Linear Regressmn (Matrix-vector form)
X=[1 %, K- Xp]
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Normal equations: (ATA)ﬁ ATy
P‘?

If invertible, closed form expression or gradient descent



Linear regression solution satisfies
Normal Equations

= (ATA)B=A"Y {—\\/A
pxp F?_,)f.l p x1 Y\ff

Whenis (AT A) invertible ?
Recall: Full rank matrices are invertible. What is rank of(ATA) ?
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normal equations (SVT)/B — UTY

rﬁ p:(_l' rx1 cr‘MnQn vP')
r equations in p unknowns. Under-determined if r < p, hence no
unique solution. n< P %{sﬁf dim zd'ffé
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Regularized Least Squares

What if (ATA) is not invertible ?

r equations , p unknowns — underdetermined system of linear equations
many feasible solutions

Need to constrain solution further

e.g. bias solution to “small” values of 3 (small changes in input don’t
translate to large changes in output)

Ridge Regression

5MAP = arg mﬁln Z (Y; — X:8)° + M|BII5 (12 penalty)

1—=1 P ‘——-‘

—=argmin (A8—-Y)T(AB-Y) + \||8]3 A>0
> fURataDE " gARR eR —
Buap = (ATA+AD)TTATY - AV
vap = (A_A+AD (AAATDVE 0

IS (ATA -+ )\I) invertible ? "Av-(—z\" = \



Understanding regularized Least Squares

20
mﬂin(Aﬁ —w —Y) 4+ Apen(B) = mﬁin J(’_ﬁ) ﬂperﬁ) !
%
Ridge Regression: I I
__ 2 _
pen() = ||'5=||.2 ’I;‘ﬂz) Bs with constant J()

(level sets of J(B))

Unregularized Least Squares solution

gls
B>

f3s with constant 12 norm
(level sets of pen(f3))




Regularized Least Squares

What if (ATA) is not invertible ?

r equations , p unknowns — underdetermined system of linear equations
many feasible solutions
Need to constrain solution further

III

e.g. bias solution to “small” values of 3 (small changes in input don’t
translate to large changes in output)

. L Ridge Regression
Bmap = arg mﬁm Z (Y; — X;8)° + N8I3 (12 genal‘rgy)

3 R 2 \ A>0
Buar = argmin 3 (¥; = Xi®) +AlBllL  Lasso
=1 - %—T"{:\ (I1 penalty)

Many [3 can be zero — many inputs are irrelevant to prediction in high-
dimensional settings (typically intercept term not penalized) .



Regularized Least Squares

What if (ATA) is not invertible ?

r equations , p unknowns — underdetermined system of linear equations
many feasible solutions
Need to constrain solution further

e.g. bias solution to “small” values of 3 (small changes in input don’t
translate to large changes in output)

. L Ridge Regression
5 Buae=argmin 3 (¥~ X +ABIB (12 penalty)
1 =1 U 13
_ o 5 A >0
Bmap = argmin > (Y; — X;8)° 4+ A||8]l1 Lasso
7= V IRY (11 penalty)

No closed form solution, but can optimize using sub-gradient descent (packages
————

available) 7



Ridge Regression vs Lasso

min(A8 — Y)T (A8 —Y) + Apen(8) = min J(3) + Apen(B)
’ Ipho = Z1giro 2

Ridge Regression: Lasso: - tenve K
pen(3) = |85 pen(B) = ||ﬁ||1.—,il,?‘\ Ideally 10 penalty,
eV 4 = LV 4 but optimization

_ becomes non-convex
Bs with constant J()

(level sets of J(B))

Bs with B2
constant

|2 norm \[

D~

Lasso (11 penalty) results in sparse solutions — vector with more zero coordinates
Good for high-dimensional problems — don’t have to store all coordinates,
interpretable solution!

s with

s with
constant

constant

8
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Matlab example

clear all lassoWeights = lasso(X,Y,'Lambda’, 1,

close all 'Alpha’, 1.0);
Ylasso = Xtest*lassoWeights;

n=80; % datapoints norm(Ytest-Ylasso)

p=100; % features

k=10; % non-zero features ridgeWeights = lasso(X,Y,'Lambda’,1,
'Alpha’, 0.0001);

rng(20); Yridge = Xtest*ridgeWeights;

