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In lecture 19, we saw an LP relaxation based algorithm to solve the sparsest cut problem with an
approximation guarantee ofO(logn). In this lecture, we will show that the integrality gap of the
LP relaxation isO(log n) and hence this is the best approximation factor one can get via the LP
relaxation. We will also start developing an SDP relaxationbased algorithm which provides an
O(

√
log n) approximation for the uniform sparsest cut problem (where demands between all pairs

of vertices isDij = 1), and anO(
√

log n log log n) algorithm for the sparsest cut problem with
general demands.

1 Problem Definition and LP relaxation review

Recall that the the sparsest cut problem is defined as follows. We are given an undirected graph
G = (V, E) with

• non-negative edge costs (or capacities)ce = cij for all e = {i, j} ∈
(

V
2

)

,

• non-negative demandsDij between every pair of vertices{i, j} ∈
(

V
2

)

.

With the edge capacities and the demands, we can associate vectors c̄, D̄ ∈ ℜ(n

2
) (n = |V |). The

sparsest cut problem seeks to find

Φ∗ = min
S⊆V

c̄ · δ̄S

D̄ · δ̄S

=
cap(S, S̄)

dem(S, S̄)
(1)

where

cap(S, S̄) =
∑

i∈S,j∈S̄ cij

dem(S, S̄) =
∑

i∈S,j∈S̄ Dij

andδ̄S ∈ ℜ(n

2
) is the cut metric associated withS:

δSij =

{

0 if i, j ∈ S or i, j ∈ S̄

1 otherwise

To form the LP relaxation, we relax the requirement of minimizing over the cut metrics to mini-
mizing overall metrics. That is,

λ∗ = min
metricsd

c̄ · d̄
D̄ · d̄
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The above relaxation is solved by the following linear program:

min
∑

i,j cijdij

subject to
∑

i,j Dijdij = 1

dij + djk ≥ dik ∀i, j, k
dij ≥ 0 ∀i, j

(2)

Clearly,λ∗ ≤ Φ∗. In lecture 19, we provedΦ∗ ≤ λ∗ · O(log n) by embedding the metric returned
by the LP intoℓ1 with distortionO(log n).

2 Integrality gap for sparsest cut LP relaxation

A natural question to ask is, can we get a better approximation ratio thanO(log n) using the
LP relaxation? In this section we will see that the answer isno, since the LP relaxation has an
integrality gap ofO(log n).

Claim 2.1. The integrality gap betweenΦ∗ andλ∗ is Ω(log n).

To prove the above claim, we will first take a small digressionand introduce themaximum
concurrent flowproblem which takes the same input as the sparsest cut problem. We will show
that the optimal valueτ ∗ of the maximum concurrent flow problem is equal to the optimalvalueλ∗

of the sparsest cut LP relaxation on the same input graph. Finally we will prove that the integrality
gap ofΦ∗ andτ∗ = λ∗ is Ω(log n).

2.1 The maximum concurrent flow problem

Definition 2.2. Given an undirected graphG = (V, E) with

• non-negative edge capacitiesce = cij for all e = {i, j} ∈
(

V
2

)

,

• non-negative demandsDij between every pair of vertices{i, j} ∈
(

V
2

)

.

the maximum concurrent problem seeks to maximizeτ , such that we can sendτ ·Dij flow between
verticesi andj simultaneouslyfor all {i, j} ∈

(

V
2

)

while satisfying the edge capacity constraints.

Let τ ∗ denote the optimal value of the maximum concurrent flow problem. Consider a partition
(S, S̄) of V . The total flow crossing this partition isτ ∗ · dem(S, S̄) whereas the capacity of the
partition iscap(S, S̄). Since we can’t have more flow than the capacity,

τ ∗ · dem(S, S̄) ≤ cap(S, S̄) ∀S ⊆ V

and hence,

τ ∗ ≤ min
S⊆V

cap(S, S̄)

dem(S, S̄)
= Φ∗

In fact, the maximum concurrent flow valueτ ∗ is exactly the same as the optimum valueΛ∗ for the
LP relaxation.
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Capacity edges

Demand edges

Figure 1: An instance of the sparsest cut/maximum concurrent flow problem.

Fact 2.3. Given an instance of the sparsest cut problem, and maximum concurrent flow problem
on the same input graph,λ∗ = τ ∗.

Proof. The proof follows by observing that the LP relaxation of sparsest cut problem and the LP
for the maximum concurrent flow problem are duals of each other. The LP for the maximum
concurrent flow has a variablef(P ) for each simple path in the input graph.

min τ
subject to

∑

pathsP
betweeni, j

f(P ) ≥ τ · Dij ∀i, j
∑

pathsP
containing
e = {u, v}

f(P ) ≤ Cuv ∀u, v

f(P ) ≥ 0 ∀P

The dual has variablesαij andβuv corresponding to the two sets of contraints above:

max
∑

ij Cuvβuv

subject to
∑

{u,v}∈P βuv ≥ αij ∀ pathsP betweeni, j
∑

ij Dijαij ≥ 1

α, β ≥ 0

Now if we considerαij to be the distance betweeni, j andβuv to be the edge length of the edge
{u, v}, then this LP can be checked to be the same asλ∗.

