
15-850: Advanced Algorithms CMU, Spring 2023
Exercises with Homework #3

1. Normal Symmetry. Consider a random vector R = 1√
D
(r1, r2, . . . , rD), where each entry

ri ∼ N(0, 1) independently. Show the following facts about R:

(a) Show that R is “spherically symmetric”, i.e., given any two vectors x,y with ∥x∥ = ∥y∥,
the probability density function of R at x is equal to that at y. Hence, infer that R/∥R∥
is a uniformly random point on the surface of a unit D-dimensional sphere.

(b) Prove that if Y1 ∼ N(µ1, σ
2
1) and Y1 ∼ N(µ1, σ

2
1) are independent, then

Y1 + Y2 ∼ N(µ1 + µ2, σ
2
1 + σ22).

(c) Show that ∥R∥ ̸∈ (1± ε) with probability exp(−O(ε2D)).

2. (k-Universal.) Recall the definition of k-wise-independent (also known as k-universal) from
Lecture #13.

(a) For a given matrix A ∈ {0, 1}m×u, define hA : {0, 1}u → {0, 1}m by hA(x) = Ax; all
calculations are done modulo 2. Consider the hash family H = {hA | A ∈ {0, 1}m×u}
be the set of all 2mu functions obtained this way. Show that this hash family is not
2-universal.

(b) For a given matrix A ∈ {0, 1}m×u and b ∈ {0, 1}m, define hA,b : {0, 1}u → {0, 1}m
by hA(x) = Ax + b; all calculations are done modulo 2. Consider the hash family
H = {hA,b | A ∈ {0, 1}m×u, b ∈ {0, 1}m} be the set of all 2m(u+1) functions obtained this
way. Show that this hash family is 2-universal.

(c) Construct matrix A ∈ {0, 1}m×u as follows. Fill the first row A1,⋆ and the first column
A⋆,1 with independently random bits. For any other entry i, j for i > 1 and j > 1,
define Ai,j = Ai−1,j−1. So all entries in each “northwest-southeast” diagonal in A are
the same. Also pick a random m-bit vector b ∈ {0, 1}m. For x ∈ U = {0, 1}u, define
hA,b(x) := Ax + b modulo 2 as usual. Show this hash family H with 2(u+m−1)+m hash
functions is 2-universal.

(d) Given elements α0, α1, . . . , αk−1 ∈ F, define f(x) =
∑k−1

i=0 αix
i, where the calculations

are done in the field F. Show that if k ≤ p, the hash family H of all such functions from
F→ F is k-universal.

3. (Graph Domination.) Given a graph G = (V,E), a set D ⊆ V is dominating if for every
vertex v, either v ∈ D or some neighbor of v is in D. Suppose the minimum degree of any
vertex in G is δ.

(a) Pick a random set D, where each vertex v is added to D independently with probability
min{1, c logn1+δ }. Show that D is a dominating set with probability at least 1− 1/nc−1.

(b) Can you find a dominating set of expected size n(1+ln(1+δ))
1+δ . (Hint: pick a smaller random

set of vertices, and then add some more vertices as needed.)

4. Hoeffding vs. Bernstein. There are many different “Chernoff-style” concentration
inequalities that are useful in different situations. E.g., consider the following Hoeffding’s
and Bernstein’s inequalities.
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Hoeffding Let X1, . . . , Xn be independent r.v.s supported on [ai, bi] and let S :=
∑n

i=1Xi.

Then Pr[|S −E[S]| ≥ λ] ≤ 2 exp
(

−2λ2∑
i(bi−ai)2

)
.

Bernstein Let X1, . . . , Xn be independent r.v.s supported on [ai, bi] where bi − ai ≤M and

let S :=
∑n

i=1Xi. Then Pr[|S −E[S]| ≥ λ] ≤ 2 exp
(

−λ2/2

Var[S]+ 1
3
Mλ

)
.

(a) Find a setting with independent random variables supported on [0, 1] where Hoeffding’s
inequality gives an asymptotically tighter bound than Bernstein’s inequality. (Hint:
Bernstein’s inequality has unavoidable subexponential behavior for large λ.)

(b) Find a similar setting where Bernstein’s inequality gives asymptotically better bound
than Hoeffding’s inequality. (Hint: consider the case when λ is small.)

5. Blocking Experts. (due to Avrim Blum) Here is a variation on the deterministic Weighted-
Majority algorithm, designed to make it more adaptive.

(a) Each expert begins with weight 1 (as before).

