Lecture 26: The Fast
Fourier Transform

David Woodruff

Thanks to Ryan O’ Donnell for many slides




Polynomial multiplication

Let P(x) and Q(x) be polynomials of degree < N.

Assumed in “Coefficients Representation”,

2 4 ... N-1
apgtaqgx+a,xs+ - +ay_4X

2 4 ... N-1
bg+ by X+ Dby Xxe+ -+ by_q X

Let R(x) = P(x)-Q(x), of degree < 2N.
Task is to get R(x) in Coefficients Representation.

Naively: takes O(N4) time to compute R(x)
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If only everything were In
“Values Representation”
instead...




Polynomial multiplication

Let P(x) and Q(x) be polynomials of degree < N.

Assumed in “Coefficients Representation”,

Let R(x) = P(x)-Q(x), of degree < 2N.
Task is to get R(x) in Coefficients Representation.

) If only we knew uniquely
((\0\’@9\*‘\(‘0@ P(1), P(2), ..., P(2N), determines R(x)
o\\*\< Q(1), Q2). .... Q(2N), by interpolation

R(1), R(2), ..., R(2N) <\J




A Divide and Conquer Approach

Want to evaluate P(x) at x4, x5, ..., Xon 1IN O(N log N) time

Write P(x) = PY(x#) + xP1(x#), where
PY(x) contains the even terms and x - P1(x) contains the odd terms

Example: P(x) = ap + a;x + a,x% + a3x> + agx* + acx®

PO(X) = dg + doX + a4X2

P1(x) = a; + azx + asx?

Why is this useful?




A Divide and Conquer Approach

Want to evaluate P(x) at x4, x5, ..., x,n INn O(N log N) time

Write P(x) = P°(x#) + xP1(x#), where
PY(x) contains the even terms and x - P1(x) contains the odd terms.

If my points are x,x,, ..., XN, —X1, —X2, -., —XN,

| just need the evaluations of P°(x) and P1(x) at x%, ..., x&
T(2N) = 2T(N) + O(N) with solution T(2N) = O(N log N), are we done?

We need points that can be recursively partitioned into +/-




Use the Complex Roots of Unity

Write P(x) = P°(x?) + x P1(x#), where
PY(x) contains the even terms and x - P1(x) contains the odd terms.

Choose 2N points to be the complex 2N-th roots of unity

Key fact: the 2N squares of the 2N-th roots of unity are:
first the N N-th roots of unity, then again the N N-th roots of unity

T(2N) = 2T(N) + O(N) with solution T(2N) = O(N log N) !!

What are the complex N-th roots of unity?




Discrete Fourier Transform (& Inverse)

Let N be a power of 2.

_ IR - N—1
SN—{l,wN,wN,wN,...,wN }

“complex roots of unity” that I'll describe shortly.

IS the set of N

Let P(x) be a polynomial of degree N-1.

DFT)
P’s coefficients > P’svalues on Sy

evaluation

IDFT
P’s values on Sy > P’s coefficients

interpolation




Fast Fourier Transform

A recursive algorithm for
DFTy and IDFT\ that
uses only O(N log N)
arithmetic operations.

DFT)
P’s coefficients > P’svalues on Sy

evaluation

IDFT
P’s values on Sy > P’s coefficients

interpolation




Multiplying polynomials with the FFT

Let P(x), Q(x) be polynomials of degree < N.
Want R(x) = P(x)-Q(x), which has degree < 2N.

1. Use DFT,) to get P(w), Q(w) for all weS,
2. Multiply pairs, getting R(w) for all weS,)
3. Use IDFT,y to get R’s coefficients

DFTy
P’s coefficients > P’svalues on Sy

evaluation

IDFT
P’s values on Sy > P’s coefficients

interpolation




Multiplying polynomials with the FFT

Let P(x), Q(x) be polynomials of degree < N.
Want R(x) = P(x)-Q(x), which has degree < 2N.

1. Use DFT,y to get P(w), Q(w) for all weS,)
2. Multiply pairs, getting R(w) for all weS,)
3. Use IDFT,)\ to get R’s coefficients




Multiplying polynomials with the FFT

Can multiply two degree-N polynomials
using O(N log N) arithmetic operations.

If each coefficient is a word of O(log N) bits, can
multiply the polynomials in O(N log N) time.

* Requires proving that you can compute the N roots of unity to
O(log N) bits of precision in O(N log N) time, and that this precision
is sufficient. This is fairly easy to prove, but also boring to prove.




The complex numbers C

A
|z| = magnitude of z

= /(.6)2 + (—.8)2

=1, In this case




The complex numbers C

complex #'s

of magnitude 1
defined by
angle 6 from
X-axis

Z=.0—-.8i

Key Rule:
v
Multiplication by z = rotation by 6.




The complex numbers C

A complex #'s
of magnitude 1
defined by
angle 6 from
X-axis

Z=.0—-.8i

Key Rule:
v
Multiplication by z = rotation by 6.







Square Roots of Unity




Cube Roots of Unity

2 .
3 of a circle




Cube Roots of Unity

2 .
3 of a circle

o ""1
= rotation by 3 of acircle

1
3




4th Roots of Unity

J _ .
Wy = rotation
by {I of a circle




8t Roots of Unity




6t Roots of Unity




Discrete Fourier Transform (& Inverse)

Let N be a power of 2.

