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ABSTRACT

We consider detecting localized binary attributes on a graph.
A localized binary attribute means that the nodes activated by
the attribute form form a subgraph that can be easily separated
from the other nodes. We formulate a statistical hypothesis
test to decide whether a given attribute is localized or not. We
propose two statistics: graph wavelet statistic and graph scan
statistic. Both are shown to be efficient and statistically ef-
fective. We further apply the proposed methods to rank re-
search keywords as attributes in a coauthorship network col-
lected from IEEE Xplore. The experimental results show that
the proposed graph wavelet statistic and graph scan statistic
are effective and efficient.1

1. INTRODUCTION

In this paper, we focus on detecting localized attributes cor-
rupted by the Bernoulli noise. We model such an attribute by
a binary graph signal: when a signal coefficient is one, the cor-
responding node is activated by this attribute. When the acti-
vated nodes form a subgraph that can be easily separated from
the other nodes, this attribute is localized. This task is relevant
to many real-world applications: identifying brain activity in
the brain connectivity networks, viruses in cyber-physical sys-
tems and clustered attributes in social networks [2, 3, 4].

We formulate a hypothesis test to decide whether a given
attribute is localized or not. We propose two statistics: graph
wavelet statistic and graph scan statistic. Similarly to detect
transient changes in time-series signals by using wavelet tech-
niques [5], we design a graph wavelet statistic based on a Haar-
like graph wavelet basis. Since the graph wavelet basis is pre-
constructed, the computational cost is linear with the number
of nodes. We also formulate the generalized likelihood test and
propose a graph scan statistic, which can be efficiently solved
by the standard graph-cut algorithm. The intuition behind the
proposed statistics is to localize the underlying localized pat-
tern activated by the given attributes, which is equivalent to de-
noise the given attribute based on the graph structure, and then
compute the statistic values based on the denoised attribute.
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2. PROBLEM FORMULATION
We consider a weighted, undirected graph G = (V, E ,A),
where V = {v1, . . . , vN} is the set of nodes, E = {e1, . . . , eM}
is the set of edges and A ∈ RN×N is a weighted adjacency
matrix2. The ith signal coefficient corresponds to node vi.
Let ∆ ∈ R|E|×|V| be the graph incidence matrix, whose row
correspond to edges [6]. For example, if ei is an edge that
connects the jth node to the kth node (j < k), the ith row
of ∆ is ∆i,` = 1, for ` = j; 1, for ` = k; and 0, oth-
erwise. A graph signal is defined as the map on the graph
nodes that assigns the signal coefficient xn ∈ R to the node
vn; a vector form is x =

[
x1, x2, . . . , xN

]T ∈ RN . Let
C ⊆ V be a set of nodes. We can represent this set by using
an indicator function, 1C ∈ RN . That is, the signal coeffi-
cients are ones in the node set C and zeros in the complement
node set C̄ = V \ C. We call the node set C activated. In
many applications, such as community detection, we want
to find a node set C with a small number of connections
between C and C̄. To quantify the cut cost, we use the `p-
norm based total variation. For a graph signal x ∈ RN , the
`p-norm based total variation is TVp(x) = ‖∆x‖p . The `0-
norm based total variation TV0(1C) counts the number of
edges connecting C and C̄. The `1-norm based total varia-
tion TV1(1C) =

∑
(i,j)∈E Ai,j I{i ∈ C, j ∈ C̄} takes the

edge weights into account, where Ai,j is the edge weight
between the ith and jth nodes. When edges are unweighted,
the `0-norm based total variation and the `1-norm based total
variation are the same. In general, a smaller total variation
means that it is easier to separate the node set C from C̄.

