
Summary of PAC bounds for finite 
model classes

With probability ≥ 1-d, 
1)  For all h Î H s.t. errortrain(h) = 0, 

errortrue(h) ≤ e = 

2) For all h Î H
|errortrue(h) – errortrain(h)| ≤ e = 
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Haussler’s bound
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PAC bound and Bias-Variance tradeoff

• Equivalently, with probability 

• Fixed m

Model class
complex
simple
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What about the size of the model 
class?
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• Sample complexity

• How large is the model class?
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Number of decision trees of depth k
Recursive solution: 
Given n binary attributes
Hk = Number of binary decision trees of depth k

2
(#choices of root attribute) 

*(# possible left subtrees) 
*(# possible right subtrees)     = n * Hk-1 * Hk-1

Write Lk = log2 Hk

L0 = 1
Lk = log2 n + 2Lk-1 = log2 n + 2(log2 n + 2Lk-2) 

= log2 n + 2log2 n + 22log2 n + … +2k-1(log2 n + 2L0) 
So Lk = (2k-1)(1+log2 n) +1 18

2

Hk = 
H0 = 



PAC bound for decision trees of depth k

• Bad!!!
– Number of points is exponential in depth k!

• But, for m data points, decision tree can’t get too big…

Number of leaves never more than number data points
19
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Number of decision trees with k leaves

Hk = Number of binary decision trees with k leaves
H1 =2
Hk = (#choices of root attribute) *

[(# left subtrees wth 1 leaf)*(# right subtrees wth k-1 leaves) 
+ (# left subtrees wth 2 leaves)*(# right subtrees wth k-2 leaves) 
+ …
+ (# left subtrees wth k-1 leaves)*(# right subtrees wth 1 leaf)] 

= nk-1 Ck-1 (Ck-1 : Catalan Number)

Loose bound (using Sterling’s approximation):
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Hk = n

k�1X

i=1

HiHk�i

Hk  n
k�122k�1
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Number of decision trees
• With k leaves

linear in k
number of points m is linear in #leaves

• With depth k 

exponential in k

number of points m is exponential in depth
21

log2 Hk = (2k-1)(1+log2 n) +1

log2 Hk  (k � 1) log2 n+ 2k � 1
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PAC bound for decision trees with k 
leaves – Bias-Variance revisited

k = m 0 large (~ > ½)
k < m >0 small (~ <½)

With prob ≥ 1-d
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Hk  n
k�122k�1With , we get

s
(k � 1) lnn+ (2k � 1) ln 2 + ln 1
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What did we learn from decision trees?

• Moral of the story:

Complexity of learning not measured in terms of size 
of model space, but in maximum number of points
that can be classified using a classifier from this model 
space
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Rademacher Complexity
• Instead of all possible labelings, measure complexity 

by how accurately a model space can match a 
random labeling of the data.

For each data point i, draw random label 
σi s.t. P(σi = +1) = ½ = P(σi = -1)

Then empirical Rademacher complexity of H is
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Finite model class
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bRm(H) 
r

2 ln |H|
m

• Rademacher complexity can be upper bounded in 
terms of model class size |H|:

• Often Rademacher bounds are significantly better, 
e.g. …



Linear models with bounded norm
• Consider h(Xi) = < w, Xi > with fixed        ,
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Complexity increases with number of parameters d and 
norm of weights 

…

kwk  W, k�(X)k  R

kwk
<latexit sha1_base64="L7S0PK1O5tVUqFKX0U/eD3TrwR8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6jHoxWMUs0BmDD2dmqRJz2J3jxIm+Q8vHhTx6r9482/sLAdNfFDweK+Kqnp+IrjStv1t5ZaWV1bX8uuFjc2t7Z3i7l5dxalkWGOxiGXTpwoFj7CmuRbYTCTS0BfY8PtXY7/xiFLxOLrTgwS9kHYjHnBGtZHu3WGzzd0hcQU+kNt2sWSX7QnIInFmpAQzVNvFL7cTszTESDNBlWo5dqK9jErNmcBRwU0VJpT1aRdbhkY0ROVlk6tH5MgoHRLE0lSkyUT9PZHRUKlB6JvOkOqemvfG4n9eK9XBhZfxKEk1Rmy6KEgF0TEZR0A6XCLTYmAIZZKbWwnrUUmZNkEVTAjO/MuLpH5Sds7Kzs1pqXI5iyMPB3AIx+DAOVTgGqpQAwYSnuEV3qwn68V6tz6mrTlrNrMPf2B9/gDJZJIM</latexit>

kXik  R

Other norm bounds – HW5!
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Kernel SVMs
• Consider h(Xi) = < w, φ(Xi) > with fixed        ,
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Complexity of kernel SVMs measured by  

whereas |H|, VC(dim) = ∞ (for Gaussian kernels)

…

kwk  W, k�(X)k  R

kwk

kwk / 1/margin
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Kx,x  R2

Independent  of dim d if 
kernel is bounded!



Rademacher Complexity
• Define for any function class f - empirical Rademacher

complexity of F is

Distribution and data dependent

• True Rademacher Complexity – distribution dependent
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+Max correlation possible with random  labels
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Rademacher Concentration Bounds

30

• With probability ≥ 1-δ, bound deviation of true and 
empirical averages for any f in F using true and 
empirical Rademacher complexity of F
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Contraction Property of Rademacher
Complexity

• Talagrand Lemma/Lipschitz composition: If ! is L-Lipschitz, 
i.e. for any t, t’ in domain

|! # − ! #′ | ≤ ' # − #′

then 
()* ! ∘ , ≤ '()* ,

• Allows us to map between F (loss of model class) and H 
(model class) for Lipschitz losses

f(z) = loss(h(z))

31

Other properties – HW5!



Rademacher Error Bounds

32

• For Lipschitz losses: With probability ≥ 1-δ,

where empirical Rademacher complexity of H

is purely data-dependent.
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Lipschitz losses
• Hinge loss    

! " = max 0,1 − " is 1-Lipschitz 

since  |! " − ! "′ | ≤ " − "′
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Binary 0/1 loss
• Binary (0/1) loss   (in general, not Lipschitz over real 

domain but Lipschitz over its finite domain)

! " = (1 − ")/2 is    1/2-Lipschitz 

since  |! " − ! "′ | ≤ -
. " − "′
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Rademacher Error Bounds
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• Hinge Error: With probability ≥ 1-δ,

• 0/1 Error: With probability ≥ 1-δ,

bRm(H) + 3
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2hinge hinge



g-margin loss
• g-margin loss (upper bounds 0/1 loss)
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since  |! " − ! "′ | ≤ 5
6 " − "′
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g-margin loss
• g-margin loss (upper bounds 0/1 loss)
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Kernel SVM Margin Bound
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With probability ≥ 1-δ,

!

Ø If errorgtrain is small for large g (f has large margin on 
data), then true 0/1 error is small.



Summary of PAC bounds
With probability ≥ 1-d,  
1) for all h Î H s.t. errortrain(h) = 0, 

errortrue(h) ≤ e = 

2) for all h Î H, 
|errortrue(h) – errortrain(h)| ≤ e = 

3) For all h  Î H, 
|errortrue(h) – errortrain(h)| ≤ e = 
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