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Semantics

wle] =ceZ (The value of e in state w is ¢)
wlc] = ¢
wlx] = wx)

wle +e] = wla]+wle]
wler —e] = wlea] —wle]
wlerxe] = wle] x wle]
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Semantics

wgEP (Formula P is true in state w)
wkET always
wkE1l never
wkEea=6 iffule]=uwe]
wEea<e iffwla] <wle]
wEPAQ iffuEPandwkEQ
wEPVQR iffuEPowERQR
wpE P iff w = P
wlE P — Q iff whenever w = P then also w = Q
wE.P iffulx—alEPforallacZ

wkE3IxP
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iff wix — a] = P for some a € Z
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Semantics

wla]v (Program « relates prestate w to poststate v)
wlx « e]v iff v = w[x — c] where ¢ = w[e]
wla; Blv iff there is a p such that w[a]p and pB]v
w[if Pa B]v iff wla]v when w = P

wol[while P afJw,

w[?P]v
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and w[B]v when w = P

iff there exist wy,...,w,_1 such that
for all 0 < i < n we have w; E P and w;[a]wit1
and w, = P

iff wEPandw=v
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Exercises

Semantics for a let
Define the semantics of a let

let x e v

which locally binds x to the value of e while executing «. At the end of
«, the value of x should revert to what it was before the let.
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Exercises

Semantics of a for-loop
Define the semantics of a for-loop
for x €1 & «

which goes through the values for x between the values of e; and e;. It
starts at the value of e; and counts up or down to the value of ey,
inclusively, executing « each time.
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Exercises

Semantics of a repeat-until

Define the semantics for a repeat-until loop as an alternative to a while
loop.
w[repeat a Plv

Informally, the repeat o P loop executes « and then tests P. If P is true
it exits the loop, and if P is false it repeats it.

Ruben Martins Bug Catching 3/25



Dynamic Logic

w = [a]P  iff for every v, w]a]v implies v = P
w = (a) P iff there exists a v such that w[a]v and v = P
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Dynamic Logic

Axioms for Dynamic Logic:

[x < €e]Q(x) < W.xX'=e— Q(X) (x' not in e or Q(x))

[a; AQ < [dis]e

?P]Q < (P—=Q)

[fPaplQ < (P—=I[@)A (=P = [5]Q)
[whilePa]Q < (P — [o][while Pa]Q) A (=P — Q)




Exercises

Wrong assignment

Show that the following axiom for assignment is wrong:

[x < e]lP < (x=e— P) (WRONG)
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Exercises

Sequential composition

Prove one direction of the sequential composition axiom:

[a; B]Q < [o][A]Q
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Exercises

Before oo P

We can extend dynamic logic with a corresponding operator ()P read as
“before o P". lts semantics is defined by

w = (o) P iff for all x such that pfa]w we have p = P

Write an axiom for (o ; S) P and prove it using semantics.
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Nondeterministic Dynamic Logic

Programs «,8 = x<+e|a;B8|?P|laUf]|a*
wlaU By iff wla]v or w[B]v

wola*Jws  iff there exist wy, ..., wy—1 s.t.
wia]wisr forall 0 < i< n.
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Nondeterministic Dynamic Logic

Programs «,8 = x<+e|a;B8|?P|laUf]|a*

wlaU By iff wla]v or w[B]v
wola*Jws  iff there exist wy, ..., wy—1 s.t.
wia]wisr forall 0 < i< n.

ifPapf = (?P;a)U(?-P;p)
whilePa 2 (?P; a)*; =P
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Nondeterministic Dynamic Logic

Programs «,8 = x<+e|a;B8|?P|laUf]|a*

wlaU By iff wla]v or w[B]v
wola*Jws  iff there exist wy, ..., wy—1 s.t.
wia]wisr forall 0 < i< n.

if Pap
while P o«

(PP, )U (=P ; 5)
(?P; a)*; =P

(> 1>

[«UBIP <« [a]P A[B]P
[a*]P < P A[o][a*]P
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Nondeterministic Dynamic Logic

