Regularized Least Squares

What if (ATA) is not invertible ?

r equations , p unknowns — underdetermined system of linear equations
many feasible solutions
Need to constrain solution further

I”

e.g. bias solution to “small” values of 3 (small changes in input don’t
translate to large changes in output)

3 n'S Ridge Regression
Bvap = arg mﬁm N (Y - X,8)2 + >‘||5||% idge Regressio

= ;¢ (12 penalty)
A n A>0
Buap = argmin 3 (¥; - X;3)% + A|Bll1 Lasso ~
=1 L (11 penalty)

Many [3 can be zero — many inputs are irrelevant to prediction in high-
dimensional settings (typically intercept term not penalized) .



Least Squares and M(C)LE

Intuition: Signal plus (zero-mean) Noise model Ff(X) = X3

Y S(FCO+e=Xp"+¢

€ ~ N(O, o°1) Y\/N N(XB*, 0°1)

ﬁMLE—argmﬁaxlogp({Y} 118, Q{X} 1) ﬁ?(‘fi\)ﬁ;}!,c‘)

Zz
Y v

Conditional log likelihood

S———

n
— arg mﬁin Y (XiB-Y)? =
~ 1=1 [ 3 bnmk‘

Least Square Estimate is same as Maximum Condl‘rlonal L'kelllé'gm‘.l dw\ﬁb"
Estimate under a Gaussian noise model !




Regularized Least Squares and M(C)AP
P foe B = (R
What if (AT A) is not invertible ? Fodterior -&,« § o ? Ol PR

Bmap = arg max 10g p({Yi} 18, 02, { X} +log p(B)
\ | |

|

Conditional log likelihood log prior v,
\

\w\\;_ Ley ¢®1ED lgp <> A “gb 7

——

1) Gaussian Prior IF‘?;’ ?F:'
BN p(B) e PO
B N PO
Buap = arg mﬁin > (Vi - XiB)% + MBI Ridge Regression
=1

constant(c?, 72)

Prior belief that B is Gaussian with zero-mean biases solution to “small” 3




Regularized Least Squares and M(C)AP
byep = Abgh AR,

PR 4 €
Buap = arg maxlog p({Y:}i, |5, o’ {X¢}?7+Iog p(8)

| |

What if (ATA) is not invertible ?

Conditional log likelihood log prior
e =
2 gy
- A\ &
1) Laplace Prior - Tag) L € =€
— = 2P
B; i Laplace(0,t) p(5;) e~ 1Bil/t
= o —d = —_—
Bmap = argmin » (Y; — X;8)° + A|Bll1 Lasso
b=

constant(c?,t)

Prior belief that B is Laplace with zero-mean biases solution to “sparse” 8 4




> Pt pXARK [;]
Polynomial Regression |x

degree m

Univariate (1-dim) f(X) = Bg + 51X + 3o X2 + - + B X™ = X3

case.

where X =[1 X X2...X™],8=1[B1...08m]%

B=ATA)TATY fn(X) =Xp
1 X7 X2 ... XD ]
where A = | : .. :
1 Xy, X2 ... X e
Multivariate (p-dim) f(X) = g, + B XM 4 B, X3 4o 4 BpX(p)
case: — p p | | p p p | |
+ Z Z Bin(Z)X(]) 4+ S: S: S: x @) x () x (k)
i=1 j=1 i=1 j=1k=1

—

+...terms up to degree m



Polynomial Regression

Polynomial of ordgryk, equivalently of degree up to k-1

-
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What is the right order? Re

\

r r r r r r r r r
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call overfitting!
_




Regression with nonlinear features

| Po(X)
F(X) =30 B;X7 = 3T Bj¢;(X) b1(X)
Weight of Nonlinear
each feature features do(X)
In general, use any nonlinear features
e.g. eX log X, 1/X, sin(X), ...
B: (ATA)_lATY A -Qb.O(Xl) ¢1(X1> Q5m<-)(1)-g
- / _¢O(Xn) ¢1(Xn) ¢m(Xn)_

f(X)=X3 “ X = [¢po(X) ¢$1(X) ... ¢pm(X)]¥,
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< Logistic function as a Graph

1
T 1+ exp(—(wo + >, wi X;))

Output, o(x) = o(wg + Z w; X;)

Sigmoid Unit

ad Ol g
net =2 w; x; L
=

o o = G(net) =

-nert
l +e




Neural Networks to learnf: X 2 Y

* fcan be a non-linear function

e X (vector of) continuous and/or discrete variables <~

* Y (vector of) continuous and/or discrete variables
P

* Neural networks - Represent f by network of sigmoid (more
recently ReLU — next lecture) units :

 Output layer, Y

w ,
— _
- - - - ~
- ’- - -~ -
b - N _"
> L e
\ X - , ’

Hidden layer, H




Multilayer Networks of Sigmoid Units

Neural Network trained to distinguish vowel sounds using 2 formants (features)

4000

a head
a nhid

+ hod

x had

¢ hawed
v heard
o heed
< hud

» who'd
~ hood

Output &
head hid layer A who’d hood

Hidden '.r '.: " A‘f‘ﬁ' 1000
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BN
Input - Sl 500
|ayer F1 * =) o so0 =) 1000 1400
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Two layers of logistic units Highly non-linear decision surface



Neural Network
trained to drive a
car!

