Classification - Naive Bayes
with MLE, MAP

Aarti Singh

Co-instructor: Barnabas Poczos

Machine Learning 10-401
Jan 21, 2016

ACHI




Naive Bayes Classifier

* Bayes Classifier with additional “naive” assumption:
— Features are independent given class:

d
P(X1..X4|Y) = || P(X3]Y)
i=1
fvp(x) = argmax P(z1,...,2q|y)P(y)
d
= argmax 1] P(zly)P(y)
1=1

* Has fewer parameters, and hence requires fewer training
data

Linear instead of Quadratic or Exponential in d!



Hand-written digit recognition

Input, X (images of hand-written digits) E> Label, Y
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Black-white images — d-dim binary (0/1) vector

Discrete Naive Bayes model:

P(Y=y)=p,forallyinQ,1,..,9 Por Py, s Pg (SUM tO 1)

Akin to roll of a dice (Multinomial)

P(X.=x.|Y =y) - one probability value for each y, pixel i

Akin to a coin flip for each y and pixel | (Bernoulli)
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MLE for Bernoulli, Multinomial

Bernoulli(0)
P(Heads) =0, P(Tails) = 1-6

] ~H

MLE = o +ap Frequency of heads”
Multinomial(6={p,p,,--,P¢}) b
P(1) =Py, P2) =Py, o, P(6) = Pg=1-(pyts) & % L)
Ovre = PLMLE---,D6,MLE -

ﬁy,MLE — ) 7]
Dy Oy Frequency of roll y



Naive Bayes Algo — Discrete features

* Training Data {(X(j)’y(j))};;l x0) = (X(j)a R aXc(zj))

e Maximum Likelihood Estimates

— For Class probability Bly) = {#5: Y =4}

n

— For class conditional distribution

Plasly) = P@iw) _ {#5: X =, YD) = g}/
‘ P(y) {#7: YW =y}/n
e NB Prediction for test data X =(x1,...,24)
d ﬁ(x’wy)

Y =argmax P(y) [ —=



Issues with Naive Bayes

e Issue 1: Usually, features are not conditionally independent:
P(X1..X4)Y) # [[ P(Xi|Y)
()

Nonetheless, NB is the single most used classifier particularly

when data is limited, works well

* Issue 2: Typically use MAP estimates instead of MLE since
insufficient data may cause MLE to be zero.




Insufficient data for MLE

What if you never see a training instance where X,;=a when
Y=b?

— e.g., b={SpamEmail}, a ={'Earn’}
— P(X;=a|Y=b)=0

Thus, no matter what the values X,,..., X, take:

— N d
P(X1 = a, X0..Xp|Y) = P(X1 = a|Y) [[ P(X;|Y)
1=2

T
o

What now???



Naive Bayes Algo — Discrete features

* Training Data {(X(j)’y(j))}?zl x0) = (X(j), e ,Xc(zj))

I”

e Maximum A Posteriori (MAP) Estimates —add m “virtual” datapts

Assume priors
QLY =) Q(X; =a,Y =)

(#i: XD =a,v® = b} + mQ(X; = a,Y =b)
{#5: Y@ =0} + mQ(Y =b)

Y
# virtual examples

withY=Db
Now, even if you never observe a class/feature posterior
probability never zero.

P(X;=alY =b) =




Max A Posteriori (MAP) estimation

Justification for adding virtual examples

 Assume a prior distribution for parameters 0 (reflects prior
belief in what values 0 is likely to take)

Before data After data
Y
> Q
A ) ~N
-,
A,
50-50 0 §MAp 5

 Choose 0 that maximizes a posterior probability

Orjap = arg max P(0| D)

= arg m@ax P(D|0)P(0)



MAP estimation for Bernoulli r.v.

Choose 0 that maximizes a posterior probability
Orvjap = arg m@ax P(O| D)
= arg meax P(D|60)P(0)

MAP estimate of probability of head:
P(6) ~ Beta(By, Br)
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Beta(Bg, Br)

Beta pdf

Beta distribution

Beta(1,1)
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eta pdf
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More concentrated as values of 3, B; increase

Beta(2,2)
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MAP estimation for Bernoulli r.v.
Choose 0 that maximizes a posterior probability
Oryap = arg m@ax P(O| D)
= arg meax P(D|60)P(0)

MAP estimate of probability of head:

P(0) ~ Beta(By, B1) Count of H/T simply get
added to parameters

P(0|D) ~ Beta(B + o, Br + ar)
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Beta conjugate prior

P(0) ~ Beta(By, Br) P(6|D) ~ Beta(By + ap, Bt + ar)
Beta(2,2) Beta(2,3) Beta(20,30)
1.6 \ \ \ w — _ 6— ‘ .
1.4+
15} 1 St
1.2+
s 1 | - 4
s 08 |:> f:l 1 333
8 0.6+ B 8 3
|
0.4} 1 0.5/
0.2} ] 1
% 02 04 06 08 1 % 02 0.4 0.6 0.8 1 % 02 0.4 0.6 0.8 1
parameter value parameter value parameter value
After observing 1 Tail After observing
18 Heads and
28 Tails
As n = o, + 0 increases, posterior distribution becomes more

concentrated
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MAP estimation for Bernoulli r.v.

