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Today

e Review
— Loop Transformation Theory

— Unimodular Transformations

e A Data Locality Algorithm
— Reuse -> (Localized Vector Space) -> Locality

— Reuse
= Self-Temporal
= Self-Spatial
= Group Spatial
3SRP Algorithm



Review

e Loop Transformation Theory
— |teration spaces
— Dependence information

— Dependence Analysis

e Transformations
— interchange
— reversal
— skewing

— Tiling



Loop Transformation Theory

teration Space
Dependence vectors

Unimodular transformations



Iteration Space

Every iteration generates a point in an n-
dimensional space, where n is the depth of
the loop nest.

for (1=0; i<n; i++) { [4]

}

L o o .3
for (1=0; i<n; 1i++) [2}
for (j=0; j<4; j++) {




L_oop Nests and the Iter space

e General form of tightly nested loop

for I, :=1low; to high; by step,
for I, := low, to high, by step,

for I; := low; to high; by step;

for I, := low, to high, by step,
Stmts

e The iteration space is a convex polyhedron in Z"
bounded by the loop bounds.

e Each iteration is a node in the polyhedron
identified by its vector: p=(p4, Py, ---» P1)
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_exicographic Order

Consider t he vectors aand b below :

! 1
-1 -1
ad= b=
0 1
- - 2 —1_..-

We say that ais lexicograp hically less than b
at level 3,a <, b,orsimplytha ta<b.

Both a and b are lexicograp hically positive
because 0 <a,and 0 £ b.
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Data Dependences

Loop carried: between two statements instances
in two different iterations of a loop.
Loop independent: between two statements
instances in the same loop iteration.

Lexicographically forward: the source comes before the target.
Lexicographically backward: otherwise.

The right-hand side of an assignment is considered
to precede the left-hand side.



Data Dependence in Loops

(S1) for 1 = 2 to 9 do @

(530 JXLA] = YIE) + 2[4] 1(1,3)
(S5) Ali] = X[i-1]1 + 1
(S;) end for == @
Data dependence graph for statements in a loop
(1,3) := iteration distance is 1, latency is 3.
=2 i =3 | =4
(s2) X[2]=Y[2]+Z[2] =Y[3]+Z[3] X[4]=Y[4]+Z[4]
(s3) “K|2%=X[1]+1 A[3]=X! 2]+1 Al4]= +1

There is a loop-carried, lexically forward, flow
dependence from S, to S;.

From Wolfe -
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Dependence Vectors

Dependence vector in an n-nested loop is denoted as a
vector: d= (@ oy d ). 4

Each d; is a p055|bly infinite range of ints in fj
‘Ldlmln | d,”laxjvhere -
dimineq—:zw{ﬁ},dimax@w{e@} and Ciimin £ Ciimax
A single dep vector represents a set of distance vectors.

A distance vector defines a distance in the iteration
space.

A dependence vector is a distance vector if each d; is a
singleton.



Other defs

e Common ranges in dependence vectors

—[1, 0] as+or> A - '

— [- 0, -1] as — or < / //O/&

— [- o0, 0] as/* or * & /(f;(_,
A

e A distance vector is the difference between
the target and source iterations (for a
dependent ref), e.g., d=1-I



The General Problem

DO il - Lll Ul
DO i2 - L2, U2

DO i, = L., U,

S, A(F (iq, -v.,ip), on., E0liq, ..., i) = ...
S, e = A(Gy(ig, o -y din) e e, Guliy, ..., i)
ENDDO
ENDDO
ENDDO

A dependence exists from S1 to S2 if:
— There exist o and 3 such that
e 0 <f3 (control flow requirement)
e f,(a)=g;(B)foralli, 1 <i<m (common access requirement)
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General Solver?

