Summary of PAC bounds for finite
model classes

With probability > 1-0,
1) Forallh € Hs.t. errorg,(h) =0,

error,,.(h) < & = In |H| +In 3 Haussler’s bound

m

—

2) ForallheH
errory,(h) - error,y(h)| < & J

2
In|H| 4+ In%

2m

Hoeffding’s bound
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PAC bound and Bias-Variance tradeoff

P (lerroftrye(h) — €rrory.qin(h)| >e€) < Q‘H’€_2m€2§ 0

* Equivalently, with probability > 1 —§

In|H|+1n2
erroryrye(h) < errofyqin(h) + \ >
e Fixed m l l
Model class
complex small large
simple large small
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What about the size of the model
class?

2|H‘€_2m€2§ 5
 Sample complexity

1 2
> — | In|H In —
m_2€2( H 5)

-

|

* How large is the model class?
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Binory c,(ass'n'(n’ca&m
Number of decision trees of depth k
Recursive solution: m > 2%2 (m |H| + In %)
Given n binary attributes

k.
H, = Number of binary decision trees of depth k ~L

Hy= 2 9 IH‘ N ZL
H, = (#choices of root attribute)

*(# possible left subtrees)

*(# possible right subtrees) =n*H,, *H,,

J =
Write L, = log, H — Ly= %LY\‘\‘ 21"% Hi
L,=1 LA

L, =log, n + 2L, = log, n + 2(log, n + 2L, ;)

=log, n + 2log, n + 2%log, n + ... +2%(log, n + 2L,)
So L, =(2%1)(1+log, n) +1 18



PAC bound for decision trees of depth k

In 2 2
m> s ((2’“ _1)(1 4 logon) + 14 logzg)

e Badl!!!
— Number of points is exponential in depth k!

* But, for m data points, decision tree can’t get too big...

Number of leaves never more than number data points

19



Number of decision trees with k leaves
m22—12(ln|HH—ln%)

€
H, = Number of binary decision trees with k leaves

H, =2 n
— H, = (#choices of root attribute) * ket .. 2 'D"}D kot ko2 ol
[(# left subtrees wth 1 leaf)*(# right subtrees wth k-1 leaves)
+ (# left subtrees wth 2 leaves)*(# right subtrees wth k-2 leaves)

+ ...
+ (# left subtrees wth k-1 leaves)™*(# right subtrees wth 1 leaf)]
k—1
Hi =n Z H;Hy_; =nk1C, (C,., : Catalan Number)
1 =1

Loose bound (using Sterling’s approximation):

k—162k—1
Iﬁ“ < n" 2 20



Number of decision trees
1 2
e With k leaves m252 ('n H]+ 'n5>

logy Hy < (k—1)logyn + 2k — 1 linear in k
number of points m is linear in #leaves

* With depth k

log, H, = (2%1)(1+log, n) +1  exponential in k

number of points m is exponential in depth

21



PAC bound for decision trees with k
leaves — Bias-Variance revisited

2
In|H|+In%

2m

With prOb > 1-0 erroryyue(h) < errory.qin(h) + J

With H, < n*=122F—1, we get

2
(k—1)Inn+ (2k —1)In2+1n %

erroriyyue(h) < errortrain(h)_l_\/ 2'’m

T

- k=m 0 large (~ > 1)
—> k<m >0 small (~ <%) =




What did we learn from decision trees?

 Moral of the story:

Complexity of learning not measured in terms of size
of model space, but in maximum number of points
that can be classified using a classifier from this model

space
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Rademacher Complexity

* Instead of all possible labelings, measure complexity
by how accurately a model space can match a
random labeling of the data.

For each data point i, draw random label - +
o
o] st. P(o,=+1)=)%=P(0,=-1)
o Tt

Then empirical Rademacher complexity of H is

. i 1 ]
Rm H :Eg sup — O'ih Xz
_’ — _ 24




Finite model class

 Rademacher complexity can be upper bounded in
terms of model class size |H|:

~ 2In|H
Rm<H>g\/ n|H|

™
g [} L J

 Often Rademacher bounds are significantly better,
e.g. ...

25



Linear models with bounded norm

 Consider h(X)=<w, X, > with fixed ||w||, | X:]| < R

. 1 |
Rm H :EJ Su — O'ih Xz
= g (3 ).

