15-750: Algorithms in the Real World CMU, Fall 2025
HW #4 (out Tuesday, November 11, 2025) Due: Friday, November 21, 2025

1. Alternative Multiplicative Weights

In practice, the exponential function is (relatively) expensive to compute, and any compu-
tation is only an approximation of the true value. Suppose we make the following change

(t+1) (t) (*)

to the algorithm: instead of updating w; — w, exp(eg; ') on each step, we update

wEtH) — wgt)(l + egi(t)). The goal of this problem is to show that the multiplicative weights

analysis still goes through. For context, please refer to the Lecture 16 notes.

As usual, assume that each gain vector g() is bounded by [~1,1]V. Let ®(t) = 3, wgt) from
the standard multiplicative weights analysis.
(a) Show that ®(+D < &1 exp(e(p®), g®)) for each round t.
(b) Assume that e < 1/2, and let T be the final round. Show that ngH) > exp(e N1, gz.(t) —
€2T') for each expert i. You may use the fact that 1+ > e*~*" for all z € [—1/2,1/2].

(¢) Conclude that Zthl(p(t),g(t)> > Zthl gi(t) — €T — @ for each expert 1.

2. Finding the Smallest Enclosing Ball

You're given P = {p1,p2,...,Pm}, a set of m points in R", where ||p;|| < 1 for all i. Your
goal is to find the smallest enclosing ball of P. The smallest enclosing ball can be represented
by its center point ¢* € R™.

Please use the following:

Constrained gradient descent framework Given a constraint area K, the idea is that

when the update step take us outside K, we just “project back into K”. Specifically, start
with some point xzg. At each step t =1,2,...,T — 1, set

Yer1 < 2 — e - Vf(xe) (1)
x¢4+1 < the point in K closest to y;41 (2)

and return & = =+ ZtT:_Ol xt, where 7, is the learning rate and V f(x;) is the gradient at x;.

Theorem (Basic Gradient Descent). For any (differentiable) convex function f:R"™ —

R and any starting point xg, if we set T = (G{_:—D)2 and me=1n:= &z, then

fX) - f(x7) <e.

Here D := ||x¢g — x*|| is the distance of the starting point zy from the optimal point z*, and
G is the bound on the norm of the gradiant at any point z € K, i.e., |[Vf(2)| < G,Vz € K.
Remember that G, D depend on both f and Xq.

Your algorithm will use gradient descent to approximate the center of the smallest enclosing
ball with a e. If the smallest enclosing ball for P is centered at a point ¢* € R"”, then your
algorithm will find a center point ¢ € R™ such that the radius squared of the ball centered
there that contains all the points of P and is at most € bigger than that of the optimum
center point c*.

To make use of this framework, you will:



1. Specify a starting point cg € R".

2. Specify a convex function f : R™ — R that is to be minimized. (Don’t worry if your
function is not differentiable everywhere. It’s okay if it’s not differentiable on a set of
measure zero.)

3. Specify a convex set K.

4. Compute the bounds D and G.
5. Specify a value of 7.

6

. Specify a number of iterations 7.

. Solving Linear Systems Using Gradient Descent

Given an n x n symmetric matrix A and an n x 1 vector b, our goal is to solve the equation
Az = b to high accuracy. We will use gradient descent to solve this problem quickly given
some assumptions about A; see the lecture notes for background on gradient descent. (The
analysis here is independent of the one from lecture, but you should be comfortable with the
ideas there.)

Recall that for z € R™, ||z]|3 = Y1, 22
Let A be an arbitrary symmetric n X n matrix.

(a) Consider the function f(z) = || Az —b||3. Prove that f is convex and that its gradient is
Vf(x)=A(Az —b). (Hint: if g(y) is a convex function, what about f(x) = g(Ax —b)?)
(b) Suppose z* = argmin, 3||Az — b||3. State why A%z* = Ab.

(c) Suppose we set (%) = 0 to be the zero vector, and
e 2O (),

Argue for any i > 0, A(z0FD — 2*) = (I — A?)(A(z) — 2¥)).
(d) Argue that |[Az® —b||2 = ||A(z®) —2*)||3 + || Az* —b||2. Hint: for z,y € R, if (z,y) = 0,
then [lz + y[|3 = [|=[I3 + [ly[13-

Recall from linear algebra that A can be written as VAV, where V is an n x n matrix whose
columns are the (unit) eigenvectors of A, so that VV? = VIV = [, and A is a diagonal
matrix whose entries are the eigenvalues of A.

Moreover, assume that all eigenvalues of A are in the range [0.9, 1.1]; such an A is called well-
conditioned. If you want more intuition for how conditioning can impact the convergence rate
of gradient descent, you can read this excellent post.

(e) Show that | A(z(Y) —2%)||2 < 3||A(z® —2*)||2. Hint: (1) for a symmetric matrix B and
a vector y, ||By|l2 < max(|Amaz|, [Aminl) - |y]l2 where Apqz is the maximum eigenvalue
of B and Ay is the minimum eigenvalue of B, and (2) for a symmetric matrix B, the
eigenvalues of I — B are in the range [1 — Ajaz, 1 — Amin]- Please try to prove these facts
about eigenvalues yourself for practice, though you do not need to prove these in your
submission.

(f) Prove that there exists a constant ¢ such that for any € € (0,1), if ¢ > clog(1/e€)), then
1A — 2|3 < el|bll3.

Therefore, gradient descent solves this linear system with a sufficient amount of time.


https://distill.pub/2017/momentum/

