Analyzing training error

Analysis reveals:

1 — €t
*  What o, to choose for hypothesis #,? o = % In ( )
What 4, to choose? ¢

g, - weighted training error

* If each weak learner £, is slightly better than random guessing (¢,< 0.5),

then training error of AdaBoost decays exponentially fast in number of
rounds T.

dl T
- > 0(H(z;) #y;) < exp (—2 Y (1/2 - et)2>
Mi=1 =1

Training Error
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Analyzing training error

Training error of final classifier is bounded by:

1 1 = Convex

— > 6(H(zy) =) < — ) exp(—yif(z;))  upper

m;— mi—=1 bound

Where  f(z) =3 aghy(x); H(z) = sign(f(x))
t

exp loss  boost y

=1 o , oosting can make
Ji exp(—y;f(xi)) upper bound — 0, then
training error — 0
0/1 loss

6(H(z;) # v;)
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Analyzing training error

Training error of final classifier is bounded by:

LS @) £ u) < 1S exp(oyif @) = [ %
mi—=1 m,=3 }

Where  f() = Y ahi(a); H(x) = sign(f(x))
t

Proof: | Using Weight Update Rule L1 exp(—y; f(z;))
| | Dpyq1(d) = — o
—a1y;hy (@
D»(1) = L e~ vtz Wts of all pts add to 1
m Z]_
m
—a1y;h1(x;) p,—aoy;ho(x; N
Ds(z) _ 1 e Q1Y 1(ZB )6 a2y Q(CB) Z DT_|_1(7,) —q
m ALY, 1=1
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Analyzing training error

Training error of final classifier is bounded by:

m

> 6(H() #u) < - > exp(—uif (2)) = [[ Z
1=1 t

1
mi=1

Where  f() = Y ahi(a); H(x) = sign(f(x))
t

If Zt < 1, training error decreases exponentially (even though weak learners may
not be good ¢,~0.5)

Training Upper bound

error
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What a, to choose for hypothesis 7,?

Training error of final classifier is bounded by:

1 1
m m

Z §(H(x;) # y;) < Z exp(—y; f(z;)) = 1] Z
=1 =1 t

Where f(x) = Zatht(iﬂ); H(z) = sign(f(z))
t

If we minimize [], Z,, we minimize our training error

We can tighten this bound greedily, by choosing o, and /4, on each iteration
to minimize Z,

Zi= 3" Di(i) exp(—agmihe(z))

1=1
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What @, to choose for hypothesis #,?

We can minimize this bound by choosing ¢, on each iteration to minimize Z,

Zi= 3" Dy(i) exp(—agyihu(z:))
1=1

For boolean target function, this is accomplished by [Freund & Schapire '97]:

1_€t
at=%1n< 6 )

Proof: 7, = > Di(i)e**+ > Dy(i)e”™
iy 7=hi(z;) vy =hi(z;)
= e+ (1 —¢e)e ™
8Zt 1 —¢

— = Eteat — (1 — Et)e_at =0 = 62at =
ot €t
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Bounding the error with choice of ¢,

We can minimize this bound by choosing ¢, on each iteration to minimize Z,
m
Zy = Y Di(i) exp(—apy;hi(x;))
1=1

For boolean target function, this is accomplished by [Freund & Schapire '97]:
1 —e€
oy = %ln ( t)
€t

Z Dy¢(7)e™t + Z D¢(1)e™
i:y;7=he(x;) iy =hy(x;)
= eteo‘t —|— (1 — et)e_at

Proof: Z;

= 2\/615(1 — Et) = \/1 - (1 - 2€t>2
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Dumb classifiers made Smart

Training error of final classifier is bounded by:

=Y 6(H@) # ) < [[2=[[V1- (- 26)?
i=1 t L

gexp< 22(1/2—et) )

t=1

grows as g, moves
away from 1/2

If each classifier is (at least slightly) better than random ¢,<0.5

AdaBoost will achieve zero training error exponentially fast (in
number of rounds T) !!

What about test error?
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Boosting and Logistic Regression

Logistic regression assumes:

1
P(Y = 11X) = f($)=wo+zwgﬂ?j
( X) 1 4 exp(f(x)) j
And tries to maximize data likelihood:
iid ™ 1
P(DIf) = ]]

Equivalent to minimizing log loss

—log P(D|f) = > In(1 4 exp(—y;f(xz;)))
i—1
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Boosting and Logistic Regression

Logistic regression equivalent to minimizing log loss

> In(L + exp(—yif (2:))) Fa) = wo+ 3 e,

i=1
Boosting minimizes similar loss function!!

= 3" exp(-uif (2) f(@) =3 arhy(a)
i=1 t

Weighted average of weak learners

exp loss Both smooth approximations

of 0/1 loss!
0/1 loss

0 fz;) v




Boosting and Logistic Regression

Logistic regression:

Minimize log loss

S In(1 + exp(—yif(2))

i=1
Define

f(x) = Z W;T
J

where x; predefined
features

(linear classifier)

Jointly optimize over all
weights wo, wi, wa...