[@"]Q < QA [a"](Q — [2]Q)
We define P is valid
w EOPiff v = P for any v
We then can prove an axiom
apP — [a]P
Our axiom for reasoning with invariants then becomes
[@*]Q + QAD(Q — [o]Q)

Strengthening the loop invariant:

[0]Q « JADU — [a])) AD(J = Q)
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Nondeterministic Dynamic Logic

Recall the definition
whilePa 2 (?P; )", 7=P

We can plug this in to the axiom we have for repetition and reason,
assuming we have settled on a loop invariant J.

[whilePa]Q <« [(?P;a)*; 7-P]Q
« [P ; a)*][?-P]Q
< [P ; a)* (=P — Q)
— JAOJ = [?P; o)) AOJ = (P = Q))
> JAOJ = (P—= ) AOUA-P = Q)
S IANOUAP = [a]H)ADOUA-P = Q)
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Exercises

Find a program that, when substituted for «r, makes the judgment hold.

I
wix = 0,y = 42] = [(2(x # y)ix  x+ 1) (Ux =)L

-
wx =0,y = 0] = —[a](x # y V() (x = y))
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Exercises

Find a state that, when substituted for w, makes the judgment hold.

-
wE[x#y)ix e x+ Ly <y -1)%50x=y)I(x#y)

I
wkE(x—x+1y < 2x)(x=y)
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States as Arrays

module NDL
use int.Int

type state
type var

(* operations and axioms *)
function read (omega : state) (x : var) : int
function write (omega : state) (x : var) (v : int) : state

axiom read_eq : forall x y omega V.
x =y -> read (write omega x V) y = Vv
axiom read_ne : forall x y omega V.
x <> y -> read (write omega x v) y = read omega y

(* extensionality *)
axiom ext : forall omega nu.

(forall x. read omega x = read nu x) -> omega = nu

end
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Induction in Why3

module SimpleInduction
use Int
predicate p int
axiom base: p O

axiom induction_step: forall n:int. 0 <= n -> p n -> p (n
+1)

lemma SimpleInduction : forall n:int. 0 <= n -> p n

end
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Exercises

Induction in Why3
Prove the following using induction in Why3:

Z n+1

i=0
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Exercises

theory SumSquarel

use int.Int
use int.EuclideanDivision

let rec function sum (a : int) (b : int) : int =
variant { b - a }

if a > b then 0 else sum a (b-1) + b

predicate sum_square (n : int) =
n > 0 -> sum 0 n = div (n*x(n+1)) 2

clone int.SimpleInduction
with predicate p = sum_square, lemma base, lemma
induction_step

goal G : forall n:int. n >= 0 -> sum_square n

end
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(x+e)Q(x) » VX' X' =e— Q(X') (x notine, Q(x))
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(x+e)Q(x) » VX' X' =e— Q(X') (x notine, Q(x))

(a; B)Q < (a)((A)Q)




(x+e)Q(x) » VX' X' =e— Q(X') (x notine, Q(x))

(a; B)Q < (a)((A)Q)

(@Up)Q < (MQV(HQ




(x+e)Q(x) » VX' X' =e— Q(X') (x notine, Q(x))
(a:B)Q + (a)({(8)Q)

(@Up)Q < (MQV(HQ

?P)Q < PAQR




(@)Q « QV{(a)(a")@
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(@)Q « QV{(a)(a")@

(a*YQ + (In.n>0AV(n))
AOMn.n>0AV(n) = (a)V(n—1))
AO(V(0) = Q)
(nnot in aor Q)




Exercises

For each of the following two implications, either prove its validity or find
a counterexample.

