


•

•
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•

min
𝒙

𝑓 𝒙

such that 𝒙 ∈ ℱ

o 𝒙 ∈ ℝ𝑛

o ℱ ⊆ ℝ𝑛

• 𝒙∗ ∈ ℝ𝑛 𝒙∗ ∈ ℱ
𝑓 𝒙∗ ≤ 𝑓(𝒙) 𝒙 ∈ ℱ

3



• 𝑥𝑖 , 𝑦𝑖
𝑖 = 1, … ,𝑚
ℎ 𝑥 = 𝑎𝑥 + 𝑏

min
𝑎,𝑏

෍

𝑖=1

𝑚

𝑎𝑥𝑖 + 𝑏 − 𝑦𝑖
2

𝑎 𝑏

4

𝑥𝑖

𝑦𝑖

ℎ 𝑥𝑖 − 𝑦𝑖



• 𝑥𝑖 , 𝑦𝑖 𝑖 = 1, … ,𝑚
(𝑥∗, 𝑦∗)

min
𝑥∗,𝑦∗

෍

𝑖=1

𝑚

𝑥∗ − 𝑥𝑖
2 + 𝑦∗ − 𝑦𝑖

2

•

𝑎 ≤ 𝑥∗ ≤ 𝑏, 𝑐 ≤ 𝑦∗ ≤ 𝑑

5

(𝑥𝑖 , 𝑦𝑖)

(𝑥∗, 𝑦∗)



•

min
𝜶∈ℝ𝑛

෍

𝑖=1

𝑚

𝐿 ෍

𝑗=1

𝑛

𝛼𝑗𝑥𝑗
𝑖
, 𝑦 𝑖

o 𝒙 𝑖 ∈ ℝ𝑛

o 𝑦 𝑖 ∈ ℝ 𝑦 𝑖 ∈ {0,1}

o 𝜶 ∈ ℝ𝑛
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7



•

min
𝒙

𝑓 𝒙

such that 𝒙 ∈ ℱ
𝑓:ℝ𝑛 → ℝ

ℱ
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• ℱ ⊆ ℝ𝑛 𝒙, 𝒚 ∈ ℱ
𝜃 ∈ 0,1 𝜃𝒙 + 1 − 𝜃 𝒚 ∈ ℱ
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• ℱ = {𝒙 ∈ ℝ𝑛: ∀𝑖 = 1,… , 𝑛, 𝑎 ≤ 𝑥𝑖 ≤ 𝑏}

•

o 𝒙, 𝒚 ∈ ℱ 𝜃 ∈ [0,1]

o 𝑖 = 1,… , 𝑛, 𝑎 ≤ 𝑥𝑖
𝑎 ≤ 𝑦𝑖
𝜃𝑥𝑖 + (1 − 𝜃)𝑦𝑖 ≥ 𝜃𝑎 + 1 − 𝜃 𝑎 = 𝑎

o 𝜃𝑥𝑖 + (1 − 𝜃)𝑦𝑖 ≤ 𝑏

o 𝜃𝒙 + 1 − 𝜃 𝒚 ∈ ℱ ∎

10

𝑎

𝑏

𝑎 𝑏
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ℱ = 𝒙 ∈ ℝ𝑛: 𝐴𝒙 ≤ 𝒃
𝐴 ∈ ℝ𝑚×𝑛, 𝒃 ∈ ℝ𝑚

ℱ = ⋂𝑖=1
𝑚 𝐶𝑖

𝐶1, … , 𝐶𝑚



•

1. ℱ =∪𝑖=1
𝑚 𝐶𝑖 𝐶1, … , 𝐶𝑚

2. ℱ = 𝒙 ∈ ℝ𝑛: 𝐴𝒙 = 𝒃 𝐴 ∈ ℝ𝑚×𝑛

𝒃 ∈ ℝ𝑚
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• 𝑓:ℝ𝑛 → ℝ
𝒙, 𝒚 ∈ ℝ𝑛 𝜃 ∈ [0,1]
𝑓 𝜃𝒙 + 1 − 𝜃 𝒚 ≤ 𝜃𝑓 𝒙 + 1 − 𝜃 𝑓(𝒚)

