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1 Introduction A

Optimization is at the core of many problems studied in machine learning. For example,
• maximum likelihood estimation: max✓

Pn
i=1 log p✓(xi)

• linear regression: minw ||Xw � y||2
In general:

minimizex f(x) (1)

s.t. gi(x) � 0 8i 2 {1, 2, . . . , k}
hj(x) = 0 8j 2 {1, 2, . . . , l}.

Today, we will look at a particular class of optimization problems - convex optimization.

An important terminology distinction to keep in mind throughout:
When we say minimum, we mean the minimum function value.
When we say minimizer(s), we mean the input(s) that yield the minimum.

We’ll use the phrase neighborhood of a point in certain places below. Think of this as a ball of some
radius around the point. Example: in R, Br(x) = {y : |y � x| < r}.

When we say global minimum of a function f , we’re talking about the full domain D. We mean a value
f(x) (for some x 2 D) s.t. 8y 2 D, f(x)  f(y).
When we say local minimum of a function f , we’re just talking about what happens in a neighborhood
of the local minimum. So we mean a value f(x) (for some x 2 D) s.t. 8y in some neighborhood of x,
f(x)  f(y). That neighborhood could be arbitrarily small.

Here, we’ll typically use x, y as input values, and f(x), f(y), g(x), g(y) as function values. So when you see
y here, think input, not output!
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2 Convex Sets A

A convex set is a set D with the following property: 8x, y 2 D, 8↵ 2 [0, 1]

↵x+ (1� ↵)y 2 D

Figure 1: Source: [1]

Figure 2: Source: 10-725 lecture slides by Prof. Yuanzhi Li

Example: Is a line a convex set?
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Other trivial convex sets: the empty set, a single point.

Example: Let 8i, Ci is a convex set. C = \iCi. Is C a convex set?
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Solution: Consider x, y 2 C = \iCi =) 8i, x, y 2 Ci.
Since Ci is a convex set,

=) 8i, 8↵ 2 [0, 1],↵x+ (1� ↵)y 2 Ci

=) 8↵ 2 [0, 1],↵x+ (1� ↵)y 2 \iCi

=) 8↵ 2 [0, 1],↵x+ (1� ↵)y 2 C

So, C is a convex set.
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2.1 Why does it matter if a set is convex?

We’ll show an example later!
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3 Taylor Expansions/Motivation S

Analytic function. A function f is called analytic if, for all x0 in f ’s domain, the Taylor series gx0(x)
centered at x0 converges to the true function value f(x) for all x in some neighborhood of x0.

f(x) = gx0(x) =
1X

n=0

f (n)(x0)

n!
(x� x0)

n.

You might have seen the Taylor expansion of ex around 0 before:

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
+ . . . =

1X

n=0

xn

n!
.

Fun fact. A function can have infinitely-many derivatives (this is called “smooth”) and actually still not
be analytic! But these are pathological cases, for the most part...

That’s all to say that the Taylor expansion of a function is SUPER useful. It appears everywhere!

Often, though, the higher-order terms decay (get very small) pretty quickly as n ! 1, and so we can
approximate the function pretty well in a neighborhood of x0 just using the linear (1st-order) approximation
or quadratic (2nd-order) approximation.

Therefore, in optimization, we often deal with extremely complicated functions by treating them as linear.
Maybe this seems crazy! These functions aren’t linear! But within a small-enough region of a particular
point, things are “close enough” to linear. (This is how people mistakenly thought the Earth was flat for
many years!)

This motivates us to frequently talk about how a function behaves compared to its linearization around a
point... up next!
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4 Convex Functions

4.1 Checking Convexity S

Definition (convex function). A function f over a convex set D is convex if it satisfies the following
property:

8x, y 2 D, 8↵ 2 [0, 1], f(↵x+ (1� ↵)y)  ↵f(x) + (1� ↵)f(y)

Figure 3: Function of average smaller than average of functions. Source: [1]

Figure 4: Convex and non-convex functions. Source: 10-725 lecture slides by Prof. Yuanzhi Li

Example: Is a line (let’s say f(x) = x) a convex function?

Example: If f , g are convex functions, then show the convexity / non-convexity of the following:

• f + g
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Solution: f + g is convex.