Looking for an interger solution to:
f(a)=g P) foralli,1 <i<m

N-deep loop nest

M subscripts per array reference

General case, too hard

Restrict to Iigear functions of loop-indices

—_—

System of linear équations (2xn variables
and m equations)



Conservative Testing MWK

e Consider only linear subscript expressions ‘Hﬂ‘g

e For each pair of R/W references: <&,

o Create subscript pair at each position Tawﬂa

o Perform test based on complexity of pair:
ZIV, SIV, MIV, Coupled, ...

o Prove independent or get direction/distance %/

* Merge each pair's information into a single
dependence vector
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Examples

for I, :=0 to 5
for I, :=0 to 6
A[I,+1] :=1/3 * (A[I,] +A[I,+1] +A[I,+ 2])
—_— . ‘ ; -

s\\\ |

D={(0l1)l(110)l(1-1)}

15
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Create Subscript Pairs

for I, :=0 to 5
for I, :=0 to 6
A[I,+1] :=1/3 * (A[I,] +A[I,+1] +A[I,+ 2])

<A[I,+ 1] ,A[I]>
<A[I.+1],A[I.+1]>
<A[I.+1],A[I +2]>

16



(¢l %ﬂww

o dopds

Do Strong SIV

for I, :=0 to 5
for I, :=0 to 6

KL, + FN:=1/3 * (A[I,] +A[I2i+ 1] +A[I, +2])
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L,

~— ——
All] < A[2] «— A[3] «
— A[1] — A[2]
—A[2] —A[3]
—A[3] —A[4]
Al[2] A[3] «
— A[1] — A[2]
—A[2] —A[3]
—A[3] —Al[4]
/ All] — A[2] A[3]
&T—A[ — A[1] — A[2]
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4]

<

{T\H’&k N*&
At - ,@uﬂw_/

<A[I, +1],A[L]>
<A[I +1],A[L +1]> ;2,5
<A[L +1],A[L + 2]>

17
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Do Strong SIV

for I, :=0 to 5
for I, :=0 to 6

A[I,+1] :=1/3* (A[I,] +A[I,+1] +A[I,+2])

All] « Al2] A[3]
— AJ0] — A[1] — A[Z]
—A[1] —A[2] —A[3]
—A[2] —A[3] —Al4]
All] « Al2] « A[3] <
— AJ0] — A[1] — A[Z]
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4]
All] <« A[2] A[3]
— A[0] — A[1]. — A[2]
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4]

L,

<A[I,+1],A[L]>
<A[I.+1],A[L +1]>
<A[I.+1],A[L +2]>

y

0

18
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Do Strong SIV

for I, :=0 to 5
for I, :=0 to 6

A[I,+1] :=1/3* (A[I,] +A[I,+1] +A[I,+2])

A[1] — A[2] «— A[3] —
— A[0] — A[1] — A[2]
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4]
All] « Al2] A[3] <
— A[0] — A[1] — A[2]
—A[1] —A[2] —A[3]
—Al2] x|  <A[3] —A[4]
A[1] — Q2] A[3] —
— A[0] —A[1] — A[2]
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4]

L,

—

<A[I,+1],A[I]>
<A[L +1],A[I.+1]>
<A[L +1],A[I + 21>

=

1
0

-
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Merge

for I, :=0 to 5
for I, :=0 to 6

A[I,+1] :=1/3* (A[I,] +A[I,+1] +A[I,+2])

A[1] — Al2] — Al3] <A[I,+1],A[I]> 1
— A[0] —A[1] —A[2] ;
—A[] A2 A3 <A[I,+1],A[I.+1]1> 0
—A[2] —A[3] —A[4] <A[I.+1],A[L+2]> -1
A[1] < .ﬂgb A[3]

I — A[0] < A[1] —A[2] . . N

1 —A[1] —A[2] —A[3]

—A[2] —A[3] —A[4] 1 0 -1
A[1] — A2l — & A3« L
— A[0] — A[1] @
—A[1] —A[2] —A[3]
—A[2] —A[3] —A[4] EJE)]
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Examples
— C Crfuf{g
foz’fé% ::21: =t;.) I’:o n_o CETJ*)X';B &
for I,:=1 to n <jirjg?aﬁ

C[I,,I.] +=A[I,,I,] *B[I,,I.]
= OS5 {/ﬁlﬁf?ﬂ
4/3 )

EHE

TR

L

)
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Examples
nef K

for I, :=1 to@ P(EM*QEDQ

for I,:=1 ton
for I;:=1 to n (0,1,0)
C[I,,Is] +=A[I,,I,] *BI[I,,I;]
u

for I, :=0 to@

for I, :=0 to 6
A[I,+1] :=1/3 * (A[I,] +A[I,+1] +A[I,+ 2])