X =randn(n,p); norm(Ytest-Yridge)

weights = zeros(p,1);

weights(1:k) = randn(k,1)+10; stem(lassoWeights)

noise = randn(n,1) * 0.5; pause

Y = X*weights + noise; stem(ridgeWeights)

Xtest = randn(n,p);
noise = randn(n,1) * 0.5;
Ytest = Xtest*weights + noise;



Matlab example

Test MSE = 33.7997

—

Lasso Coefficients

Test MSE = 185.9948

Ridge Coefficients




Least Squares and M(C)LE

Intuition: Signal plus (zero-mean) Noise model F(X) = X3

v
Y = f(X) +e=XB" +e

e ~ N(0, 02 Y ~ N(X3*, o2)
—_— X ——= 3

Pure = arg maxlog p({Yi}i, |, o {Xi}io)
l )

o |

Conditional log likelihood

- Q= Xig>
. L‘j
= arg mﬁin SN (XiB-Y)° =05 &
i=1

Least Square Estimate is same as Maximum Conditional
Likelihood Estimate under a Gaussian model ! 1



Regularized Least Squares and M(C)AP
P(6I1) e<PO) PIDI6)
What if (ATA) is not invertible ?
Usg 7(D18) 1 =3 PIO)
Buap = argmaxlog p({Yi}iL, |8, 0% {X;}Alogp(8) &

Y Y
Conditional log likelihood log prior

) Gaussian Prior - F'VZ"‘g
B ~ N(0,721) p(8) o e B/27°
- heN”
ol = NN
) R <-lp
Buap = argmin > (Y; — X;8)% + )|8]13 Ridge Regression
b i=1 Constant(c?, 72)

Prior belief that B is Gaussian with zero-mean biases solution to “small” 12




Regularized Least Squares and M(C)AP

What if (ATA) is not invertible ? ~ ? ([?\'l =-”F"|
Jl _jF]
Bmap = arg max Iog p({Yi Y 18, 0%, {X; }?_—I—Iog p(B) pRAL
B ' 0 LS
Conditional log likelihood log prior

Il) Laplace Prior

3; % Laplace(0,t) p(B;) e_|/8i|/t

PR = | fT p(Ri> = Ue

0 F
. _
Bumap = argmin Y (Y; — X;8)% + \||8]11 Lasso
Pi=1 “Sconstant(c?, )

Prior belief that B is Laplace with zero-mean biases solution to “sparse” 13




Polynomial Regression SRS

X= [l x & x--X
Univariate (1-dim) f(X) = Bg + 51X + 3o X2 + - + B X™ = X3

case. =

where X =[1 X X2...X™],8=1[B1...08m]"

f=ATA)ATY fn(X) =X

1 X X? ... XD
where A = | : :
1 X, X7 ... XM
. . 4 £ &

Multivariate (p-dim) f(X) = ﬁo+61X(1)+52X(2)+~'+BPX(1’)

- 5 (4) x (4) Shuby (4) x (4)

-2 LX) x x @) x (7)) x (k)

ANPGRS % DN » % R

%a [ \ =1 )= 1=1 7= =

+...terms up to degree m
14



Polynomial Regression

Polynomial of order k, equivalently of degree up to k-1
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What is the right order? Recall overfitting!
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Regression with nonlinear features

| ¢o(X)
fF(X) =308 X7 = YT Bj¢;(X) ¢1(X)
S
Weight of Nonlinear

each feature features \/ D> (X)

In general, use any nonlinear features

e.g. eX log X, 1/X, sin(X), ...

3= (ATA)1ATY ¢:0(X1) ¢1(X1) ¢m(:Xl)-

A= : . ;
_¢O(Xn) ¢1(Xn) ¢m(Xn)_

]?n(X) — XB X = ¢0(X) ¢1(X) ¢m(X) 16



