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Continuous action spaces

Bandits:

Reward is linear, Lipshitz, GP, NN, …

e.g. r*(x) = xT  x,  are d-dimensional

MDP: 

Linear MDP - Reward is linear, Transition is low rank

    𝑟ℎ 𝑠, 𝑎 = 𝑤ℎ
𝑇  𝜙(𝑠, 𝑎), 𝑃ℎ 𝑠′|𝑠, 𝑎 = 𝜇ℎ(𝑠′)𝑇𝜙(𝑠, 𝑎) 

        LSVI-UCB algorithm has low regret ෨𝑂(𝐻2 𝑑3𝑁)

Linear Q* - Q*(s,a) =  T(s,a)  
  Doesn’t work!
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LSVI-UCB: Least Square 
Value Iteration with UCB
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For h = H-1, H-2, …, 1

Value iteration at episode n using {𝑠ℎ
𝑖 , 𝑎ℎ

𝑖 ,𝑟ℎ
𝑖 ,𝑠ℎ+1

𝑖 }ℎ=1,𝑖=1
𝐻−1,𝑛−1
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Bellman error

Consider 𝑓 𝑠, 𝑎 = 𝑄(𝑠, 𝑎). 

Bellman error = 𝑓 𝑠, 𝑎 − 𝑇 𝑓(𝑠, 𝑎)

If Bellman error ≠ 0, then 𝑓 ≠ 𝑄∗

Why does linear 𝑄∗ not suffice?

 Even if 𝑓 is linear, 𝑇 𝑓 may not be linear 𝑇 unless transitions P 
(and reward r) is also linear! 
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Bellman completeness

Bellman completeness: For any Q function in ℱ, its Bellman update is 

also in ℱ

Implies Bellman error

can be 0 for 𝑓 = 𝑄∗
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LSVI-UCB: Least Square 
Value Iteration with UCB

6

For h = H-1, H-2, …, 1
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Value iteration at episode n using {𝑠ℎ
𝑖 , 𝑎ℎ

𝑖 ,𝑟ℎ
𝑖 ,𝑠ℎ+1

𝑖 }ℎ=1,𝑖=1
𝐻−1,𝑛−1



LSVI-UCB does not work under 
Bellman completeness
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n

Issue: Adding bonus which may be non-realizable 
 (e.g. in linear case, bonus may be nonlinear in s)

           Recall 𝑏ℎ
𝑛 𝑠, 𝑎 = 𝜙

Λℎ
𝑛−1𝛽 

Need different algorithm (no bonus on Q) 
    – how to achieve optimism? 



Average Bellman error
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Weaker notion of Bellman error:

Evaluate 𝑔-approximation of 𝑄 using a policy 𝜋𝑓



Average Bellman error
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Evaluate average Bellman wrt V function induced by 𝑔 as well:



Bellman rank

∃

s.t.

Note: we just assume the existence of W, X, but they are unknown
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Rank of this matrix = Bellman rank



Examples of Bellman rank

• Linear Bellman completeness: For any linear Q function, its 
Bellman update is also linear
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ሿ𝑤𝑇𝜙(𝑠ℎ, 𝑎ℎ)

𝜃 −  𝑤



Examples of Bellman rank

• Linear Bellman completeness: For any linear Q function, its 
Bellman update is also linear.

• Linear MDP

 ⇒ linear Bellman completeness ⇒ Q-Bellman rank d
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Examples of Bellman rank

• Linear Q* and V*
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Examples of Bellman rank

• Linear Q* and V*
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Linear Q*, V* suffices, though linear Q* doesn’t!

Note that 𝜓 𝑠ℎ, 𝑎ℎ ∶=                         is in general not linear in 𝜙(𝑠ℎ, 𝑎ℎ) if 

transition dynamics are not linear

But V* linear inherently implies transition dynamics are linear:

Since V* = TV*, we have 

 𝜃∗𝑇𝜓 𝑠 =  max
𝑎

𝑟 𝑠, 𝑎 + 𝜃∗𝑇𝜓 𝑠, 𝑎

which implies transition dynamics are linear (given definition of 𝜓 𝑠, 𝑎 ).



Examples of Bellman rank

• Low rank MDP
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Examples of Bellman rank

• Latent variable MDP
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Examples of Bellman rank

• Latent variable MDP

• Block MDP - Special case of latent variable MDP where a state can only be 
generated from one latent state i.e. one-to-one mapping, hence latent state 
is deterministically decodable    𝑃 𝑠 𝑧 > 0 ⇒  𝑃 𝑠 𝑧′ = 0 ∀ 𝑧′ ≠ 𝑧        
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Algorithm under Bellman rank

• Works for general function approximation with low Bellman rank

• Gives optimism without adding (nonlinear) bonus
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Bilinear-UCB

A general algorithm under Bellman rank that can learn an ϵ near 
optimal policy with number of samples
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Q-Bellman rank setting
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then



V-Bellman rank setting
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then



Bilinear-UCB
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Bilinear-UCB
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Bilinear-UCB
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Analysis of Bilinear-UCB
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