A
J 3

D={(011)I(1IO)I(1-1)}

KR

22



Uniformly Generated references

e fand g are indexing functions: Z" = Z°
— n is depth of loop nest
— d is dimensions of array, A

e Two references A[f(i)] and A[g(i)] are
uniformly generated if

f(i) = Hi + c; AND g(i)=Hi+c,

e His alinear transform
* c;and c, are constant vectors



Eg of Uniformly generated sets

These references all belong to the same

forl;:=0to 5 uniformly generated set: H=[0 1]
forl,:=0to 6
All,+1]=1/3* (A[l,]+A[l,+1]+A[l,+2])
r )
All,+1] [O1]f L1 | +[1]
IZ
. ~
r )
Il
All] [01]f ;7| +[O]
2
. ~

All, +2] [01][?] +[2]

2



Loop Transforms

e Aloop transformation changes the order in
which iterations in the iteration space are
visited.

e For example, Loop Interchange E® n{ Q
| jﬂx ‘

for_:i:;?:=0 to n

. f ] 1=
for J:=0 tom or J U tom

for i :=0 to n

body C]
O000O00O0

0000
<

: L

15-411/611 25




Unimodular Transforms

e Interchange
permute nesting order

e Reversal
reverse order of iterations
N .
~/® Skewing
scale iterations by an outer loop index



Interchange

e Change order of loops
e For some permutationp of1...n

for I, :=..

for I_,, :=
for I, :=.. Pt

% l for I, :=

for I :=.. for I, :=

bOdy body

e \When is this legal?

15-411/611 27



Transform and matrix notation

e |f dependences are vectors in iter space,
then transforms can be represented as
matrix transforms

e E.g., fora 2-deep loop, interchange is:

. {o 1JS 0 lj[pj _ ‘[p?
1 0 1 Offp Py
e Since, Tis alinear transform, Td is
transformed dependence:

[ L



Reversal

e Reversal of it" loop reverses its traversal, so it
can be represented as:
Diagonal matrix with it" element = -1.

e For 2 deep loop, reversal of outermost is:

. <1 0p [=‘1 Oft Pof [= P
0 1 0 1fif p p2



Skewing
 Skew loop I; by a factor f w.r.t. loop |; maps

(Ppseees Piverss Pjoees) (Pses Py Pj + TPj5-0)

e Example for 2D

T{E 2] {E ﬂmt pzl




Loop Skewing Example

for I, :=0 to 5 rpﬁl)l(lto)l(l-l)}
for I, :=0 to 6

A[:.'.E2+1! :=1/3* (ALT,] +A[I, +1] +A[I, 4 2 )y

7 v

f— — 7

\ '_:t7
“ %A%
—p N ; A ¥
‘w'» ' | ¢/ ;% I/>
for I, :=0 tb™>5

for I, @& Qﬁ

" A\

D={(0,1),(1,1),(1,0)



Our Goal: Increase locality

[s there Iocallty to epr0|t?] Use Reuse Analysis to
e —= determine amount of

possible reuse.

Can we transform loop to

turn reuse into locality? Use dependence

information to determine
space of possible

] transformations.

Perform unimodular
transformations.

Possibly introduce Tiling turn n-deep into 2n-deep

[Transform Loop using SRP

15-411/611
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Predicting Cache Behavior through
“Locality Analysis”

e Definitions:
— Reuse:. | |
accessing a location that has been accessed in the past
— Locality:
accessing a location that is now found in the cache

e Key Insights
— Locality only occurs when there is reuse!

— BUT, reuse does not necessarily result in locality.
— Why not?

15-411/611
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Steps In Locality Analysis

. Find data reuse

— if caches were infinitely large, we would be
finished

. Determine “localized iteration space”

— set of inner loops where the data accessed by an
iteration is expected to fit within the cache

. Find data locality:

— reuse D localized iteration space o locality

I~ o~



§ 0. Types of Data Reuse -~ S

My I S

for+i = 0 to 2

for 4 = 0 to 100 _ O Mit
‘I‘i '__:.