Choose 0 that maximizes a posterior probability
Orvjap = arg m@ax P(O| D)
= arg meax P(D|60)P(0)

MAP estimate of probability of head:

P(0) ~ Beta(By, B1) Count of H/T simply get
added to parameters

P(0|D) ~ Beta(By + oy, BT + ar)

g _ ag+ By —1 Mode of Beta
MAP o + BH + ar + BT _ 2 distribution

Equivalent to adding extra coin flips (B, - 1 heads, B; - 1 tails)

As we get more data, effect of prior is “washed out”
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MLE vs. MAP

e Maximum Likelihood estimation (MLE)

Choose value that maximizes the probability of observed data

Orir = arg m@ax P(D|0)

e Maximum a posteriori (MAP) estimation

Choose value that is most probable given observed data and
prior belief
Oy ap = arg mgx P(6|D)

= arg meax P(DI|0)P(0)

When is MAP same as MLE?
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How to learn parameters from data?
MLE, MAP

(Continuous case)



Naive Bayes with continuous features

Each image represented as
Training Data: a vector of intensity values
at the d pixels (features)

| e
Input, X / a ... N greyscale y — X

images
L Xd -
Label, Y 1 2 ... N labels
Gaussian Naive Bayes model:
P(Y=y)=p,forallyin0,1,2,..9 Pos Py, s Pg (SUM tO 1)

P(X=x.|Y =y) ~ N(u¥), 02 )) for each y and each pixel i
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Gaussian distribution

O
O

Data, D = O—O0—0—00OQO0O0
3 4 5 6 7 8 9 Sleep hrs

e Parameters: w—mean, 0% - variance
 Sleep hrs arei.i.d.:

— Independent events
— ldentically distributed according to Gaussian distribution
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Maximum Likelihood Estimation (MLE)

Choose 0= (1,062%) that maximizes the probability of observed data
Oyrp = arg max BLEE |16

n
= arg mgxx H P(Xz. |9) Independent draws

="
n : denticall
1 (X —p)? /202 | y
= arg maxH e~ (Ximn)"/20 distributed
A Y 2w o2

L o~ r(Xi—m)?/20
= arg max e =i
P g S (‘2m2)n/2 |

J7(6)




MLE for Gaussian mean and variance

1 mn
AVLE = — Y X
nNi—1
2 1 & N2
OCOMLE — ;Z(%‘—.W
i=1

Note: MLE for the variance of a Gaussian is biased

— Expected result of estimation is not true parameter!
— Unbiased variance estimator:

1 n
~2 _ ~\2
Tunbiased — o Z (xz — ,UJ)
1=1
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Naive Bayes Algo — continuous features

* Training Data {(X), YU} X0 = (x,..,x$)

 Maximum Likelihood Estimates
— For Class probability (#j v

MLE estimates

 NB Prediction fortestdata X = (z1,...,2,)

d Ve
Y = arg myaxf’(y) H P(%‘y)
1=1
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Naive Bayes Algo — continuous features

. . . " BN
Maximum likelihood estimates:  |fimze = ) 7
j=1
~ (¥) 1 S x0
Mg "= ngj)l(y(j):y)
D i Liyi—y) &
g ( y) L)
y class
it" pixel in < jth training image
jth training image
1 < .
ggnbiased :n _ 1« (Ij — /«LMLE)2
71=1
1 .
~ 2(y) _ (X(J) _ ~W)y2 .
¥ — i H; ) 1 Y ()=
Zj Ly r—y) — 1 Z ( Y)
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MAP estimation for Gaussian r.v.

Parameters 0 = (p,0?)
* Mean p: Gaussian prior = N(n,\?)

P A) 1 —(11—2?7)2
: — e 2
Pl W
1l —n n n
MMAP — = rfn 1 A MMLE — EZ xT;
52 1T )2 =1

As we get more data, effect of prior is “washed out”

e Variance o%: Wishart Distribution
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Applications of Naive Bayes

Text classification
Documents =» Topic
Emails =2 Spam

HW1

Image classification
Hand-written characters = Digit, Letter

Brain scans = words, objects person is reading/
watching
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