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3.1 Probability Review

This section is heavily based on http://users.eecs.northwestern.edu/~rberry/ECE454/

Lectures/probreview.pdf.

3.1.1 Sample Space, Event Space, and Probability

Consider an experiment with several possible outcomes. A sample space, often denoted by
Ω, is the set of all possible outcomes. An event space is a set of subsets of the sample space.

Example 1. If we roll a die, our sample space is {1, 2, 3, 4, 5, 6}. An event could be ‘rolled
a 1’ (E = {1}), or ‘rolled something even’ (E = {2, 4, 6}), etc.

A probability law P assigns probabilities to each event.

Example 2. Let A be the event that an even value was rolled. Then, if the die, is fair,
P (A) = 1

2
.

3.1.2 Conditional Probability

The conditional probability of an event A given that event B occurred, denoted P (A|B), is

P (A|B) =
P (A ∩B)

P (B)

Where A ∩B is the intersection of the events A and B.

Example 3. The probability of rolling a 2 given that we know the result of the roll was
even is given by

P (rolled 2 | rolled even) =
P (rolled 2 and rolled even)

P (rolled even)
=

P (rolled 2)

P (rolled even)
=

1/6

1/2
=

1

3

Sometimes, we might want to calculate P (A|B) when we don’t know P (A ∩ B), but we
do know P (B|A). This happens in may experiments. In this case, we use Bayes rule:

P (A|B) =
P (B|A)P (A)

P (B)
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Example 4. I take an umbrella with me to campus exactly half of the days. Furthermore,
I know that every day in which it rains in the morning, I take an umbrella. Since I live
in Pittsburgh, the chance of it raining in the morning is about 1/3. Given that I took an
umbrella on a given day, what are the chances that it rained that morning?

Events A and B are defined to be independent if and only if P (A ∩ B) = P (A)P (B).
Note that if A and B are independent, then P (A|B) = P (A).

3.1.3 Random Variables, PMF, Expectation and Variance

A random variable is a variable whose value depends on the outcome of the experiment.
More formally, a random variable is a function X : Ω → R that maps an element of the
sample space to a real value.

Example 5. Let’s say we’re gambling on the outcome of rolling a die, and we get $10 times
the value we rolled. A random variable might simply represent the outcome of a die roll.
Another random variable might represent the amount of money we made.

A random variable is said to be discrete if it can take on countably many values, and
continuous if it can take on uncountably many values.

The probability mass function (PMF) of a discrete random variable X gives the proba-
bility that X = x for any x in its range.

pX(x) = P (X = x)

Sometimes, when the random variable we refer to is clear, we omit the subscript from pX .
For any random variable X, ∑

i

pX(xi) = 1.

The expectation of a discrete random variable is given by

E[X] =
∑
i

xip(xi)

The expectation can be thought of as a weighted average. For any function f on X,

E[f(X)] =
∑
i

f(xi)p(xi).

Note therefore that expectation preserves linearity in the following sense.

E[X + Y ] = E[X] + E[Y ],

and for any constant a,
E[aX] = aE[X].
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Example 6. What is the expectation of a die roll? What is my expected profit if I get $10
times the amount I rolled?

The variance of a random variable X is given by

var[X] = E[(X − E[X])2] = E[X2]− E[X]2.

Example 7. What is the variance of my profits from the example above?

Example 8. What if the die is unfair, and there is a probability of 1/2 to roll a 1, and equal
probabilities for all other values?

Example 9. What if instead of $10 times the value I rolled, I get a dollar amount equal to
the square of the value I rolled?

3.1.4 Example Distributions

Bernoulli X is a Bernoulli random variable with parameter p if it can take values 0 or 1
and P (X = 1) = p, P (X = 0) = 1− p.

i.e., a single coin flip with bias p for heads.

Binomial X is a Binomial random variable with parameters n and p if it is the number of
successes out of n trials with probability p for success. That is, it is the sum of n independent
Bernoulli random variables.

P (X = k) =

(
n

k

)
pk(1− p)n−k.

E[X] = np.

i.e., the number of heads in n coin flips.

Geometric X is a geometric random variable with parameter p if it is the number of
independent Bernoulli trials until the first successful one in a sequence.

P (X = k) = (1− p)k−1p.

E[X] = 1/p.

i.e., the number of tails flipped until the first heads.

3-3



15:853 Recitation 3 — September 20 2019 Fall 2019

3.1.5 More Practice

Example 10. A family has two children.

1. What is the probability that both are girls given that the first child is a girl?

2. What is the probability that both are girls given that at least one is a girl?

3. I chose one of the children at random and discover she is a girl. What is the probability
both are girls?

4. What is the probability that both are girls given that at least one is a girl whose name
is Lily? (Here, assume that P (Lily | girl) = a < 1, and P (Lily | boy) = 0, and names
are independent of each other).

Example 11. Consider a fair die. What is the expectation of the number of rolls until
getting the first 6, given that all of the rolls are even?
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