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Average Bellman error – Q version
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Weaker notion of Bellman error:

Evaluate 𝑔-approximation of 𝑄 using a policy 𝜋𝑓



Average Bellman error – V version
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Evaluate average Bellman wrt V function induced by 𝑔 as well:

 and Vg(s)  = maxa g(s,a).



Estimating Q-Bellman error 
(generative setting)
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then



Estimating V-Bellman error
(generative setting)
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then



Estimating Bellman rank
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Bellman rank

∃

s.t.

Note: we just assume the existence of W, X, but they are unknown
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Rank of this matrix = Bellman rank



Algorithm under Bellman rank

• Works for general function approximation with low Bellman rank

• Gives optimism without adding (nonlinear) bonus
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Bilinear-UCB

A general algorithm under Bellman rank that can learn an ϵ near 
optimal policy with number of samples
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Bilinear-UCB
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Bilinear-UCB
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Bilinear-UCB
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Analysis of Bilinear-UCB
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Proof: 

since                       = 0 



Analysis of Bilinear-UCB
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Analysis of Bilinear-UCB
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Proof:  

 𝑉𝑓𝑡
𝑠0 −  𝑉𝜋𝑓𝑡 𝑠0 = 𝔼𝑎0~𝜋𝑓𝑡

𝑠0
[𝑓𝑡 𝑠0, 𝑎0 ] − 𝔼𝑎ℎ~𝜋𝑓𝑡

𝑠ℎ , 𝑠ℎ+1~𝑃 . 𝑠ℎ, 𝑎ℎ
[σℎ=0

𝐻−1 𝑟(𝑠ℎ, 𝑎ℎ)]

                         = 𝔼𝑎ℎ~𝜋𝑓𝑡
𝑠ℎ , 𝑠ℎ+1~𝑃 . 𝑠ℎ, 𝑎ℎ

[σℎ=0
𝐻−1(𝑓𝑡 𝑠ℎ, 𝑎ℎ −  𝑟 𝑠ℎ, 𝑎ℎ −  𝑓𝑡(𝑠ℎ+1, 𝑎ℎ+1))]

     telescoping sum since 𝑓𝑡 𝑠𝐻, 𝑎𝐻 = 0
                                      = σℎ=0

𝐻−1 𝔼
𝑎ℎ,𝑠ℎ~𝑑

𝜋𝑓𝑡 [𝑓𝑡 𝑠ℎ, 𝑎ℎ −  𝑟 𝑠ℎ, 𝑎ℎ  −  𝔼𝑠ℎ+1~𝑃 . 𝑠ℎ, 𝑎ℎ
[max

𝑎′
𝑓𝑡 𝑠ℎ+1, 𝑎′ ]]

     since 𝑎ℎ+1 =  arg max
𝑎′

𝑓𝑡 𝑠ℎ+1, 𝑎′



Analysis of Bilinear-UCB
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Cauchy-Schwartz implies



Analysis of Bilinear-UCB

17

Similar to linUCB, using elliptical potential lemma:

where    ∀𝑓 ∈ ℱ 

Similarly, let    ∀𝑓 ∈ ℱ 



Analysis of Bilinear-UCB
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Analysis of Bilinear-UCB
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Set    And 



Analysis of Bilinear-UCB
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Regret bound

eps-optimal with sample complexity , m ~ poly (H, d, ln(| ℱ |),1/eps2)



General function approximation

Summary:

• General non-linear function approximation

• Hardness - Exponential complexity with continuous arms

• Poly sample complexity under Bellman rank, low-rank MDP, 
Bellman completeness 

• Bilinear-UCB algorithm

Open questions:

• Computational complexity

• Online setting (needs additional assumptions)
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Towards model-free RL

Instead of parametrizing model/value functions, 
can we parametrize policies directly?
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