• 𝑓:ℝ → ℝ
𝑓′′ 𝑥 ≥ 0 𝑥 ∈ ℝ

13

(𝑥, 𝑓 𝑥 )

(𝑦, 𝑓 𝑦 )



• 𝑓 𝑥 = 𝑒𝑎𝑥

o 𝑓′′ 𝑥 = 𝑎2𝑒𝑎𝑥 ≥ 0 𝑥 ∈ ℝ

• 𝑓 𝒙 = 𝑥 2 = σ𝑖=1
𝑛 𝑥𝑖

2

o 𝜃𝒙 + 1 − 𝜃 𝒚 2 ≤ 𝜃𝒙 2 + 1 − 𝜃 𝒚 2

= 𝜃 𝒙 2 + (1 − 𝜃) 𝒚 2

• 𝑓 𝒚 𝒚 𝑓(𝐴𝒙 − 𝒃)
𝒙

• 𝑓
{𝑥 ∈ ℝ𝑛: 𝑓 𝒙 ≤ 𝑐}
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•

1. 𝑓 𝒙 = σ𝑖=1
𝑚 𝑎𝑖𝑓𝑖 𝒙 𝑓𝑖

𝑎𝑖 ≥ 0 𝑖 = 1,… ,𝑚

2. 𝑔 𝒙 = σ𝑖=1
𝑛 𝑥𝑖 𝒙 ≥ 0

15



• 𝑛

min
𝒙∗

෍

𝑖=1

𝑚

𝒙∗ − 𝒙(𝑖)
2

𝒙∗ ∈ ℝ𝑛

𝒙 1 , … , 𝒙 𝑚

•
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•

min
𝒙

𝒄𝑇𝒙

s.t. 𝐴𝒙 = 𝒂
𝐵𝒙 ≤ 𝒃

𝒙 ∈ ℝ𝑛

𝒄 ∈ ℝ𝑛, 𝐴 ∈ ℝ𝑚×𝑛, 𝒂 ∈ ℝ𝑚, 𝐵 ∈ ℝ𝑘×𝑛,
𝒃 ∈ ℝ𝑘

•
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• 𝒙 ∈ ℝ𝑛 𝒙 ∈ ℱ
𝒚 ∈ ℱ 𝑓 𝒙 ≤ 𝑓(𝒚)

• 𝒙 ∈ ℝ𝑛 𝒙 ∈ ℱ
𝑅 > 0

𝒚 ∈ ℱ 𝒙 − 𝒚 2 ≤ 𝑅 𝑓 𝒙 ≤ 𝑓(𝒚)

•
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• 𝒙
𝑅

• 𝒚
𝑓 𝒚 < 𝑓(𝒙)

•

𝒛 = 𝜃𝒙 + 1 − 𝜃 𝒚

𝜃 = 1 −
𝑅

2 𝒙−𝒚 2

19

𝒚

𝒙



•

o 𝒛 𝑥 − 𝑦 2 > 𝑅

o 𝑓 𝒛 = 𝑓 𝜃𝒙 + 1 − 𝜃 𝒚 ≤ 𝜃𝑓 𝒙 + 1 − 𝜃 𝑓(𝒚)
< 𝜃𝑓 𝒙 + 1 − 𝜃 𝑓 𝒙 = 𝑓(𝒙)

o 𝒙 − 𝒛 2 =
𝑅

2 𝑥−𝑦 2
𝒙 − 𝒚

2
=

𝑅

2
< 𝑅

• 𝒙
∎
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•

•

•

𝒙
𝒚 ∈ ℱ
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•

•
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𝒂(𝑖) ∈ ℝ2 𝑖 = 1,… ,𝑚,

min
𝒙

෍

𝑖=1

𝑚

𝒙 − 𝒂 𝑖
2
s.t. 𝑥1 + 𝑥2 = 0
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import cvxpy as cp
import numpy as np

n = 2
m = 10
A = np.random.randn(m,n)
x = cp.Variable(n)
f = sum([cp.norm(x - A[i,:],2) for i in range(m)])
constraints = [sum(x) == 0]
result = cp.Problem(cp.Minimize(f), constraints).solve()
print x.value

𝜋



•

o

o

o

o

•

o
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