10 2. The Bayes Error

As this is valid for any Borel-measurable set C, the distribution of (X, Y is deter-
mined by (u, 17). The function 7 is sometimes called the a posteriori probability.

Any function g : R¢ — {0, 1} defines a classifier or a decision function. The
error probability of g is L(g) = P{g(X) # Y}. Of particular interest is the Bayes
decision function

oo |1 ifnx)>1/2
gx)= { 0 otherwise.

This decision function minimizes the error probability.

Theorem 2.1. For any decision function g : R¢ — {0, 1},

P{g"(X)# Y} < P{g(X) # Y},

that is, g* is the optimal decision.

ProoF. Given X = x, the conditional error probability of any decision g may be
expressed as

P{g(X)#Y|X = x}
= 1-PY =g(X)|X =x}
= 1-(P{Y=1gX)=1X=x}+P{Y =0,8(X)=0X =x})
= 1= (Ligw=nP{¥ = 11X = x} + [jg0)-)P{Y = 0|X = x})
= 1= (Ige=11(x) + lgm=0) (1 = 1(x))) ,

where I, denotes the indicator of the set A. Thus, for every x € RY,

PgX)#Y|X =x} - P{g*"(X) #YI|X =x}

n(x) (Iigro=t) = Ige=n) + (1 = n(x)) (Iigrr=0) = ligeor=01)
@n(x) = 1) (Iigew=1) — ligeo=n1)

> 0

by the definition of g*. The statement now follows by integrating both sides with
respect to u(dx). O

FIGURE 2.1. The Bayes decision in the

example on the left is 1 if x > a, and

0 otherwise.
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