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Supplementary Material: Derivation of Forward Projection Equation

Here we present the details of the derivation of Forward Projection Equation. We start with the rotated coordinate system
in which COPg = [0,d,, d.], Pr = [u,v,w], and Mg = [z, ¥, 2] as described in the paper.
The normal at M can be computed from the mirror equation to be

n=[z,y,Az + B/2]". (1)

Since the mirror is rotationally symmetric around the z axis, the normal intersects the z axis at point K = [0,0,z — Az —
B/2]T, which also lies on 7. Thus, the equation of 7 can be obtained using the points K, COP i and P and is given by

c1(z)x + ca2(z)y + c3(z) =0, (2)
where

c1(z) = (B +24z)(dy —v) + 2dy(w — 2z) + 2v(z — d),
co(2) = u(B + 2d, — 2z + 2Az), 3)
c3(z) = udy(B + 2Az).

Using this equation, we can easily compute z in terms of y and z as

—c2(2)y — c3(2)
i (2)
dy(B+2Az) —y(B+2d, — 22+ 2Az)
udy(B +2w—2z+2A4z2) —v(B+2d, — 2z + 2A4z2)

Substituting = in the mirror equation gives us our first intermediate equation IE;
IE; : (¢3(2) + c2(2))y? + 2c2(2)cs(2)y + c2(2) + c3(2)(Az? + Bz — C) = 0. 4)

Rewriting it as

IE; : ka1 (2)y? + kao(2)y + kas(2) = 0, @)
we have
ka(z) = c(2)+c(2)

= 4A%d%2% — 8A%d,vz? + 4A%u 2% + 4A4%0% 2% + AABd? 2 — 8ABd, vz + 4ABu?z + 4ABv?z + 8Ad% w2
Y Yy Y Yy y
—8Adzz2 —8Ad,d.vz — 8Adyvwz + 16Adyvz2 + 8Ad.u’z + 8Ad, vz — 8Au2% — 8Av32? + Bde
—2B%d,v + B*u® + B*v? + 4Bd*w — 4Bd?z — 4Bd,d.v — 4Bd,vw + 8 Bd,vz + 4Bd,u* + 4Bd,v?
Y Y Y Y Y Y
—4Bu*z — 4Bv?z + Alciflw2 - Sdf/wz + 4d322 — 8dyd,vw + 8d,d,vz + 8dyvwz — 8dyvz* + 4d2u?
+4d302 — 8d,u’z — 8d,v%z + 4u?2? + 40222



kia(z) = 2co(2)cs(2)
—2d,u?(B + 2A2)(B + 2d, — 2z + 2A2)

kiz(2) = c3(2) +ci(2)(A2* + Bz — C)
= 4A3diz4 —8A3d, vzt + 4A%0% 2t + 8AQBd§z3 — 16A?Bdyvz® + 8A% Bv*2*

HAA P2 + 8APdJwz® — 8APdy 2t — ACAPd2* — 8APdyd vz® — 8A dyvw2®
+16A2dyvz4 + SCA2dyvz2 + 8A%d, 0723 — 8A%02 24 — 4CA%W222 + 5A32d3z2
—10AB*dyvz* + 5AB*v*2* + 4ABd,u’z + 12ABd wz* — 12ABd. 2* — ACABd; 2
—12ABd,d.vz* — 12ABd,vwz* + 24ABdyvz* + 8CABdyvz + 12ABd v*2* — 12ABv*2*
—4CABv?z + 4Ad§w222 - 8Ad§w23 - SCAdsz + 4Ad§z4 + SCAdi ? — 8Ad,d,vwz?
+8Adydzvz?’ +8CAd,d.vz + SAdvaz3 + 8C Adyvwz — 8Adyvz4 — 16(§'Aalyvz2 + 4Ad3v222
—8Ad,v?2% — 8C Ad,v?z + 4Av?2* + 8C Av? 2% + Bgdzz — QBdevz + B3z + B2d§u2
+432d§wz - 4Bzd§z2 - CBzdi - 4BQdydzvz - 4B2dvaz + SBQdysz + ZCB2dyv
+4B%d.v*z — AB*0*2* — OB*v” + 4Bd;w’z — 8Bd,wz" — 4CBd,w + 4Bd, 2°
—|—4CBd§z — 8Bd,d,vwz + 8Bd,d,vz* + ACBd,d,v + 8 Bd,vwz* + 4C Bd,vw — 8 Bd,vz*
—8CBdyvz + 4Bd2v*z — 8Bd.v*2* — ACBdv* + 4Bv*2° 4+ 4CBv*z — 4Cd w?
+8Cdwz — ACd> 2" + 8Cd,d.vw — 8Cd,d.vz — 8Cdyvwz + 8Cdyvz* — 4Cd2v* + 8Cd.v*z — 4Cv* 2>