B[j]1[0]) & B[J+1][0]

eoe@ Jooooo 0
Yo X ] 0
o0 O0OO00O0
oE0SeD) O3 3,
Self Self Group
Spatial Temporal (temporal)

T
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Kinds of reuse and the factor

What kinds of reuse are there?
for i.= 0 to N-1 Ali]?

for , t,_NT;J‘ = 5.\ -WM ti“ 5{




Kinds of reuse and the factor

forl1 Oto 5

fo
1/3*QA[12+1] +

—

Syﬁ%@”& ﬂfiﬁﬁt”z L LL Ld‘%?

S%\Q*Sﬁﬁ‘kwﬂ WCJ?@%Q [ L/Q}Z/ \f;oqi)
G ﬂ(\JEIE:S Cy

&1 +kj
) 2:,1;;%2/}



Kinds of reuse and the factor

/\forllz=0t05
forl,:=0to 6
1]=1/3*% 1 2
&+ 1=1/3*(A[L]+A[lL, +1]+A[l,+2])

self-temporal in 1, self-spatial in 2
Also, groupin1and 2
t‘_‘______,_._'.‘h-

What is different about this and previous?

for i = 0 to N-1

for § = 0 to N-1 } )
£(A[1],A[3]) [
~— 01 If

15-411/611
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Uniformly Generated references

e f and g are indexing functions: Z" = Z¢
. e Y

— nis depth of loop nest
— d is dimensions of array, A
e Two references A[f(i)] and A[g(i)] are

uniformly generated if

f(i) = Hi + c; AND g(i)=Hisc,

e His alinear transform
* c;and c, are constant vectors



Eg of Uniformly generated sets

These references all belong to the same

fo@o to5 uniformly generated set: H=[0 1]
forl,:=0tg 6
/3 * (A[L,]+All, + 1] +A[l, +2])
r )
All,+1] [O1]f L1 | +[1]
IZ
. ~
r )
Il
Al [o1]f ;> | +10]
2
. ~

All, +2] [01][?] +[2]

2



Quantifying Reuse

e Why should we quantify reuse?
e How do we quantify locality?



Quantifying Reuse

Why should we quantify reuse?
How do we quantify locality?

Use vector spaces to identify loops with reuse

F——

We convert that reuse into Iocallty by making
the “best” loop the inner Ioop

Metric: memory accesses/iter of innermost loop.
No locality 2 mem access



Self-Temporal

e For areference, A@ﬁg], there is self-temporal
reuse betzveeng\ﬂandéwhen Hm+c=Hn+c,i.e.,
H(r)=0, where r=m-n. -

@ QJ e
e The direction of reuse igg

e The self-temporal reuse vector space is: Rer = @H

e There is locality if R¢; is in the localized vector
space.

Recall that for nxm matrix A,

the ker A = nullspace(A) = @Az( = 0}



Example of self-temporal reuse

f‘—»é‘-.:—————“—'"&
1. I7] * B[12,I3]}

€

Access H ker H reuse? Local?
Cll,,| 110/0 )| “span{{0,1,C
1 3]t jkéwp .'
0,01 @
- = LE - .
All,l,] (100 ) span{(0,0,1)}
010 | _
Bll,Is] (010 ) span{(1,0,0)}
001 J



Self Temporal Reuse & Locality
e Reuse is@iﬂ‘iﬂﬂ) :

e Re; N L=locality
i =TS

1
gdim(RgrNL)

o # of mem refs =



Self-Spatial

e Occurs when we access in order
— Ali,j]: best gain, ﬁ
— A[i,j*k]: best gain, I/kif | k| <=1
e How do we get spatial reuse for UG@



Self-Spatial \¥s

e Occurs when we access in order

— Ali,j]: best gain, |
— A[i,j*k]: best gain, I/k if |k| <=1
How do we get spatial reuse for UG: H?

Since all but last index must be identical,
so, set lastrowinHto O, H

s

self-spatial reuse vector space = Rss

Res = ker Hg

Notice, ker H < ker H

If, R..

= R ML, then no additional benefit to SS

L EE——



Example of self-spatial reuse

for I, :=1 ton
for I, :=1 to n
for I;:=1 to n

C[I,,I;] +=A]

Access
Cll,15]

A[|1z|z]

B[l,,15]

HS
100
000
. /

100 >

010 )

000 |

£1) I.1 * BII,, 1]

ker H,
span{(0,1,0),
(0,0,1)}
span{(0,0,1);
(OI 110)}f"’
F3
span{(1,0,0),
(0,0,1)}

reuse? Local?

n



Self-spatial reuse/locality

Dim(R¢) is dimensionality of reuse vector
space.

f Ric<=0 = no reuse
f Rec=R¢r NO extra reuse from spatial

Reuse of each element is k/€s9m(R_SS)
where, s is number of iters per dim.