2.2 Integrality Gaps

For example, consider the graph in Figure 1. The solid edges represent edges with capacity 1. The
dotted edges represent pairs{i, j} with Dij = 1. Remaining capacities and demands are 0. Note
that the value of the sparsest cut in the graph in Figure 1 isΦ∗ = 1 (choose any solid vertex as the
setS). Furthermore,τ ∗ ≤ 3

4
. If sendτ units of flow between every demand pair, the total volume

of the flow is8τ , since each path between a demand pair has two edges and thereare four demand
pairs. The total capacity is6, and henceτ ∗ ≤ 3

4
. In factτ ∗ = 3

4
, by sending1

4
units of flow on each

of the three paths between the white vertices and3
8

units on each of the two paths between every
pair of solid vertices.
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Theorem 2.4. [7] The integrality gap betweenΦ∗ andτ∗ (= λ∗) is Ω(log n).

Proof. Let G = (V, E) be a constant degree expander with unit capacity on each edgeci,j =
1 ∀{i, j} ∈ E, and unit demand between every pair of verticesDij = 1 ∀i 6= j. We will show that
G has a largeΦ∗ but smallτ ∗.
(A)

Φ∗ = min
S

cap(S, S̄)

dem(S, S̄)
= min

|S|≤n
2

cap(S, S̄)

|S||S̄|

= min
|S|≤n

2

cap(S, S̄)

|S|

(

q ∈
[

1

n
,
2

n

])

= Ω(1)Ω

(

1

n

)

where the last step follows sincemin|S|≤n
2

cap(S,S̄)
|S| is the edge expansion which isΩ(1) for a con-

stant degree expander.

(B) Recall the following claim, which follows from problem 7 in homework 5:

Claim 2.5. In a constant degree expander (say degree=10),Ω(n2) pairs of vertices are at a dis-
tance greater than1

10
log n.

Since allDij are 1, at leastτ · Ωn2 log n volume of flow is needed to sendτ units of flow
between theseΩ(n2) pairs. However, since the graph is a constant degree expander, total edge
capacity isO(n). Therefore,

τ ∗ ≤ O

(

1

n log n

)

.

This completes the proof ofΩ(log n) gap betweenΦ∗ andτ ∗, and hence of Claim 2.1.

3 SDP relaxation for sparsest cut

To obtain the LP relaxation, we had relaxed the requirement of minimizing over all cut metrics
to minimizing over all metrics. To obtain the SDP relaxationwe consider the following tighter
relaxation:

β∗ = min
d ∈ metric∩ℓ

2

2

c̄ · d̄
D̄ · d̄

Recall that ann-point metricd is in ℓ2
2 (it is a “squared-Euclidean” metric) if there exist points

v1, v2, · · · , vn ∈ ℜk such that the distances are

dij = ‖vi − vj‖2
2.

Note that the condition that the squared distances form a metric (i.e., satisfy the triangle in-
equality) is equivalent to saying that in the spaceℜk, none of the triangles between thesen points
have obtuse angles. Note thatℓ2

2∩metric forms a convex cone. Some more properties ofℓ2
2∩metric:
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1. If d ∈ ℓ1, thend ∈ ℓ2
2. (Why?) This is what we require since we need to optimize overℓ1

and hence the feasible set of the SDP relaxation should be a superset ofℓ1.

2. Inℜk, we can have at most2k points withℓ2
2 metric (in fact, any negative type metric). This

is achieved by the hypercube.

3. Givenn points on the real lineℜ1 with the ℓ1 metric, theℓ2
2 embedding of these points

requiresn dimensions—a new dimension for each point. (Use this to infer thatd ∈ ℓ1 ⇒
d ∈ ℓ2

2.)

The SDP to computeβ∗ is given by:

min
∑

i,j cij‖xi − xj‖2

subject to
∑

i,j Dij‖xi − xj‖2 = 1

‖xi − xj‖2 + ‖xj − xk‖2 ≥ ‖xi − xk‖2 ∀i, j, k
xi ∈ ℜt ∀i

(3)

The approximation ratio of the SDP relaxation naturally depends on how well (low distortion)
one can embed anℓ2

2 metric intoℓ1. The following theorems give upper bounds on the integrality
gap for the SDP relaxation (3).

Theorem 3.1(Goemans, unpublished). If the SDP returns a solution inℜk, then the integrality
gap isO(

√
k).

Theorem 3.2([2]). For the uniform sparsest cut problem (Dij = 1 ∀i 6= j), the SDP integrality
gap isO(

√
log n).

Theorem 3.3. [1] For general sparsest cut, the SDP integrality gap isO(
√

log n log log n).

The techniques used in proving above theorems are useful as tools to round SDP relaxations in
minimizations problems (earlier we have seen rounding techniques for maximization problems).

Goemans, and independently, Linial made the following conjecture on the integrality gap of
the SDP relaxation:

Conjecture 3.4. [4, 8] The integrality gap betweenΦ∗ andβ∗ is θ(1).