Weights to output units from one hidden unit

=

——

30 Output
Units

30x32 Sensor
Input Retina

Weights of each pixel for one hidden unit




Connectionist Models

Consider humans:
e Neuron switching time ~ .001 second «
e Number of neurons ~ 10? ~
e Connections per neuron ~ 10*=° ~
e Scene recognition time ~ .1 second -

e 100 inference steps doesn’t seem like enough <

— much parallel computation

Properties of artificial neural nets (ANN’s):

e Many neuron-like threshold switching units

e Many weighted interconnections among units

e Highly parallel, distributed process

wd



Prediction using Neural Networks

Prediction — Given neural network (hidden units and weights), use it to predict
the label of a test point

Forward Propagation —
Start from input layer
For each subsequent layer, compute output of sigmoid unit

o = o
Sigmoid unit: o(x) = o(wg—+ Z W;T;) %
)

v, o
1-Hidden layer, o(x) = o|wy+ wr o (wh + .
1 output NN: () P ( 0 Zh: ho (wg Z i Ti)

P —— *

—
= ;—e@
\ w




Training Neural Networks - 12 loss

W «— arg min E|W]
%% el

W «—argmin > (y' — f(z"))? Learned neural

/e 4 network
—

=

Where f(xl) = o(xl) , output of neural network for training point x'
— =

Train weights of all units to minimize sum of squared errors of

predicted network outputs /\/\ //\/

\JV
Minimize using Gradient Descent /Gra,dient \
. OF OF oF
VE[w] = [ : e ]
For Neural Networks, owy 8191 dw,,
E[w] no longer convex in w Training rule: = = -
AW = —nV B[]
. o ommmmmm—
ie.,
oF

\\ Aw; = ~ow, /
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Incremental (Stochastic) Gradient Descent

-

Batch mode Gradient Descent:
Do until satisfied

1. Compute the gradient VE£[117] Using all training data D

2.W — W — nVED[zU]

= 1
Epluw] = 5 ED(YI — o)’

- -~
Incremental mode Gradient Descent:
Do until satisfied

e For each training example | in D wodanly

1. Compute the gradient VE| [u]
2. W+ W —nVE,[u] =
|
B[] =Sy - 0)? &«

e
Incremental Gradient Descent can approximate
Batch Gradient Descent arbitrarily closely if n
made small enough

Cﬁh‘o&anh)w



Training Neural Networks

D

net :gbwi X o = G(net) =

o(x) is the sigmoid function

1
Lae™

Nice property: %f—) = Differentiable

A. o(x)(1- o(x)) C. - o(x)

——

B. o(x) o(x) D. o(x)?



Training Neural Networks

)0

=) w: x: |
ner gb“l"‘l o = G(net) =

-net
l+e

o(x) is the sigmoid function
1
l+e™®
Nice property: %f—) =o(x)(1 —o(x)) Differentiable

We can derive gradient decent rules to train
> o One sigmoid unit

o Multilayer networks of sigmoid units —
Backpropagation



Gradient Descent for 1 sigmoid unit

Gradient of the sigmoid function do(net) = o(net)(1 — o(net)) = o(1 — o)
output wrt its input net

0 ,
Gradient of the sigmoid unit 8—0 _ o (\-o) %«

Wy

output wrt input weights



Gradient Descent for 1 sigmoid unit

d G
ner = E \-tf‘i \l |
=0

o = G(net) = —
l+e

dol )
8w,:

OE 0 12“_ )y
8wi_8'w-i2_|_€Dy 4 =%(y|—ol)(—

o (net) = o(net)(1 — o(net)) = o(1 — o)

Gradient of the sigmoid function
output wrt its input

0o do Onet

Ow; ~ Onet’ ow; = ol —o)z;

Gradient of the sigmoid unit
output wrt input weights



Gradient descent for training NNs

Gradient descent via Chain rule for computing gradients
—————
= Back-propagation algorithm for training NNs




Backpropagation Algorithm (MLE)

1 final output unit

——

using Stochastic gradient descent

Initialize all weights to small random numbers.
Until satisfied, Do

e For each training example, Do

1. Input the training example to the network

and compute the network outputs

0 o(l —o)(y—o)

—)

—

4. Update each network weight w; ;
Wi j < wij + Awi;

where

!

> Using Forward propagation

y = IabeTof current
training example

w; = wt fromii to j

Note: if i is input variable,
Oi = Xi

Awj j = gfii‘% 01D X YD



Gradient Descent for 1 hidden layer
1 output NN

6‘( b X LO{\OL-B

Vi

1
s S ?;(’°i7k‘>

Gradient of the output with

respect to wy,
r—d



Gradient Descent for 1 hidden layer
1 output NN

B = &Lt “Zw,:og = 5‘( ?—’\L"ﬁoﬂ\)

1
O = S e o+ Zwiw) 2 sLZTW *O)

0

8E 8 1 9 60| :
ow;  Ow; §J_§D(yl —ol)" = %(yl —ol) (_5202.)
1A
Ut
Gradient of the output with do 0o Jdop
respect to input weights wh, Hw! ~ dop  owh

-

— =
= o(1 — 020! n(1— OhJ)fLUhZEi