[2](P = Q) = ([]P — [«]Q)

(@)(P = Q) = ((0)P = ()Q)
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Weakest Preconditions

The weakest precondition can be specified as follows when translated into
our semantic framework:

(i) wp(@)Q is a precondition for Q (it is sufficient for Q):
Ifw = wp(a)Q and wla]v then v E Q

(i) wp(a)@ is the weakest precondition for Q (it is necessary for Q):
Whenever wa]v implies v |= Q for all v, then w = wp(a)Q.

These two together are precisely the semantic definition of [o]Q, namely
w = [a]Q iff for all v with wa]v we have v = Q
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Weakest Preconditions

wp(a; B)Q = wp(a)(wp(3)Q)
WMaU@Q = wp(a)Q Awp(B)Q
wp(?P)Q = P=Q
wp(a*)@ = QA wp(a)(wp(a®)Q)
wp(x + €)Q(x) = VxX'.x' =e— Q(X) (x" ¢ e, Q(x))
wp(x < e)Q(x) = (e/x)(Q(x)) (equivalently)




Exercises

Calculate the weakest precondition in each of the following examples.

'
wp(x = x + 1)(x = 3)

I
wp(x <~ x+1Ux + x+2)(x =3)
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Strongest Postconditions

The strongest postcondition can be specified as follows:
(i) sp(«)P is a postcondition
for P (it is necessarily true after executing « in any state satisfying P):
For all v and w, if w |= P and w]a]v then v {= sp(a)P

(i1) sp(«)P is sufficient for all postconditions of P (it implies all other
postconditions):
Whenever v = sp(a))P then there is an w such that w = P and
wla]v.

Ruben Martins Bug Catching 19 /25



Strongest Postconditions

sp(a; B)Q

sp(aU B)@
sp(?P)Q

sp(a*)P

sp(x < e(x))(P(x))

sp(83)(sp() Q)

sp(@)Q V sp(B)Q

PAQ

PV sp(a®)(sp(e) P)

I x=e(xX)ANP(X') (X & e(x),P(x))




The case for assignment is again somewhat tricky. Let’s assume our
precondition is P(x) and we assign to x. Now P no longer holds of x!

sp(x + 3)(x = 4) = x=3
sp(x <~ x+ 1)(x =4) = x=5
sp(x«—x+1)(0<x<3) = 1<x<4
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The case for assignment is again somewhat tricky. Let’s assume our
precondition is P(x) and we assign to x. Now P no longer holds of x!

sp(x < 3)(x =4) =
sp(x <~ x+ 1)(x =4) =
sp(x +—x+1)(0<x<3) =

Let's revisit the examples:

sp(x < 3)(x =4)
sp(x < x+ 1)(x = 4)
sp(x < x+1)(0 < x <3)
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x=3
x=5
1<x<4

Ix'.x=3Ax"=4 iff x=3
I . x=x"+1AXx' =4 iff x=5
= I.x=x"+1A0<Xx' <3 iff 1<x<4
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Exercises

Calculate the strongest postcondition in each of the following examples.

'
sp(x + x+1)(x =3)

|
sp(x  x+1Ux < x+2)(x = 3)
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Sequent Calculus

r-pP,A MPFA

———id cut
rPEPA Mo
rPEA r-pP.A
———— R —— =L
M--P,A r-PFA
r-pPA THQA rPQFA
AR ———— AL
-PAQA PAQEA
r-P,QA LPEA T,QFA
————— VR VL
r-PvQA LPVQEA
MPEQA r-pPA T,QHA

——————— R 1L
M-pP—Q,A P—QFA
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Sequent Calculus

r-pP,P,A NP,PHA
—— contractionR ——— contractionL
r-pP,A MnPEA
e P(a), A M, P(e)F A
— VR? — VL
I Vx. P(x), A Mvx.P(x)F A
e P(e), A M P(a)F A
IR — 3Jl?

It 3x. P(x), A Max.P(x)F A
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Exercises

|
Show that P — (Q — R) F (P A Q) — R.

___________________________________________________________________________|
Show that ((Ix.P(x)) — Q) F Vx.(P(x) — Q).
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