In this paper, we are particularly concerned with the fol-
lowing testing problem:
H0 : y ∼ Bernoulli(ε01V), (1)
H1 : y ∼ Bernoulli(µ1C + ε1C̄) for some TVp(1C) ≤ ρ,

where Bernoulli(c) is 1 with probability c and 0 with probabil-
ity (1−c), µ is the signal strength and ε(< µ) is the noise level,
and ε0 = ε+ |C| (µ− ε) /N , such that the signals under both
H0 andH1 have the same mean. The constraint TVp(1C) ≤ ρ
with p either 0 or 1 defines a class of node sets that are easy
to be separated from its compliment. The null hypothesis H0

describes a noisy attribute and the alternative hypothesis H1

describes a localized attribute.
2both the node order and the edge order are fixed



The motivation behind this setting is the community de-
tection with attributes [7, 8]. For example, we want to identify
whether users who are graduated from Carnegie Mellon Uni-
versity form a social circle on Facebook. The binary value “Is
a student from Carnegie Mellon University?” is a binary at-
tribute on Facebook. When this attribute is relevant to a social
circle, we should find a subgraph such that (1) most nodes are
activated in the subgraph and few nodes are activated out of
the subgraph; (2) the connection between this subgraph and
its complement is weak. In (1), we describe a binary attribute
by the Bernoulli noise model and the localized patterns by a
class of graph signals that have small total-variations.

3. METHODOLOGY
In this section, we propose two statistics for (1). The first
statistic is based on a graph wavelet basis. The second statistic
is based on searching all the feasible node sets that satisfy the
constraint in (1) by solving an optimization problem.

3.1. Graph Wavelet Statistic
In classical signal processing, we detect transient changes in a
time-series signal by projecting the signal on the wavelet ba-
sis [5]. When a coefficient in a high-frequency band is large,
there exists a transient change. Similarly, we construct a Haar-
like graph wavelet basis to detect the boundary, which con-
nects the activated node set and the inactivated node set. When
the boundary exists, we reject the null hypothesis. The main
idea of constructing the graph wavelet basis is to recursively
partition a node set into two disjoint child node sets with sim-
ilar sizes. Each partition generates a basis that spans the re-
sulting two children node sets. We start from the entire node
set, corresponding to the coarsest resolution of the graph ver-
tex domain. Finally, each node set is either an individual node
or an empty set, corresponding to the finest resolution of the
graph vertex domain. Please see more details in [9, 10].

We use the graph wavelet basis to detect localized patterns.
A graph wavelet basis vector captures the transient change
(boundary) in a graph signal. For a localized graph signal,
the `0 norm based total variation is small and the energy of the
original graph signal is concentrated in a few graph wavelet
coefficients, corresponding to the boundary; for a noisy graph
signal, the `0 norm based total variation is large and the energy
of the original graph signal is spread over all the graph wavelet
coefficients. Mathematically, given an noisy attribute y ∈ RN ,
the graph wavelet statistic is the maximum absolute value of
the graph wavelet coefficients, ŵ =

∥∥∥WT
(−1) y

∥∥∥
∞
, where

the infinity norm ‖·‖∞ takes the maximum value, W(−1) ∈
RN×(N−1) is the graph wavelet basis W ∈ RN×N without
the first constant column. We remove the first constant col-
umn as it does not provide discriminative information. When
ŵ is larger than some threshold, we detect the activated node
set and reject the null hypothesis. To analyze the detection
error, we have the following theorem.

Theorem 1. Perform the following statistical test (1) for p =

0. We reject the null if ŵ =
∥∥∥WT

(−1) y
∥∥∥
∞
> τ . Set τ =

√
logN +

√
2 log(2

δ ). When

µ− ε ≥

√
1 + ρ logN(

√
logN + 2

√
2 log(2

δ ))√
|C|
(

1− |C|N
) , (2)

under H0, P{reject} ≤ δ; under H1, P{reject} ≥ (1− δ)4.

