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• Inequality constraints


• Barrier method:


• Filtered line search

Recap: Normal Contact Force

Inertia term

Elasticity

min
x

s.t. ∀k, dk(x) ≥ 0

e.g. for distances 
between any distinct 
points on the solid



Simulating Tangential Contact Force — Friction



Today:

• Formulation

• Case Study: Square on Slope

• Remarks
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Types of Friction (Macroscopic Views)

• Dry friction


• Between rough surfaces


• Fluid friction


• i.e. fluid viscosity


• Lubricated friction


• Skin friction


• …

Our focus today



Properties of Dry Friction

• Non-conservative


• Work done by friction is path dependent 

• Kinetic energy is always transformed to thermal energy (not backwards)


• No potential energy


• how to incorporate it into the optimization time integration?

min
x

E(x) =
1
2

∥x − (xn + hvn)∥2
M + h2 ∑ P(x)



Formulation of Dry Friction
Tangential Relative Velocity
• Add friction to each contact pair k

Tangent operator
Tangential relative velocity

Current configuration

• Example:

Denote



Formulation of Dry Friction
Coulomb Friction
• Add friction to each contact pair k

Coefficient of friction

Any unit vector  ⊥ nk

Non-smooth!



Formulation of Dry Friction
Approximation: Smooth Dynamic-Static Transition

Non-smooth!

Approximate  withf

What about  ?s

Mollification Lemma

⟹
is -continuous!C1

1



Motivation:  in explicit time integration, forces are constant (within a time step), thus integrable

Solution:  discretize  and  to time step nλ T

Formulation of Dry Friction
Approximation: Semi-Implicit Temporal Discretization

is smooth, but, still non-conservative…1

Fk(x) ≈ −



Formulation of Dry Friction
Fixed-Point Iteration
• How to obtain solution with fully-implicit friction?

Algorithm: alternate between

Define

Fixed-point iteration on fm ⋅ fu



Formulation of Dry Friction
Fixed-Point Iteration (Cont.)

Converges only when starting sufficiently close.

No numerical explosion issues here.

[Li et al 2020]

https://ipc-sim.github.io/
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Case Study: Square on Slope
From Ground to Slope

simulator.py

BarrierEnergy.py

Groud:

General half-space (including slope):



Case Study: Square on Slope
Without Friction



Case Study: Square on Slope
Friction Implementation

FrictionEnergy.py



Case Study: Square on Slope
Friction Implementation (Cont.)

FrictionEnergy.py



Case Study: Square on Slope
Calculating Normal Force Magnitude

time_integrator.pyBarrierEnergy.py



Demo!
Code: github.com/phys-sim-book/solid-sim-tutorial 

GPU Version: github.com/phys-sim-book/solid-sim-tutorial-gpu
Online Book: phys-sim-book.github.io

http://github.com/phys-sim-book/solid-sim-tutorial
http://github.com/phys-sim-book/solid-sim-tutorial-gpu
http://phys-sim-book.github.io
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• Remarks



Remarks — Stick-Slip Instability Effect
Rabinowicz, Ernest. "Stick and slip." Scientific 
American 194, no. 5 (1956): 109-119.



Computational Mechanics

• Jiang et al. [2022]


• Uses IPC to couple 
discrete element method 
(DEM) and material point 
method (MPM)


• …

Remarks — Applications

https://link.springer.com/article/10.1007/s11440-022-01598-2


Robotics

• IPC-GraspSim [Kim et al. 2022]


• Compares grasping results 
between IPC simulations and 
experiments


• …

Remarks — Applications

Successful Grasp: Vase Failed Grasp: Pawn

https://sites.google.com/berkeley.edu/ipcgraspsim


Today:

• Formulation


Mollification, Semi-Implicit Approx., Fixed-Point Iteration


• Case Study: Square on Slope

Avoid Numerical Issues


• Remarks

Stick-Slip Instability, Applications



Next Lecture: Moving Boundary Conditions
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