_wlR

/M
Complexity increases with number of parameters d and
norm of weights

O, .- L
Other ,normo}oounds — HWS5!
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Ry = DOPE e xTx <R*
Y

Kernel SVMs TUEL

» Consider h(X) = <w, &(X;) > with fixed |w|, Kz » < R

R 1 ]
Ry(H)=E, |sup | — E o;h(X;
) h@pi (m i=1 ( )>

|w]|| R Independent of dim d if
= m kernel is bounded!

Complexity of kernel SVMs measured by ||w|| o« 1/margin
whereas |H|, VC(dim) = o= (for Gaussian kernels) 28




Rademacher Complexity

* Define for any function class f - empirical Rademacher
complexity of Fis g ~ Xl

- g (A5 )| -
i=1 -

N e _ e o

Max correlation possible with random labels o+

—> Distribution and data dependent

 True Rademacher Complexity — distribution dependent

Ron(F) = Ex | R (F)



Rademacher Concentration Bounds

e With probability > 1-6, bound deviation of true and

empirical averages for any f in F using true and ,M
empirical Rademacher complexity O;I; "
1 & g™ 1/6
11
sup E )| — — Z,L S 2Rm F +
sup Bz(f(2) m;f( ) (F) -

~—_

1 & ~ 2In1/6
sup Ez[f(Z)] — — > f(Z) < 2R (F) +§\/ -

1=1

bs (R2D) = s o R
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Contraction Property of Rademacher
Complexity

* Talagrand Lemma/Lipschitz composition: If Y is L-Lipschitz,
i.e. foranyt, t’ in domain

L
— = PO -p@)| <Llt-t| < /

A
— 4 v

then
Rm(l‘e-o _I:I) < LR,,(H)

.

* Allows us to map between F (loss of model class) and H
(model class) for Lipschitz losses

f(z) = loss(h(z))
—;f, = -{oﬂ& o ﬁ

Other properties — HW5!
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Rademacher Error Bounds

* For Lipschitz losses: With probablllty > 1-0,

(2/0)

1
erroripyue(h) < errori,qin(h) + ZLRm(H) -+ 3\/ Ogm

where empirical Rademacher complexity of H

}A%m(H):IEJ Sup( ZO’Z >

he H

is purely data-dependent.
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Lipschitz losses
Q - éu,xc>\/\‘>+
* Hinge loss /
loss(h(Z;)) = (1 — h(X;)Yi)+

—

= max(0,1 — h(X;)Y;)

~ P(t) = max(0,1 — ) is L-Lipschitz %%j

since [P (t) — ()| <Lt =1t

[ nax 10,15 — ey [0,1-£") } eLllt-LE: \

‘N-

{

t

33



Binary 0/1 loss

* Binary (0/1) loss (in general, not Lipschitz over real
domain but Lipschitz over its finite domain)

loss(h(Z5)) = (1 — h(X;)Y;)/2 pixoed\d
Z ‘(xi,\‘\) ]

L .
S Y)=>0A-0t)/2 is 1q/2-Lipschitz

since [Y(t) — ()| < Sllt— ¢

Ry (F) <

1
_ 2" M
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Rademacher Error Bounds

* Hinge Error: With probability > 1-6,

L=
in in = log(2/0
errorpmee(h) < errormme (h) 4+ 2R, (H) + 3\/ ngn/ )

* 0/1 Error: With probability > 1-6, L=}

N log(2/6
errofrye(h) < erroryqin(h) + R (H) +3\/ ngn/ )

S |




Y-margin loss

* y-margin loss (upper bounds 0/1 loss) l_

o ¥
(0 t>y
Yt)=< 1 t<0 is 1/y-Lipschitz
\1—1t/y otherwise

since [1p(t) = ()] < lle ¢l

L
1- fpec"o I

Ry (H)

~ 1
R, (F) < —
W< %




Kernel SVM Margin Bound

ermr.[’m £ emﬂ‘m
With probability > 1-6, < eyt lRm("‘)fr

wllR log(2/6)
errortme(h) < errory . (h) +C@ \/ 08(2/9)
== /y

» If error?,,,., is small for large y (f has large margin on
data), then true 0/1 error is small.

X
X x
rT Y /e F')s)c o =
~ o VY. o
37




Summary of PAC bounds

With probability > 1-0,

1) forallh € Hs.t. errory,,(h) =0,
In|H|+In Finite
<g= 0
errorye(h) < m _ hypothesis
space
2) forallh eH, 5
In|H In <
|errore(h) - errory(h)| <& J Hixing .
2m
3) Forallh e H, Infinite hypothesis space

|errortrue(h) — err'Ortrain(h) | Sg= fim(H) + 3\/log§i/5)