Boosting:
* Minimize exp loss

> exp(—yif(x;))
i=1
e Define

f(z) =) athi(z)
t

where /,(x) defined dynamically

to fit data
(not a linear classifier)

* Weights o, learned per

iteration t incrementally
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Hard & Soft Decision

Weighted average of weak learers  f(z) = > azhy(x)
t

Hard Decision/Predicted label: H(x) = sign(f(x))

Soft Decision: P(Y =1|X) = 1

(based on analogy with 1+ exp(f(z))
logistic regression)
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Matlab example - boosting

% UCI dataset

% 34 features, 351 samples
% binary classification

load ionosphere;

rng(2); % For reproducibility

ClassTreeEns = fitensemble(X,Y,'AdaBoostM1',100,'Tree');
rsLoss = resubLoss(ClassTreeEns,'Mode','Cumulative');
plot(rsLoss,'r");

hold on

ClassTreeEns = fitensemble(X,Y,'AdaBoostM1',100,'Tree’,...
'‘Holdout',0.5);

genError = kfoldLoss(ClassTreeEns,'Mode','Cumulative');

plot(genError,'b');

xlabel('Number of Learning Cycles');

legend('Training err', 'Test err')
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File Tools Desktop Tree Window Help ~
+ = &M
N S NS
a N R -
Matlab example Click to display: | ldentiy + | mMagnification: | 100% * | Pruning level: |0 of8 =
e e X5 < 0.23154 L5%5 >=0.23154
— decision tree
< 0.02313 [3x55=0.02313 X27 < 09999 BLAXZT >= 0.999945
X3 (0.14081 §\X3c3€ & WTBIB1 AXT0>= -0.74381 X1 <USAX >=0.5
g/X16 <-0.90517 JAX16 >= 0.90517 § < 0.93671 A7 >=0.93671
load IOHOSphere Y~ X3<0.43693 A3 >=0.43693 XBgf -0.11014 J\X8 >=-0.11014
0,
% UCI dataset X3 < 0369335 /(KX34 Q. FIBBE5S Y\X24 >= -0.987455 X8 f0.70588 Y\x8 >= 0.7

% 34 features, 351 samples

g X12<-0.117495 %\X12 >= -0.117435

% binary classification
rng(100)

X9 < 0277955 /X9 >=0.27795y

X12 <40.12187 f\Xx12 >= -0.12187

%Default MinLeafSize = 1
tc = fitctree(X,Y);
cvmodel = crossval(tc);
view(cvmodel.Trained{1},'Mode','graph’)

Validation error = 0.1254

kfoldLoss(cvmodel) 36



File Tools Desktop Tree Window Help ~
S gn}.
Matlab example [owoomy: [ o ] wgumenson | 100+ ] prmng i oot __J8
Y Y X5 < 0.145975 Lax5 >=0.145975
— decision tree
X27 < 0.999214327 >= 0.99921
X8 <-0.53701 Lx8>=-0.53701 X1 <U54\X1 >=0.5

load ionosphere

% UCI dataset

% 34 features, 351 samples
% binary classification
rng(100)

%Default MinLeafSize =1
tc = fitctree(X,Y, 'MinLeafSize’,2);
cvmodel = crossval(tc);

X14 < 0.26643 /29

X5 <

4 >=0.26643

0418075235 >=0.418075 - X3 < 0.73004 2aX3 >=0.73004
X34 < 0.95098 %334 >= 0.95098

X4 < 0.61343 x4 >=0.61343y

X4 < -0.077075 fXX4 >=-0.07707y

X17 < 0.199705 JLX17 >= 0.199703

x4

view(cvmodel.Trained{1},'Mode','graph’)

kfoldLoss(cvmodel)

g 0.080395 A\x4 >=-0.080395

Validation error = 0.1168
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§ X22 < 0.47714 L\x22 >= 0477

X6 < -0.727275 JAX6 >=-0.7§ 275




File Tools Desktop Tree Window Help ¥

+ )

'*‘ﬂ‘ )

~ N ."". !

M at I a b exa m p I e Click to display: | |dentity y Magnification: | 100% y Pruning level: |0 of4

“»

— decision tree

load ionosphere

% UCI dataset

% 34 features, 351 samples
% binary classification
rng(100)

%Default MinLeafSize =1
tc = fitctree(X,Y, 'MinLeafSize',10);
cvmodel = crossval(tc);

view(cvmodel.Trained{1},'Mode','graph’)

kfoldLoss(cvmodel)

X5 <0.04144 AX5>=0.04144

X27 >= 0.993945

X22 < 047714 A\X22 >= 047714

X3 < 04404

X24 <-0.00251 X3 < 0698435 /£X3 >=0.698435

Validation error = 0.1339
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Matlab example - decision trees

fixed # training data

0.1339

Training error

/
0.1254

Validation error

———

underfitting

MinLeafSize 10

Best
Model

MinLeafSize 2

overfitting Complexity

MinLeafSize 1
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