8↵ 2 [0, 1],↵⇥ (f(x) + g(x)) + (1� ↵)⇥ (f(y) + g(y))

= (↵f(x) + (1� ↵)f(y)) + (↵g(x) + (1� ↵)g(y))

� f(↵x+ (1� ↵)y) + g(↵x+ (1� ↵)y) since f, g are convex

=) ↵(f + g)(x) + (1� ↵)(f + g)(y) � (f + g)(↵x+ (1� ↵)y)
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• max{f, g}
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Solution: max{f, g} is convex.

8↵ 2 [0, 1],↵max{f(x), g(x)}+ (1� ↵)max{f(y), g(y)} =

8
>>><

>>>:

↵f(x) + (1� ↵)f(y)

↵g(x) + (1� ↵)g(y)

↵f(x) + (1� ↵)g(y)

↵g(x) + (1� ↵)f(y)

Since f, g are convex, ↵f(x)+(1�↵)f(y) � f(↵x+(1�↵)y) and ↵g(x)+(1�↵)g(y) � g(↵x+(1�↵)y).

– Case I: ↵f(x)+(1�↵)f(y) � f(↵x+(1�↵)y) . Also, ↵f(x)+(1�↵)f(y) � ↵g(x)+(1�↵)g(y) �
g(↵x+ (1� ↵)y).

=) ↵f(x) + (1� ↵)f(y) � max{f(↵x+ (1� ↵)y), g(↵x+ (1� ↵)y)}

– Case II: ↵g(x)+(1�↵)g(y) � g(↵x+(1�↵)y). Also, ↵g(x)+(1�↵)g(y) � ↵f(x)+(1�↵)f(y) �
f(↵x+ (1� ↵)y).

=) ↵g(x) + (1� ↵)g(y) � max{f(↵x+ (1� ↵)y), g(↵x+ (1� ↵)y)}

– Case III: ↵f(x)+(1�↵)g(y) � ↵f(x)+(1�↵)f(y) since g(y) � f(y). Also, ↵f(x)+(1�↵)g(y) �
↵g(x) + (1� ↵)g(y) since f(x) � g(x). So, ↵f(x) + (1� ↵)g(y) � max{f(↵x+ (1� ↵)y), g(↵x+
(1� ↵)y)}.

– Case IV: Similar to Case III.

Hence, 8↵ 2 [0, 1],↵max{f(x), g(x)}+(1�↵)max{f(y), g(y)} � max{f(↵x+(1�↵)y), g(↵x+(1�↵)y)}
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• min{f, g}
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Solution: min{f, g} is nonconvex. Counterexample: Draw the functions: f(x) = x2 and g(x) =
(x� 2)2.
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How to check convexity for di↵erentiable functions? A

• First order convexity condition: Suppose f : Rn ! R is di↵erentiable. Then f is convex if and only if
8x, y 2 Rn,

f(y) � f(x) +rf(x)T (y � x)

.

Figure 5: Source: 10-725 lecture slides by Prof. Yuanzhi Li

• Second order convexity condition: Suppose f : Rn ! R is twice di↵erentiable. Then f is convex if and
only if 8x 2 Rn,

r2f(x) ⌫ 0

.

Note that the Hessian r2f(x) =

2

666664
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3

777775
is positive semi-definite i.e. r2f(x) ⌫ 0

i↵ the eigen values of r2f(x) are all non-negative.

Figure 6: Source: [1]

9



Example: (l2 norm) f(w) = 1
2 ||Xw � y||2. Is f convex?
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Solution:

f(w) = 1
2 ||Xw � y||2 = 1

2 (Xw � y)T (Xw � y) = 1
2 [w

TXTXw � wTXT y � yTXw + yT y].
f(w) is twice di↵erentiable. r2f(w) = XTX = ||X||22 � 0. So, f is convex.
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Example: (MLLE for Bernoulli random variables) f(✓) = log
Q

i ✓
xi(1� ✓)(1�xi). Is f convex?
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Solution:

df

d✓
=

X

i

⇥xi

✓
� 1� xi

1� ✓

⇤

d2f

d✓2
=

X

i

⇥
� xi

✓2
� (1� xi)(

�1

(1� ✓)2
)(�1)

⇤
(2)

= �
⇥X

i

xi

✓2
+

1� xi

(1� ✓)2
⇤
 0 (3)

So, log likelihood function is concave, whereas the negative log likelihood is convex.