ReML is amount of reuse exploited, therefore

number of memory references generated is:
k/€sdim(R_SSL)



Group Temporal

e Two refs A[Hi+c] and A[Hi+d] can have group
temporal reuse in L iff

— they are from same uniformly generated set

— Thereisanre Lst.Hr=c-d

e if c-d =r,, then there is group temporal reuse,
Rer = ker H+span{r,}

* However, there is no extra benefitif R;t L=
Ry ML



Our Goal: Increase locality

determine amount of
l possible reuse.

Can we transform loop to

turn reuse into locality? Use dependence

information to determine
space of possible

transformations.
Transform Loop using\SRP
Perform unimodular

transformations.

Possibly introduce Tiling ] turn n-deep into 2n-deep

15-411/611
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Example of ST reuse

for I, :=0 to 5
for I, :=0 to 6
A[I,+1]=1/3 * (A[I,]+A[I,+ 1] +A[I,+ 2])

0
1
Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S

Uniformly Generated Set:
{A[I,], A[I,+1] ,A[I,+2]} H =




Example of SS reuse

for I, :=0 to 5
for I, :=0 to 6
A[I,+1]=1/3 * (A[I,]+A[I,+ 1] +A[I,+ 2])

Uniformly Generated Set:

{A[I,], A[I,+1] ,A[I,+2]} H = [0 H =(0
1 0
Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S

Self-Spatial: Ker(H,) = span{(1,0),(0,1)} I



Example of GT reuse

for I, :=0 to 5
for I, :=0 to 6
A[I,+1]=1/3 * (A[I,]+A[I,+ 1] +A[I,+ 2])

y

Uniformly Generated Set:
{A[I,], A[I,+1] ,A[I,+2]} H =

Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S
Self-Spatial: Ker(H,) = span{(1,0),(0,1)} I

Group-Temporal: span{(1,0),(0,1)} 3



Turning Reuse into Locality
for I, :=0 to 5
for I, :=0 to 6
A[I,+1]1=1/3* (A[I,]+A[I,+1] +A[I,+2])

Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S
Self-Spatial: Ker(H,) = span{(1,0),(0,1)} I
Group-Temporal: span{(1,0),(0,1)} 3

. . .
> 'Nx
A
A
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The Problem

How to increase locality by transforming loop nest
Matrix Mult is simple as it is both

— legal to tile
— advantageous to tile

Can we determine the benefit?
(reuse vector space and locality vector space)

s it legal (and if so, how) to transform loop?
(unimodular transformations)

60



But...Is the transform legal?

e Distance/direction vectors give a partial
order among points in the iteration space

e Aloop transform changes the order in
which 'points' are visited

e The new visit order must respect the
dependence partial order!



But...Is the transform legal?

e \What other visit

order is legal here? Q\Q\R Q\Q\Q\O
NSO NN

Q‘Q‘Q (U
for i = 0 to TS \
for j = 0 to N-2 &@
A[3+1] =

(A[J] + A[J+1] + A[j+2])/3; mg g g g

OQQOO



But...Is the transform legal?

e What other visit .
order is legal here?

for i = 0 to TS
for 3 = 0 to N-2
A[j+1] =
(A[J]1 + A[j+1] + A[j+2])/3;




But...Is the transform legal?

e Skewing...



But...Is the transform legal?

e Skewing...now we can
block

e‘f"a

J C‘g"v'3 e

T .
0 1G<6-6-6\|G
O O£
evg ' e \. e”ca
0%l |\ el e

o~ O




But...Is the transform legal?

e Skewing...now we can loop

interchange

» U
CmINY

v—9

€




Unimodular transformations

e Express loop transformation as a matrix multiplication

e Check if any dependence is violated by multiplying the
distance vector by the matrix — if the resulting vector is
still lexicographically positive, then the involved
iterations are visited in an order that respects the

dependence.