The main idea of the proof is to show that under the null
hypothesis, each graph wavelet coefficient is a subgaussian
random variable, which means that its statistical performance
is similar to a gaussian random variable [11]; and under the al-
ternative hypothesis, the maximum value of the graph wavelet
coefficients is large because the energy of the original graph
signal concentrates in a few graph wavelet coefficients. The
assumption (2) shows that when the size of the ground-truth
activated node set is larger and the ground-truth activated node
set has a small `0-norm based total variation, it is easier for
graph wavelet statistic to detect the activation.

The computational bottleneck of constructing the graph
wavelet basis is the graph partition algorithm. When a graph
partition algorithm takes O(N logN), the total construction
costs O(N log2N). Since the graph wavelet basis is con-
structed only based on the graph structure, the construction
only computes once. The total computational cost to obtain
the graph wavelet statistic only involves a matrix-vector mul-
tiplication and a search for the maximum value. The graph
wavelet statistic is thus scalable to large-scale graphs.

3.2. Graph Scan Statistic

The graph wavelet statistic is efficient, but the construction
of the graph wavelet basis is independent from the given at-
tribute. Now we aim to propose an data-adaptive approach,
which scans all feasible node sets based on the given graph
signal. For the simplicity of derivation, we assume that ε0 = ε
in (1). This implies that the average value under H1 is larger
than the average value under H0. A naive approach is then
to use the average of the observation as the statistic. Here we
propose a graph scan statistic that works better than this naive
approach. The intuition behind the proposed statistics is that
given the noisy observation y, we search for the activated node
setC. If we can find suchC, we reject the null, and vice versa.
To make a fair comparison, we still set ε0 = ε+|C| (µ− ε) /N
when validating this statistic in the experiments in Section 4.

When we knew the true activated node set C ∈ C, an
intuitive idea is to test the null hypothesis H0 : x = 0 against
the alternative H1 : x = µ1C by using the likelihood ra-
tio test. Given the observation y, based on the Bernoulli
noise model, the likelihood is P(y|H1) =

∏
i∈C µ

yi(1 −
µ)1−yi

∏
i∈C̄ ε

yi(1 − ε)1−yi . The maximum likelihood esti-



mator is µ̂ = 1TCy/|C| and the generalized likelihood ratio

ĝ = max
C
|C|KL

(
1TCy

|C|
||ε
)

(3)

subject to TVp(1C) ≤ ρ.

When the average value in the activated node set 1TCy/|C| is
much larger than the background randomness ε, ĝ is large and
the we detect the activated node set C. We call ĝ graph scan
statistic (this is the Bernoulli version [12, 13]). The intuition
behind this statistic is that we want to maximize both the size
of the the activated node set and the average value in the acti-
vated node set. When y is noise belonging toH0, it has a small
probability to have the activated nodes in y that are clustered
together and have small cut cost.

When ĝ is larger than some threshold, we detect the acti-
vated node set and reject the null hypothesis. To analyze the
detection error, we have the following theorem.

Theorem 2. Perform the following statistical test (1) for p =
1. We reject the null if ĝ > τ . Set

τ = 8

((
√
ρ+

√
1

2
logN

)√
2 log(N − 1)

+
√

2 log 2 +
√

2 log(1/δ)

)2

.

when µ− ε ≥ 2
√

2√
|C|

((
√
ρ+

√
1

2
logN

)√
2 log(N − 1)

+
√

2 log 2 +
√

2 log(1/δ)

)
+

√
log(2/δ)

2|C|
,

(4)

under H0, P{reject} ≤ δ; and under H1, P{reject} ≥ 1− δ.

The main idea of the proof is to show that under the null
hypothesis, 1TC(y − ε)/

√
|C| is a subgaussian random vari-

able; and under the alternative hypothesis, the maximum like-
lihood estimator 1TCy/|C| is close to µ with high probabil-
ity. Similarly to the graph wavelet statistic, the assumption (4)
shows that when the size of the ground-truth activated node set
is larger and the ground-truth activated node set has a smaller
`1-norm based total variation, it is easier for graph scan statis-
tic to detect the activation.

