHTL[YPJ� YLX\PYLZ�[OH[�^L�RLLW�HYV\UK�HSS�[OL�KH[H
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5L\YHS�UL[^VYRZ
5VU�SPULHY�O`WV[OLZPZ�JSHZZ

hθ(x ) = σ(θT2 σ(ΘT
1 x ))

MVY�H���SH`LY�UL[^VYR� ^OLYL θ = {Θ1 ∈ Rn×p , θ2 ∈ Rp HUK
σ : R→ R PZ�H�ZPNTVPK�M\UJ[PVU σ(z ) = 1/(1 + (−z )) �HWWSPLK
LSLTLU[^PZL�[V�]LJ[VY�

x1

x2

xn

���

z1

z2

zp

���
y

Θ1

θ2
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5VU�JVU]L_�VW[PTPaH[PVU� I\[�ZTVV[O��NYHKPLU[�HUK�ZPTPSHY�TL[OVKZ
JHU�^VYR�]LY`�^LSS�

:VTL�THQVY�YLJLU[�Z\JJLZZ�Z[VYPLZ�PU�ZWLLJO�YLJVNUP[PVU� PTHNL
JSHZZPÄJH[PVU
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+LJPZPVU�[YLLZ
/`WV[OLZPZ�JSHZZ�WHY[P[PVUZ�ZWHJL�PU[V�KPMMLYLU[�YLNPVUZ

x2 ≥ 2

x1 ≥ −3

hθ(x) = +1 hθ(x) = −1

hθ(x) = −1

*HU�HSZV�OH]L�SPULHY�WYLKPJ[VYZ��YLNYLZZPVU�VY�JSHZZPÄJH[PVU��H[�[OL
SLH]LZ

.YLLK`�[YHPUPUN�ÄUK�UVKLZ�[OH[�ILZ[�ZLWHYH[L�KH[H�PU[V�KPZ[PUJ[
JSHZZLZ

��



,UZLTISL�TL[OVKZ

*VTIPUL�H�U\TILY�VM�KPMMLYLU[�O`WV[OLZLZ

hθ(x ) =
k∑

i=1

θi (hi(x ))

7VW\SHY�PUZ[HUJLZ

� 9HUKVT�MVYLZ[Z! LUZLTISL�VM�KLJPZPVU�[YLLZ�I\PS[�MYVT�KPMMLYLU[
Z\IZL[Z�VM�[YHPUPUN�KH[H

� )VVZ[PUN! P[LYH[P]LS`�[YHPU�T\S[PWSL�JSHZZPÄLYZ�YLNYLZZVYZ�VU�YL^LPNO[LK
L_HTWSLZ�IHZLK�\WVU�WLYMVYTHUJL�VM�[OL�WYL]PV\Z�O`WV[OLZPZ
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:\WLY]PZLK�SLHYUPUN! YLNYLZZPVU

¸5VU�SPULHY¹�YLNYLZZPVU� V]LYÄ[[PUN� HUK�TVKLS�ZLSLJ[PVU

:\WLY]PZLK�SLHYUPUN! JSHZZPÄJH[PVU

6[OLY�THJOPUL�SLHYUPUN�HSNVYP[OTZ

<UZ\WLY]PZLK�SLHYUPUN
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:\WLY]PZLK�SLHYUPUN

;YHPUPUN�+H[H
(

, 2

)

(
, 0

)

(
, 8

)

(
, 5

)

���

4HJOPUL�3LHYUPUN

−→
/`WV[OLZPZ
M\UJ[PVU
hθ

+LWSV`TLU[

7YLKPJ[PVU = hθ

( )

7YLKPJ[PVU = hθ

( )

���
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;YHPUPUN�+H[H
( )

( )

( )

( )

���

4HJOPUL�3LHYUPUN

−→
/`WV[OLZPZ
M\UJ[PVU
hθ

+LWSV`TLU[

7YLKPJ[PVU = hθ

( )

7YLKPJ[PVU = hθ

( )
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7YVISLT�ZL[[PUN

0UW\[�MLH[\YLZ! x (i) ∈ Rn , i = 1, . . . ,m

4VKLS�WHYHTL[LYZ! θ ∈ Rk

/V^�KV�^L�ZWLJPM`�H�O`WV[OLZPZ�JSHZZ�VY�SVZZ�M\UJ[PVU�^P[OV\[
V\[W\[Z&

��



6UL�^H`�[V�PU[LYWYL[�THU`�\UZ\WLY]PZLK�SLHYUPUN�HSNVYP[OTZ�PZ�[OH[
[OL`�[Y`�[V�¸YL�JYLH[L¹�[OL�PUW\[�\ZPUN�H�SPTP[LK�O`WV[OLZPZ�JSHZZ

/`WV[OLZPZ�M\UJ[PVU! hθ : Rn → Rn

� >HU[ hθ(x (i)) ≈ x (i) MVY�HSS�[YHPUPUN�KH[H

3VZZ�M\UJ[PVU! " : Rn × Rn → R+

� ,�N�� "(hθ(x ), x ) = ‖hθ(x )− x‖2

0U�VYKLY�[V�WYL]LU[�[OL�[YP]PHS�ZVS\[PVU hθ(x ) = x � ^L�ULLK�[V�YLZ[YPJ[
[OL�JSHZZ�VM�HSSV^HISL�M\UJ[PVUZ hθ
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k�TLHUZ
7HYHTL[LYZ�HYL�H�ZL[�VM k ¸JLU[LYZ¹�PU�[OL�KH[H

θ = {µ(1), . . . , µ(k)}, µ(i) ∈ Rk

/`WV[OLZPZ�JSHZZ�WPJRZ�[OL�JSVZLZ[�JLU[LY

hθ(x ) = µ( i ‖x−µ(i)‖2)

>P[O�[OPZ�MYHTL^VYR� [YHPUPUN�SVVRZ�[OL�ZHTL�HZ�Z\WLY]PZLK�SLHYUPUN

θ

m∑

i=1

‖x (i) − hθ(x
(i))‖2

5V[�H�JVU]L_�WYVISLT� I\[�JHU�ZVS]L�I`�P[LYH[P]LS`�ÄUKPUN�[OL�JSVZLZ[
µ(i) MVY�LHJO�L_HTWSL� [OLU�ZL[[PUN µ(i) [V�IL�[OL�TLHU�VM�HSS
L_HTWSLZ�HZZPNULK�[V�P[
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7YPUJPWHS�JVTWVULU[�HUHS`ZPZ
7HYHTL[LYZ�HYL�[^V�TH[YPJLZ�[OH[�YLK\JL�[OL�LMMLJ[P]L�KPTLUZPVU�VM
[OL�KH[H� θ = {Θ1 ∈ Rn×k ,Θ2 ∈ Rk×n} ^P[O k < n

/`WV[OLZPZ�JSHZZ hθ(x ) = Θ1Θ2x

0U[LYWYL[H[PVU! [V�YLJVUZ[Y\J[�KH[H� Θ2x ∈ Rk ULLKZ�[V�WYLZLY]L
¸TVZ[¹�VM�[OL�PUMVYTH[PVU�PU x �KPTLUZPVUHSP[`�YLK\J[PVU�
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