Reversal Interchange Skew



Turning Reuse -> Locality

e Inner most loop(s) will convert their reuse
into locality

e \We can use unimodular transforms to
make the best loop the innermost
(obeying dependencies)

e Sometimes reuse is along multiple
dimensions, then we need to tile



Tiling
e Tiling a loop nest is legal if it is
fully permutable
e |.e., all dependences in loop nest are
— lexicographically positive, and,
— QOuter-loops are non-negative

e Transformation to make dependencies
legal and then to tile also called:
— Strip-mine and interchange
— Unroll and jam

e How big to make tile?
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Matrix Multiply

e Fully permutable & L in two loops

e Canonical simple case: Matrix Multiply

for I, :=1 ton
for I, :=1 ton
for I;:=1 to n

C[I,,Is] +=A[I,,I,] *
I, I,+1
A I
' A\ 2

B[I,,I,]
I3
A
4 A\

70



Tiling solves problem

for I, :=1 ton
for I,:=1 to n
for I;:=1 to n

E C[I,,Is] +=A[I,,I,] *B[I,, I;5]
for II, :=1 to n by%/ Qo / 27 \
f_% II, :=1 to n by {/% e E’xl S

for I, :=1 ton
for I, :=1II, to min(II,+s-1,n)
for I; :=1II; to min(II;+s-1,n)
C[I,,I;] +=A[I,,I,] *B[I,, I;];

I, I,+1 I,
A 1, A
I, ]

I, ] i

15-411/611



How much Reuse Is Locality?
for I, :=0 to 5
for I, :=0 to 6
A[I,+1]1=1/3* (A[I,]+A[I,+1] +A[I,+2])

Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S
Self-Spatial: Ker(H,) = span{(1,0),(0,1)} I
Group-Temporal: span{(1,0),(0,1)} 3

If L, localized space, is
span{(0,1)} -> 1/
span{(1,0)} ->1/ls
span{(0,1),(1,0)} ->1/s




How much Reuse Is Locality?
for I, :=0 to 5
for I, :=0 to 6
A[I,+1]1=1/3* (A[I,]+A[I,+1] +A[I,+2])

Type reuse space reuse factor
Self-Temporal: Ker(H) = span{(1,0)} S
Self-Spatial: Ker(H,) = span{(1,0),(0,1)} I
Group-Temporal: span{(1,0),(0,1)} 3

If L, localized space, is

span{(0,1)} > 1/
spaiii; 0} -=>-1/ls

spa n{(0,1),(1,0)} ->1/¢s So, we want to tile!

_\_‘__‘“-\-.______ s
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Finding best L that is legal

e Of course, exponential in depth of loop nest
e But, loop nest depth is usually small

e And, simplify to look at only elementary
basis vectors carrying reuse

e Furthermore, ignore loops

— With no reuse
— Must not be mnermost due to dependencies

e For each of the remaining loops, look at all
subsets to determine which can/should be
Innermost



SRP

e Heuristic to:
— make a loop nest fully permutable

— Or, partition loops into non-negative outer
loops and remaining loops

e Thrm: N deep loop nest with lex-pos deps
and d I'-:WI (ﬂf}? has 'j $-b EUWJbﬂEi}@/‘J%wEFJi}L;X
po g'fix can be @”\\1 prowtmple € -

VT e (A7 -0 o8 P2 g 50 > 8)
N S

ac ‘b—-/
Vie fﬂw r/,,)
gkff‘*’“’] il.'& L7 ‘? wek Loy _?;-; WX lk_
— :ﬂ"’ll'-f"-‘
o, MU B skewd di



Using SRP

e Removing serializing loops(using P)

e Try and find a fully permutable from ?
remaining loops 1 loop at a time (using SR)

e |f succeed
— rewrite loops using =

e rewrite loop bounds using T
e |f skewed, rewrite indices to compensate

————— — i

— Potentially Tile




Loop Skewing Example

for Il =0 to 5 D={(011)I(1IO)I(1-1)}
for I, :=0 to_6

A[I, +1] :=1/3 % (A[T,] +A[I, + 1] +A[I, +2])

1
'y

Y]
Senie

7,/

>

for I,=-=0 to 5 L
for I, :=
AlI, 7}".17":'12/:52* (A[I

] +A[I +1] +A[I + 2])
S 2L.J’ 2\_’> ZQ/

D={(0,1),(1,1),(1,0)}
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