The advantages of graph scan statistic over graph wavelet
statistic are: (1) graph scan statistic is data adaptive. When
an attribute is given, graph scan statistic actively searches the
activated node set, instead of using a pre-constructed basis; (2)
graph scan statistic is a generative approach searching an acti-
vated node set. Thus, graph scan statistic not only detects the
whether the localized activated node set exists, but also local-
ize these regions; and (3) graph scan statistic takes care of the
edge weights by using the `1-norm based total variation. The

`1-norm based total variation is more general because when
we only consider binary edge weights, the `1-norm based total
variation and the `0-norm based total variation are the same.
Thus, all the results based on the `1-norm can be directly ap-
plied to the `0-norm.

In the previous analysis, we use the global optimum of (3),
however, this global optimum is hard to obtain because the
optimization problem is not convex. To make the graph scan
statistic practical, we reformulate (3) and solve

ĝ = max
t

max
x

tKL

(
xTy

t
||ε
)

(5)

subject to x ∈ {0, 1}N ,TV1(x) ≤ ρ,1Tx ≤ t,

where x is equivalent to 1C and t is equivalent to |C|. Since
ε is a small constant, for each t, we optimize over x to make
xTy/t as far away from ε as possible, which is equivalent to
maximizing xTy within the feasible region3. The Lagrange
dual function is

h(η1, η2) = min
x∈{0,1}N

L(η1, η2,x)

= min
x∈{0,1}N

(
−xTy + η11

Tx + η2 ‖∆x‖1
)
− η1t− η2ρ

= f(η1, η2)− η1t− η2ρ.

For given η1, η2, the function f(η1, η2) can be efficiently
solved by s-t graph cuts [14, 15]. We then maximize h(η1, η2)
by using the simulated annealing. Since x takes only binary
values, the optimization problem (5) is not convex. However,
because optimizing f(η1, η2) is a standard graph-cut problem,
even the local minimum provides decent results [15] and the
computation is remarkably efficient.

4. EXPERIMENTS: RANKING ATTRIBUTES
Relevant attributes improve the accuracy in community detec-
tion and interpreting the detected communities, but irrelevant
attributes may harm the accuracy and cause computational in-
efficiency [7]. Here we aim to use the proposed statistics to
find the most useful attributes to benefit the community de-
tection. We use the IEEE Xplore database to find working
collaborations between scholars. The raw files were down-
loaded from [16] and we focus on papers in 10 IEEE Trans-
actions journals. The collected dataset includes the coauthor-
ship network with 7, 330 authors and 108, 719 coauthorships,
the author-journal matrix with 10 journals, and the author-
keyword matrix with 3, 596 keywords. In other words, we
have a graph with 7, 330 nodes and 108, 719 edges and 3, 596
corresponding attributes. Here we want to detect different
academia communities based on graph structure and attributes.
The academia communities are defined based on the journals.
Thus, ten journals correspond to ten groundtruth communities:
when authors publish at least ten papers in a same journal, we
assign them into a community. For example, authors who pub-
lish papers in IEEE Transactions on Signal Processing form

3we implicitly assume that 1T
Cy/|C| > ε.



the signal processing community. In this community, some
keywords are frequently used, such as ‘filtering’ and ‘Fourier
transform’. By using those relevant keywords, the quality of
community detection may be improved.

The goal is to rank all the keywords based on their contri-
bution to community detection, where the magnitude or value
(if negative is meaningful) of the corresponding statistic is
used to determine the rank. Here we consider four ranking
methods: graph wavelet statistic based ranking (Wavelet),
graph scan statistic based ranking (LGSS), modularity-based
ranking (Modularity) and cut-based ranking (Cuts). For the
first two ranking methods, we compute the statistical value
and rank the keywords according to the statistical value in a
descending order. This is because a larger statistic means a
larger probability that this keyword forms a community. For
the modularity-based ranking, we compute the modularity of
each keyword and rank the keywords according to modular-
ity in a descending order [6]. For the cut-based ranking, we
compute the cut cost of each keyword and rank the keywords
according to the number of cuts in a ascending order [6].