Figure 7: We have the log-likelihood function on the left and the negative log-likelihood on the right.
✓MLE = 0.4 over the sampled x’s. The red dashed line shows that the gradient goes to zero at ✓ = ✓MLE .
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4.2 Strict Convexity S

Definition (strictly convex function). A function f over a convex set D is strictly convex if it satisfies
the following property:

8x, y 2 D, 8↵ 2 [0, 1], f(↵x+ (1� ↵)y) < ↵f(x) + (1� ↵)f(y)

Claim: Let f be a strictly convex function. If f has a global minimizer, then that global minimizer is unique.

Proof: By contradiction.

Let x and y be 2 distinct (x 6= y) minimizers of f . Let f? := f(x) = f(y).
By strict convexity of f :

f(↵x+ (1� ↵)y) < ↵f(x) + (1� ↵)f(y)

f(↵x+ (1� ↵)y) < f?.

Since the domain is convex, ↵x+ (1� ↵)y is in the domain. Thus, there is a point z = ↵x+ (1� ↵)y in the
domain of f which yields a lower function value than f?. Therefore, x and y are not minimizers of f over
its domain. Contradiction! Therefore, if x is a global minimizer of f , it must be the unique global minimizer.

But what if ↵x+ (1� ↵)y were not in the domain?

Example: f(x) = x2 on (�1,�a] [ [a,1).

This is one example of why we focus on convex sets as our domains. More generally, certain statements we
want to make about convex functions might not hold or allow for weird pathologies when the set is not con-
vex. To be safe, we want to always be able to assume that, for any points x, y in the domain, ↵x+(1�↵)y
is in the domain too!

Why did we say IF? (“if” f has a global minimizer)
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Above is a plot of y = e�x. What’s the minimum?

Trick question! There’s no minimum; to be a minimum, it must be attained by the function. And there’s
thus no minimizer. (There’s an infimum, but this is a bit di↵erent.)

So it’s not true that every strictly convex function on a convex domain has a minimizer.
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4.3 Optimization S

Claim: For a convex function over a convex domain, local minimizer =) global minimizer.

Proof: Let x be a local minimizer of f . This means that, for all y in a neighborhood of x, f(y) � f(x).
(Proof by contradiction) Now suppose x is not a global minimizer. This means there exists some x? s.t.
f(x?) < f(x).
By convexity, 8↵ 2 [0, 1], f(↵x? + (1� ↵)x)  ↵f(x?) + (1� ↵)f(x).
Choose ↵ s.t. y = ↵x? + (1� ↵)x is in this neighborhood of x.
Then f(y)  ↵f(x?) + (1� ↵)f(x), by convexity of f .
But ↵f(x?) + (1� ↵)f(x) < f(x)  f(y), so we have f(y) < f(y), a contradiction.

If f is convex, then rf(x) = 0 if and only if x is a global minimizer of f.

A: Visualizations, https://colab.research.google.com/drive/1EEkABrqHR33L6HnbTOH6UK8auZdez2SY?
usp=sharing
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4.4 Jensen’s Inequality (20 min), A

- Inequality of non-linear mappings
if f is convex, then for any distribution P over m,

Em⇠P[f(X(m))] � f(Em⇠P[X(m)])

• For concave functions, the inequality is reversed.

Proof: Let us consider a discrete probability distribution P . Expanding the LHS,

Em⇠P[f(X(m))] =
X

i

pif(X(mi)) (4)

� f(
X

i

piX(mi)) by the convexity of f (5)

= f(Em⇠P[X(m)]) (6)

Example: Prove that Arithmetic Mean (AM) � Geometric Mean (GM), where AM =
Pn

i=1 wixi and GM
=

Qn
i=1 xi

wi such that 8i, wi � 0,
P

i wi = 1.
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Solution: We will use the fact that log is a concave function and apply Jensen’s inequality.
Let f =

Pn
i=1 wixi, g =

Qn
i=1 xi

wi .

log g =
nX

i=1

wi log xi

 log(
nX

i=1

wixi) using Jensen’s inequality for log (7)

= log f (8)

=) log g  log f =) g  f =) GM  AM
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