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Brightness Constancy

16-385 Computer Vision (Kris Kitani)

Carnegie Mellon University



Optical Flow

Problem Definition

Given two consecutive image frames,
estimate the motion of each pixel

Assumptions
Brightness constancy

Small motion
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Scene point moving through image seguence
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Assumption T

Brightness constancy

Scene point moving through image seguence
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Assumption:Brightness of the point will remain the same



Assumption T

Brightness constancy

Scene point moving through image seguence
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(z(1),y(1))
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Assumption:Brightness of the point will remain the same

I(x(t),y(t),t) =C

constant



Assumption 2

Small motion

I(x,y,t) I(x,y,t+ 0t)



Assumption 2

Small motion

(x + udt, y + vot)



Assumption 2

Small motion

(x + udt, y + vot)
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Optical flow (velocities): (u, U) Displacement: (5%, 5y) — (uét, v5t)



Assumption 2

Small motion

(x + udt, y + vot)

, /

(z,y) (z,y)
I
I(z,y,t) I(z,y,t+ 0t)

Optical flow (velocities): (u, U) Displacement: (5:1:‘, 5y) — (u5t, U5t)




These assumptions yield the ...

—— Brightness Constancy Equation —

dl Ol dx

01 dy

1
|a:()

dt ~ Oz dt

total derivative

Oy dt

Ot

partial derivative

Equality is not obvious. Where does this come from?



These assumptions yield the ...

—— Brightness Constancy Equation —

dl  0l'de 0ldy OI
dt  Ordt Oydt Ot

total derivative partial derivative

0

Where does this come from?

Proof!



I(x + udt,y

vot,t

ot) = I(x,y,1t)

For small space-time step, brightness of a point is the same



I(x + udt,y +vdot,t +o6t) = I(x,y,t)

For small space-time step, brightness of a point is the same

Insight:
It the time step is really small,
we can linearize the intensity function



I(x 4+ udt,y +vot,t + ot) = I(x,y, 1)

f(xvy) ~ f(CL, b) + fa:(av b)(x o CL) o fy(a7b)(y o b)



I(x + udt,y +vdot,t +o6t) = I(x,y,t)

f(xvy) ~ f(CL, b) + fa:(av b)(x o CL) o fy(a7b)(y o b)

) 0t = [ +) assuming smal

motion




I(x + udt,y +vdot,t +o6t) = I(x,y,t)

f(xvy) ~ f(CL, b) + fa:(av b)(x o CL) o fy(a7b)(y o b)

partial derivative

0 6t = I(z,y,t assuming small
fixed point aCIZ ay y at ( y )

motion

cancel terms



I(x 4+ udt,y +vot,t + ot) = I(x,y, 1)

f(x,y) ~ f(CL, b) + fx(av b)(ZL‘ o CL) o fy(a7b)(y o b)

ol ol ol
1

ol ol oJi
—0x - | ot =0 cancel terms

O oy v+ 5

ot = I(x,y,1) assuming small

motion




I(x 4+ udt,y +vot,t + ot) = I(x,y, 1)

f(xvy) ~ f(CL, b) + fa:(av b)(x o CL) o fy(a7b)(y o b)

ol ol ol
1

ot = I(x,y,1) assuming small

motion

ol ol oJi divide by 6t
Ot take limit 0t — 0




I(x + udt,y +vdot,t +o6t) = I(x,y,t)

f(x,y) ~ f(CL, b) + fx(av b)(ZL‘ o CL) o fy(a7b)(y o b)

ol ol ol
1

ot = I(x,y,1) assuming small

motion
ol ol oJi divide by 6t
—0x oYy - ot =
Ox ’ Oy / ot . take limit 6t — 0

ol dv ~O0Idy OI

Ox dt ~ Oy dt = Ot .




I(x 4+ udt,y +vot,t + ot) = I(x,y, 1)

f(xvy) ~ f(CL, b) + fa:(av b)(x o CL) o fy(a7b)(y o b)

0l 0l 0l
I(x,y,t) 5 ox 9y 0y ey

ot = I(x,y,t)

51 o1 o1
—0x 0y - ot =
or oyt T ot U

assuming small
motion

divide by 0t
take limit 0t — 0

fﬁldm ~dldy 0l

0
Ox dt ~ Oy dt = Ot

Brightness Constancy
Equation

~




0l dz Oldy OI _ 0 Brightness

I I
or dt Oy dt Ot Constancy Equation
Lpu -+ ]y?} -+ It =0 shorthand notation
(x-flow) (y-flow)

V[va +1; =0 vector form

(1x2) (2x1)



(putting the math aside for a second...)

What do the term of the
brightness constancy equation represent?

lyu+ 1yv+ 1y =0



(putting the math aside for a second...)

What do the term of the
brightness constancy equation represent?

@u+@v+h=0

Image gradients’
(at a point p)



(putting the math aside for a second...)

What do the term of the
brightness constancy equation represent?

flow velocities

=3

Image gradients’
(at a point p)



(putting the math aside for a second...)

What do the term of the
brightness constancy equation represent?

flow velocities

Image gradients

(at a point p) tempOral gradleﬂ’[

How do you compute these terms?



lyu+Lyv+ 1y =0

How do you compute ...
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ol 0l
l,=— 1I,= —
or 7 Oy

spatial derivative

\_ J




lyu+Lyv+ 1y =0

How do you compute ...

ol

Lol oI

Ox oy
spatial derivative

Forward difference
Sobel filter
Scharr filter



lyu+Lyv+ 1y =0

How do you compute ..

or ol
T Oz Oy

spatial derivative

I, I,

L

~N

J

Forward difference
Sobel filter
Scharr filter

)

I, — =
Y

temporal derivativ

e

J




lyu+Lyv+ 1y =0

How do you compute ..

r

o, o
T ox Y Oy

spatial derivative

Iy

L

~N

J/

Forward difference
Sobel filter
Scharr filter

ol

I = —
Y

temporal derivative

J/

frame differencing



Frame differencing
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(example of a forward difference)
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lyu+Lyv+ 1y =0

How do you compute ..

or ol
T Oz Oy

spatial derivative

I, 1,

L

~N

J/

Forward difference
Sobel filter
Scharr filter

U

dx dy

= — DV — ——

dt dt
optical flow

How do you compute this?

I

temporal derivative

ol
Ot

J/

frame differencing



lyu+Lyv+ 1y =0

How do you compute ...

T ol T ol dr dy
T — g9 YT g9, | U= —7 U= ——
0 Yy dt dt
spatial derivative optical flow
Forward difference We need to solve for this!
Sobel filter (this is the unknown in the

Scharr filter optical flow problem)

ol

I, = —
Y

temporal derivative

J/

frame differencing



lyu+Lyv+ 1y =0

How do you compute ...

ol

Lol oI

Ox oy
spatial derivative

Forward difference
Sobel filter
Scharr filter

U

dx dy

= — DV — ——

dt dt
optical flow

ol

I = —
Y

(u,v)

Solution lies on a line

Cannot be found uniquely

with a single constraint

temporal derivativ

e

J

frame differencing



unknown

known

We need at least equations to solve for 2 unknowns.




unknown

known

Where do we get more equations (constraints)?



Solution lies on a straight line ~_—"" g

many combinations of u and v will satisfy the equality

The solution cannot be determined uniquely with
a single constraint (a single pixel)
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spatial derivative
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optical flow
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How can we use the brightness constancy equation to
estimate the optical flow?