To quantify the real community detection power of key-
words, we compare each keyword to the ground-truth com-
munity and compute the correspondence by using the av-
erage F1 score, which is suggested in [17, 7]. Mathe-
matically, let C∗ be a set of the ground-truth communi-
ties and Ĉ be a set of the activated node sets provided by
the node attributes. Each node set Ĉi ∈ Ĉ collects the
nodes that have the same attribute. The average F1 score is

1
2|C∗|

∑
Ci∈C∗ F1(Ci, Ĉg(i)) + 1

2|Ĉ|

∑
Ĉi∈Ĉ F1(Ĉg′(i), Ĉi),

where the best matching g and g′ is defined as follows: g(i) =

arg maxj F1(Ci, Ĉj) and g′(i) = arg maxj F1(Cj , Ĉi),

with F1(Ci, Ĉj) is the harmonic mean of precision and re-
call. A large average F1 score means that the community
induced by a keyword agrees with the community induced
by journal papers. We also compute the average F1 score of
each keyword and rank the keywords according to the average
F1 scores in a descending order, which is the ground-truth
ranking. We compare the four estimated rankings with the
ground-truth ranking by using the Spearman’s rank correla-
tion coefficient [18]. The Spearman correlation coefficient
is defined as the Pearson correlation coefficient between the
ranked variables: ρ = 1 − 6

∑
|pi−qi|2

N(N2−1) , where pi − qi is the
difference between two rankings. The Spearman correlation
coefficients of modularity-based ranking, cut-based ranking,
graph wavelet statistic based ranking and local graph scan
statistic based ranking are shown in Figure 1. We see that
graph wavelet statistic and graph scan statistic outperform
the other methods. Cut-based ranking performs bad because
it may rank infrequent keywords higher. To normalize this
factor, we also consider the average modularity, which is the
modularity divided the number of activated authors, and the
average cuts, which are the number of cuts divided the number
of activated authors. Average cuts perform much better than
the total cuts.

Fig. 1: Comparison of Spearman’s rank correlation coeffi-
cient. A larger Spearman’s rank correlation coefficient means
higher correlation to the ground-truth ranking.

Figure 2 compares the average F1 scores as a function of
individual keywords ordered by the six ranking methods. The
x-axis is the ranking provided by the proposed ranking meth-
ods and the y-axis is the average F1 score of the correspond-
ing keyword. For example, graph scan statistic ranks ‘Maxi-
mum likelihood detection’ in the first place, we then put the
corresponding average F1 score as the first element in the red
curve (most left). We expect that the curve goes down as the
rank grows because a good ranking method ranks the impor-
tant keywords higher. We also use cluster affiliation model for
big networks (BIGCLAM, shown in a black, horizontal line), a
large-scale community detection algorithm to provide a base-
line [17]. We see that graph scan statistic is slightly better than
graph wavelet statistic and both of them outperform the other
methods, which is consistent to the results given by the Spear-
man correlation coefficients in Figure 1. Surprisingly, using
high ranking keywords to detect communities works even bet-
ter than BIGCLAM. The reason may be that in this coauthor-
ship network, the keywords are informative and strongly re-
lated to the journals, which are the ground-truth communities.

Fig. 2: Comparison of average F1 score as a function of the
top k ranked keywords. A higher average F1 score means bet-
ter detection performance by using each individual keyword.

5. CONCLUSIONS
This paper focused detecting localized attributes on a graph.
We formulated hypothesis tests to decide whether the at-
tributes activate a community in a graph. We proposed two
statistics: graph wavelet statistic and graph scan statistic. Both
were shown to be efficient and statistically effective for the
detection. We further applied the proposed method to rank
keywords in a coauthorship network.
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