2 .3 N—1
1 0w e }

Let Sy = {1, wy, w

Let P(x) be a polynomial of degree N-1.

DFT)
P’s coefficients > P’svalues on Sy

evaluation

IDFT
P’s values on Sy > P’s coefficients

interpolation




Discrete Fourier Transform (& Inverse)

Let N be 8, and let w = wsg

3 ,,4 ,,5

R ]

Let Sg = {1, W, W2, w

Let P(x) be a polynomial of degree 7.

DFTg
P’s coefficients > P’svalues on Sq

evaluation

IDFTg
P’s values on Sg > P’s coefficients

interpolation




Evaluation at {1, w, w?, w3, w*, w>, w°, w’}

Say P(x) = ag+a x+ax’+ax3+a,x*+ax°+agx%+a x’

1 "~ dy ] [ P(1) -
W P(w)
P(w?)
P(w?3)
P(w*)
P(w?)
P(w®)
P(w”)

T R I R R S N

Since w® = 1, we can reduce all exponents mod 8.




Evaluation at {1, w, w?, w3, w*, w>, W°, w’}

_ 2 3 4 5 6 7
Say P(x) = agta x+a,x“+asx’+a,X " +agx°+agx°+a,X




Multiplication modulo 8 table

—

O O O O O O o o o
N~ OO0 o A O N = O

o A N O O A N O DN
aa NN N A =2 O W O O
D O o ©O A~ O ~ O S
W & = S~ N NN O O O
N A O O N A O O O
= N O S, OO0 O N O N

0
1
2
3
4
5
6
7

DFTg[j,k] = wikmod8




2 3 ,,4 ,,5

Evaluationat {1, w, w*, W=, W*, W ,w6,w7}

_ 2 3 4 5 6 7
Say P(x) = agta x+a,x“+asx’+a,X " +agx°+agx°+a,X

1 S .

il
1
1
1
il
1
1
1




Evaluation at {1, w, w?, w3, w*, w>, W°, w’}

_ 2 3 4 5 6 7
Say P(x) = agta x+a,x“+asx’+a,X " +agx°+agx°+a,X




Interpolation”?

Say P(x) = ag+a x+a,x?+ax>+a,x*+ax°+asx+a x’.

Given P(1), P(w), ..., P(w’), how to get a,, a4, ..., a;?

a1 T oP(L) -
P(w)
P(w?)
P(w?3)
P(w?)
P(w?)
P(w®)
P(w’)




Interpolation”?

Say P(x) = ag+a x+a,x?+ax>+a,x*+ax°+asx+a x’.

Given P(1), P(w), ..., P(w’), how to get a,, a4, ..., a;?

T 8y RS

al P(w)
also known as /\ P(w?)
d _1 P(w3)

IDF T4 = DFTg™" - | pwosy
P(w>)

P(w®)
P(w’)




DFT)
P’s coefficients > P’svalues on Sy

evaluation

IDFT
P’s values on Sy > P’s coefficients

interpolation

a5

dl
also known as /\

a

IDF T, .




Interpolation”?

Say P(x) = ag+a x+a,x?+ax>+a,x*+ax°+asx+a x’.

Given P(1), P(w), ..., P(w’), how to get a,, a4, ..., a;?

T 8y RS

al P(w)
also known as /\ P(w?)
d _1 P(w3)

IDF T4 = DFTg™" - | pwosy
P(w>)

P(w®)
P(w’)




FT versus IC

Question:
We know what matrix DF T is.

What is its inverse matrix, IDFTg4?

Answer:
It's extremely similar to DF Tg.




5
N

I
w

I
\J

I ™ Ry S Ry S R S

I e e = = = R S R

&

DFTN[j,k] (,Ujk mod N (0 <j, k<N, w = wyis N root of unity)

1
IDFT\[j.K] Nw‘lk mod N




e S I e R T =
T e e T T = N SE R S R

Proof illustration.

We’'ll show the product =

(e N e= [ (Y e A o (T S o I ==
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o N o [ e NI B o (R <= [ = R =
H O e e e 9 e a9 &
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Well, looks pretty true.

See the notes for a
Formal proof.
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Last piece of the puzzle: FFT

aN—2 bn—2

| an-1 | | bn-1

Computing this in O(N log N) ops




Claim: DFTy reduces to 2 applications of DF Ty,

plus O(N) additional operations.

= T(N)=2T(N/2) + O(N) = T(N)= O(N log N)




Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)” additional operations.
T T | R

3

e R e =

e e e e e e




Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)" additional operations.
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Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)" additional operations.
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Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)" additional operations.
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Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)" additional operations.

e e e e e e =




Claim: DFTg reduces to 2 applications of DF Ty,

plus “O(8)" additional operations. P(x) = PO(XZ) 1 x5 pl (XZ)

Computable with 1
application of DFT,
to (ag,a,84,3),
and some copying.

e e e e e e =

; /\low to getD

apply the above to

(aq,a3,a5,a7),
and then multiply the
jith row by w!, for0 <j<7.

Total: 2 applications of DFT,,

plus “O(8)” more operations.




Summary

Can multiply two polynomials of degree < N
in O(N log N) time.

DF T\ reduces Coefficients Representation to
Values Representation over roots of unity.

FFTy computes DF Ty (and inverse)
in O(N log N) time.

DF Ty has many uses in CS & Engineering.




