Algorithm
Design and Analysis

Computational Geometry (Fundamentals and the Convex Hull)



Goals for today

* Explore some fundamental tools for computational geometry

* Understand important tools/ideas such as:
* Dot and cross products
* The line-side test

* Define and solve the convex hull problem



* Applications in robotics

* Applications to graphics

* Applications to algorithms (LPs!!)



How might we represent some of the following ideas?

Real number Floating-point number

Point A pair of floating-point numbers

Line A pair of points oot
Line Segment A pair of points 0/
Triangle A triple of points

Rounding Errors! Be a theory class



Fundamental Objects & Operations
)

Representation (Point): A pair of real numbers
Representation (Vector): A pair of real numbers -

We will use these interchangeably

Operation (Addition/subtraction):
(x1, 1) + (x2,¥2) = (x1 + x2,y1 +¥2) %
(x1,¥1) — (x2,¥2) = (X1 — X2, 1 — ¥2) 8 Lt



Fundamental Operations (continued)

Operation (Scalar multiplication): 2v
a (x,y) = (ax, ay), a €ER v

Operation (Length/magnitude): iZ o

1Ce, )| = /x2 + y?

>

Application (Distance): P2
st (pupa) = | P2~ P Il /

P



Fundamental Operations (continued)

Operation (The dot product):
(X1, Y1) - (X2,Y2) = x1X2 + Y1Y3

Useful theorem (The dot product angle formula):
u-v = |lullllvllcos(8)

- U-v
0= Cos (llull HVH>




Application of the dot product

Application (Projection): Given a point p and a line L that goes through
the origin in the direction of g (a unit vector), find the point p’ on L that
is closest to p D _
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Fundamental Operations (continued)

Operation (The cross product):

(x1,¥1) X (X2, ¥2) = det([i; ;I;D = X1Y2 — X2)1
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Given points p¢, »,, g, we want to know
whether g is on the LEFT or RIGHT of the line from p; to »,

\/,= PZ—PI
Vo 7Q - P,

> 0 LEFT /CCw

\VEAVE <0 RIGHT [ Cw

= O ON (/NE



A convex combination of the points

pl; pz; ---;pk iS d pOint y

p' = z @i Di
i=1 (<. )py “(I—=.) p,
such that Ya; = 1 and a; = 0 for all i ?\k -
Pz
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The Convex Hull



Given a set of points p4, ..., p,, the convex
hull is the smallest convex polygon containing all of them

: output the vertices of the hull in counterclockwise order
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An O(n?)-time algorithm & )\

Observation (Hull edges): The edges of the convex hull must be pairs of
points from the input

Claim (Hull edges): A segment (p;, p;) is
on the convex hull if and only if...
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Better: An O0(n*)-time algorithm

Observation (Order helps): The O (n3)-time algorithm found the hull
edges in an arbitrary order... What if we try to find them in CCW order

Walk CCW  amouwd  Aadf
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Graham Scan: An O(nlogn) algorithm

Observation (Order helps again): We went from 0(n>) to 0(n?) by
finding the edges in order... but we still processed the points in an
arbitrary order. Can we order the points and do better?
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Graham Scan: An O(nlogn) algorithm

Algorithm (Graham Scan): P
Find lowest point pg OO" )Qj h)
Sort points p¢, p,, ... counterclockwise by their angle with p,
H = [po, p1]
foreachpointi=2..n—1 . o
00\) (A)]'ll)ﬁ LST ( H[‘z JI H["]]' P‘) == ElaH]" [ H[;}J ° Hé"Z]
H.pop () .

D
e H

17



Graham Scan: Complexity

Theorem: Graham Scan runs in O(n log n) time



Any convex hull algorithm that uses line-side tests to find
the hull requires Q2(n log n) line-side tests (in a decision tree model)

Won’t prove this



 Computational geometry is all about using the right tools (and
drawing good diagrams)
* Dot product
e Cross product
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