Obtaining IE, using Law of Reflection
To obtain IE5, we use the constraint that the reflected ray v,. should pass through the given point P, yielding,
v, x (Pr —Mpg) =0, ©6)
where X denotes the cross product. The incoming ray v; is given by
vi = Mg — COPg = [z,y — d,,z — d.]”. (7)
The reflection equation is given by
v, =Vv; — 2n(vin)/(n"n). (3)

By substituting v; and n in the reflection equation (8), we obtain the 3 x 1 vector v,.. After simplification, its components
are given by

vi[l] = x(4A%2? +4AB2 — 4A2* +8d, Az + B> + 4d, B — 4C + 8d,y)

v.[2] = 4A%y2? —4d,A%2? + 4AByz — 4d,ABz — 4Ay2? + 8d, Ayz + 4d, Az?
+B?y — d,B? + 4d, By + 4d, Bz + 8d,y* — 4Cy — 4Cd,,

v.[3] = 4Cz—4Cd, + B%d, — 4A2> — 4Bz* + 3Bz + 4A%2% — 4BC + 4A%d, 2>

—8AC2 +4Bdyy + 4Bd,z + 8ABz* + 4Ad,2* + 4ABd.» + 8Ad,yz

Then v,. is substituted in (6) along with Pr and Mp, to result in following three equations (since the cross product is in
3D):
E1 . ku(z)x + k12(2)y + klg(z)xy + k14(Z)y2 + k15(2’) = 0
E2 . kgl(z)lﬂ + kQQ(Z)y + kgg(Z)SCy + k24(2’) =0. (9)
FEs: kgl(z)y2 + k‘32(2’)y + k33(z) =0.



The coefficients are given by

kll

k12
k13
k14
k15

k33

= 4Cd, +4Cv + B*d, — B*v + 4A%d,2* — 4A%vz* — 4Bd,v — 4Bdyz — 4Ad,2*
+4Av2% + 4ABdyz — 4ABvz — 8Ad, vz

= u(4A%2° 4+ 4ABz — 4A2* + 8d, Az + B? +4d.B — 4C)

—8dyv

= 8dyu

= —dyu(4A®2® + 4ABz — 4A2* + B® — 4Bz + 4C)

4Cd, + 4Cw — 8Cz — B?d, — B?w + 4B2z? — 2B?2 + 4BC — 4A%d, 2>

—4A%wz? + 8ACz — 4Bd,w — 4AB2* + 4Ad. 2> + 4Awz? — 4ABd,z — 4ABwz — 8Ad,wz
4d,u(B + 2Az)

—4d, (B + 2w — 2z + 2Az)

u(4A%2% 4 4d, A*2* + 8AB2* + 4d,ABz — 4A2> 4+ 4d, Az* — 8C Az

+3B%2 +d,B* — 4Bz + 4d.Bz — 4CB + 4Cz — 4Cd.,)

= —4dy(B+ 2w —2z+2Az2)

= 4Cd, +4Cw —8Cz — B%d, — B*w + 4B2*> — 2B?2 + 4BC — 4A%d,2?
—4A%w2* + 8ACz + 4Bd,v — 4Bd,w — 4AB2* + 4Ad,2* + 4Awz?
—4ABd,z — 4ABwz + 8Adyvz — 8Ad,wz

= 4A%02% — 4A%dy2* — ABCv — ACd,v + 4Cd,w — 4Cdyz + 4Cvz + B*d,v
+B%d,w + 4Ad,2* + 4Bd,2* — B*d,z — 4Avz® — 4Bvz* + 3B%vz — 4ABd,2*
+8ABvz? + 4Ad,vz% — 4Adywz2 + 4A%d,v2% + 4A2dywz2 — 8ACwvz
+4Bd,vz — 4Bdywz + 4ABd.vz + 4ABdywz

The desired forward projection equation is given by (as derived in the paper)

FP: k41 (Z

— ks

) (a3 (2)k3a(2) — kaa(2)ks2(2)kas(2) + kar (2)k35(2))

10
1(2)(—kss(2)k3a(2) + kas(2)ksa(2)kaz(2) + 2ka1 (2)kas(2)kss(2)) + kis(2)k3, () = 0, 1o

where all k;;(z) are defined above in terms of known quantities.