(b) We predict the result of a weighted-majority vote of the experts (as before).

(c) If an expert makes a mistake, we penalize it by dividing its weight by 2, but only if its
weight was at least 1/4 of the average weight of experts.

Prove that in any contiguous block of trials (e.g., the 51st day through the 77th day), the
number of mistakes made by the algorithm is at most O(m+ logN), where m is the number
of mistakes made by the best expert in that block, and N is the total number of experts.

6. Expertise in Experts. Here are some problems to help you internalize the experts proof.
Assume there are N experts.

(a) Show that if the loss vectors are in [−∞, 1]N , then our analysis of Hedge gives us that
for any expert i ∈ [N ],∑

t⟨p⃗(t), ℓ⃗(t)⟩ ≤ mini

{∑
t ℓ

(t)
i

}
+ lnN

ε + ε
∑

t⟨p⃗(t), (ℓ⃗(t))2⟩.

Here ⟨u, v⟩ is the usual inner product between two vectors u, v, and (u⃗)2 denotes a vector
whose jth entry is u2j . (Where does your proof not work if you allow values of ℓ that go
off to +∞?)

(b) Use the previous part to show that:

i. If losses are in [0, 1]N and ε ≤ 1
2 , then infer that our loss is∑

t⟨p⃗(t), ℓ⃗(t)⟩ ≤
1

1−ε

(∑
t ℓ

(t)
i + lnN

ε

)
≤ (1 + 2ε)

∑
t ℓ

(t)
i + 2 lnN

ε .

This gives a nice multiplicative-additive guarantee. (Hint: x2 ≤ x for x ∈ [0, 1].)

ii. Similarly, if we have only gains (i.e., if losses are all in [−1, 0]N ), then we get

our gain ≥ (1− 2ε)(gain of best expert)− 2 lnN
ε .

(c) Suppose the loss functions ℓ(t) ∈ [−ρ, ρ]N , consider the vectors p(t) obtained by running
Hedge with “learning rate” ε′ = ε

2ρ where we feed it the “fake” loss functions ℓ̃(t) =

ℓ⃗(t)/ρ ∈ [−1, 1]N . Show they satisfy∑
t⟨p⃗(t), ℓ⃗(t)⟩ ≤

∑
t ℓ

(t)
i + 2ρ2 lnN

ε + εT/2.

Hence, show that the average regret is at most ε if T ≥ 4ρ2 lnN
ε2

.
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(d) Suppose we change the update step in the Hedge algorithm to be w
(t+1)
j ← w

(t)
j ·(1−ε ℓ

(t)
j ).

Alter the analysis to show that the regret after T steps is still O( logNε + εT ).

7. Divergent Views. Given two discrete probability distributions p, q defined over a universe
of N elements, the Kullback-Liebler divergence between the two is defined as

KL(p∥q) :=
N∑
i=1

pi log2
pi
qi
.

Show the following properties:

(a) Give examples where KL(p∥q) ̸= KL(q∥p), and where the divergence is infinite.

(b) KL(p∥q) ≥ 0, with equality when p = q.

(c) If UN is the uniform distribution over N elements, then KL(p∥UN ) ≤ log2N − H(p)
where H(p) is the Shannon entropy of the distribution p.

Given a strictly convex function h, the Bregman divergence corresponding to it is Dh(x∥y) :=
h(x)−h(y)−⟨∇h(y), x−y⟩; it captures the gap between a convex function and its first-order
approximation. Recall that ∇h(x) is the gradient of function h at the point x.

(a) Show that if h(x) =
∑

i xi log2 xi is the negative entropy function, the corresponding
Bregman divergence Dh(p∥q) is KL(p∥q).

(b) Given points x1, x2, . . . , xn, show that the unique point c that minimizes the average
distance 1

n

∑n
i=1Dh(xi∥c) is the center of mass c = 1

n

∑N
i=1 xi.

8. Legendre-Fenchel Duals. Recall that the dual of the function ψ : X → R is defined as

ψ∗(λ) := sup{⟨λ, t⟩ − ψ(t) | t ∈ X}.

Show that if ψ(t) = log((1−p)+pet), then the dual function ψ∗(λ) = λ log λ
p +(1−λ) log 1−λ

1−p ,
which is the KL-divergence between two Bernoulli distributions of bias λ and p respectively.

Similarly, show that the dual of the logistic function ψ(t) = ln(1 + et) is the binary entropy
function H(λ) = λ log λ+ (1− λ) log(1− λ) for λ ∈ (0, 1).
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