The Goemans-Linial conjecture was first disproved by Khot and Vishnoi [5] who proved an
Ω

(

log log n)1/6−ǫ
)

integrality gap for the non-uniform case. This was then improved toΩ(log log n)
by Krauthgamer and Rabani [6]. For uniform sparsest cut,Ω(log log n) integrality gap was shown
by Devanur, Khot, Saket and Vishnoi [3].

3.1 From SDP relaxation to sparse cuts

In this section we will see an importantstructure theoremand some intuition of how this structure
theorem can lead to aO(

√
log n) approximation for the sparsest cut problem; the proof will be

given in the next lecture.
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Lemma 3.5. Structure Lemma [2]: Let v1, v2, · · · , vn be points in the unit ball inℜk satisfying
dij = ‖vi − vj‖2 is a metric. Suppose the points satisfy the following “well-spread-out property”:

1
n2

∑

i,j dij ≥ δ = Ω(1)

Then there exist disjoint setsS andT such that|S|, |T | ≥ Ω(n) and

min
i∈S,j∈T

dij ≥ Ω
(

1√
log n

)

Intuition for the O(
√

log n) approximation in the uniform case.

Since all demands are the same, we can scale the demands and set them toDij = 1
n2 ∀i 6= j. Now

the SDP ensures that
∑

Dijdij =
∑

ij

dij =
1

n2

∑

dij = 1.

Now suppose we got lucky, and the SDP embedding lies on the unit ball, so that we can use the
Structure lemma.(This will not happen in general: we’ll give a rigorous proofnext time.) If now
we pick theS andT satisfying the Structure Lemma and cut at a random distance from S, the
probability an edgee is cut is:

Pr[edgee is cut] =
de

1√
log n

= de

√

log n

Thus the expected total capacity crossing the cut isβ∗ · O(
√

log n). Furthermore, sinceS andT
are bothΩ(n) and the demands are equal, we lose a constant in the demand crossing the cut.

S

log n

1

cut at a random
distance from S

T

3.2 The Structure Lemma is Tight

A natural question is, can we tighten the Structure Lemma to obtain a better approximation? The
answer to this isno: an example where the Structure Lemma is tight is the hypercube{− 1√

K
, 1√

K
}K
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whereK = log2 n. Theℓ2
2 distance between two verticesvi andvj is given by:

dij = ‖vi − vj‖2

=
4 Hamming dist(i, j)

K

To prove this, consider two setsS, T with |S|, |T | = s for some parameters to be specified
soon. The vertex-isoperimetric inequality for the hypercube says that for all sets with sizes, the
setX that has the fewest neighbors outsideX (i.e., the smallest|N(X)\X|) is a ball around some
vertex. Therefore, one such setX with the smallest vertex-expansion is the set|X∗| containing
exactly thes points closest to1√

K
{−1,−1, · · · ,−1}. And hence|S ∪N(S)| ≥ |X∗ ∪N(X∗)| for

all |S| = s = |X∗|. Now suppose we choose:

s =
∑

i≤K
2
−

q

K log ( 1

α)

(

K
i

)

thens ≈ αn via tail bounds on the binomial distribution. LetS be any set of this size, then:

|S ∪ N(S)| ≤ |X∗ ∪ N(X∗)| =
∑

i≤K
2
−

q

K log ( 1

α)+1

(

K
i

)

Iterating this, if we defineSt to be all elements at Hamming distancet from S, we would have

|St| ≤
∑

i≤K
2
−

q

K log ( 1

α)+t

(

K
i

)

For t =
√

K log (1/α) this would be at leastn/2.
Similarly, |Tt| would be at leastn/2 for the same value. Since both these sets contain at least

half the elements,St intersectsTt, and henceS andT are2t-close in Hamming distance. But

t = O(
√

K), which means that theℓ2
2 distance betweenS andT is 4·O(

√
K)

K
= O( 1√

log n
), which

proves the fact that the Structure Lemma is tight up to constants.

3.3 Proving a Small Integrality Gap in the Uniform Case

We end with the following lemma due to Rabinovich [9].

Lemma 3.6. [9] For the uniform sparsest cut problemDij = 1 ∀i 6= j, suppose the metricd given
by the SDP embeds intoµ ∈ ℓ1 such that,

1. µ ≤ d

2.
∑

i,j µij ≥
P

ij dij

α
,

then the integrality gap for the uniform sparsest cut SDP is at mostα.

7



Proof. The proof is very similar to the proof we saw for the Sparsest Cut problem in Lecture 19
that an embedding intoℓ1 with distortionα implies an integrality gap ofα. Since here we are
dealing with theuniformcase, we show that the average condition above suffices. Indeed,

c̄ · µ̄
D̄ · µ̄ ≤ c̄ · d̄

∑

µij
≤ c̄ · d̄

∑

dij
α

=
c̄ · d̄
D̄ · d̄ · α

= β∗α

In the next lecture, we will see a technique to embed the SDP metric into ℜ1 (and henceℓ1).
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