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Dynamic Semantics

Formally describe how programs execute
Concise and precise definition
Our Purpose: Informs compiler writing.

Could: prove properties about
— source programs

— compiler transformations

— resulting executable



Static !/ Dynamic

 Static semantics describes which programs
are well-formed

* Dynamic semantics describes how well-
formed programs execute

* Alanguage is safe when all well-formed
programs are well-behaved.



Approaches to Dynamic Semantics

* Denotational:
What does the program mean?

* Axiomatic:
What can we prove about the program?

* Operational:
How does the program execute?



Operational Semantics

 Structural (small-step semantics)
What are the basic steps of the execution

* Natural (large-step semantics)
Relationship of operations to effects

* operational semantics on abstract machines
— syntax directed
— inductive

— transition rules which formally describe how a
piece of syntax will change the abstract machines



Our destination

aka: End of the next lecture



Our destination

Evaluation of expression e in the context of
* aHeap,

* Stack, and

* binding
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Our destination

Evaluation of expression e in the context of
* aHeap,

* Stack, and

* binding

O

Small-step semantics: where is the program counter?



Our destination

Evaluation of expression e in the context of
* aHeap,

* Stack, and

* binding

oy

Kis a continuation, i.e.,
evaluate e and pass resultto K



Our destination

Execution of a statement s in the context of
* aHeap,

* Stack, and

* binding

OB

Execute sand then the next statement in K



Assumptions

* Working on our standard AST:
— expressions (N,X;p .. and
— statements (decl, assign, return, ...)

* Working on well-formed ASTs, i.e., they pass
static semantics

* It bears repeating: well-formed programs are
well-behaved

— Or, as Milner quipped: “well typed programs do
not go wrong.”

— “well typed programs do not get stuck.”
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* Evaluate epassresultinto K
* For example,
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Evaluate e pass resultinto K
For example, we have the judgement:
- ™ N
‘L:. - - ¢ 'y

' A D*e-z__)

oo way S

Evaluate by evaluating and then pass
value into and continue.

IS “hole” into which we put the value of
after it is evaluated.



Evaluate e pass resultinto K
For example, we have the judgement:

Evaluate by evaluating and then pass
value into and continue.

IS “hole” into which we put the value of
after it is evaluated.
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* Evaluate epassresultinto K
* For example, we have the judgements:
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* Evaluate epassresultinto K
* For example, we have the judgements:

© 2019-21 Goldstein

18



15-411/611

* Evaluate epassresultinto K
* For example, we have the judgements:

e

.
< @ —
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* Evaluate epassresultinto K
* For example, we have the judgements:

-
D

Where,
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Pure arithmetic ops,

Where, ( \
——————————————



ops that can cause exceptions:

if undef



The empty continuation

indicates there iékn)otl’ﬂﬁ‘g more to do
* We stop and return

* Giving the judgement:

o



A&S .=3¢p short-circuiting MAT VE3 4

e1 && eo > KK — u&&6> I\
false > ;% () 3lse > .1\

true > (_ &&g K) — GQDA
« of note:

— Booleans are not 0 & 1, but false & true

O i




short-circuiting

e1 && eo > K N 1> (_ &k e, K)
false > (_ && €9 . [\:) s false > K
true > (L && ez, K1) — eo > KK

eNe, YR —> €D (- 416, )

fa (i r) 2 €,0K
droe P (Ne, KD = e K



Example

(115)+10P+2 & -

((mdae) O(R*23 )



Example

((4+5)*10)

T
(N
V
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Example

((4+5)%10) + 2

(4 4+ 5) % 10

< &
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Example

(4+5)%10)+2 >

(44 5) %10 > _+2
()0, > _«10f, _ + 2
4 > T 9,_*10
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Ll

(4+
(445

ot

ot

Example

5)x10)+2 >

x 10 > _+2

> x* 10, _ + 2

> _a\'@ x 10 .
> % 10,

u'rs’
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Example

(4 +5) % 10) +2
(44 5) % 10

O Ot
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Example

(4+5)«10)+2 >

(44+5) =10 > _+2

445 > _x10, _+2
4 > _4+5.,_ %10,
5) > 4+ _,_x10,
9 > _x10, _+2
10 > 9% _ ., _+2
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A A A

Example

((4+5)*10) + 2
(44+5) =10

o = O O
-

Nl !
o
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variables and

* We need to keep track of variables and
their values

* defines the environment
D

— if%pas the value v in the environment, then

e gt |

— We add a value v for x to the environment

yielding



Our new abstract machine

o -
 We add a rule for variables,
A= Gt ——— ¢

* Why is this rule ok? l.e., whatif xis
undefined?



Our new abstract machine

 We add a rule for variables,

* Why is this rule ok? xis never undefined
since we already passed static semantics



Our new abstract machine

 We add a rule for variables,

* And, augment old rules with




Execution

>

A

« Statements alter the environment and then
become a nop, and then goto the
statementin K

@ seq(si, sp) > I& — s> (&2 - IX)
-

>




Execution

>

« Statements alter the environment and then
become a nop, and then goto the
statementin K

n Fseq(sy,s2) » K —> nk sy »(sy. i)

1 nopw (s, K) — Nk -S“P %
I —————



Modifying !’

» Declaration adds a mapping to

1
n decl(fg. Ti') > i — n|x — nothing] > K

» Assignment, changes the value in
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Modifying !’

» Declaration adds a mapping to

ntdecl(x, 7,s) » K — n|x + nothing| - s » K

» Assignment, changes the value in {1 (after
evaluating the right hand side.)

n = assign(xz,e) » IK — n ke (assign(x, _) , K)

© 2019-21 Goldstein
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Modifying !’

» Declaration adds a mapping to

’@ decl(z,7,5) » K — n|x + nothing| - s » K

» Assignment, changes the value in {1 (after
evaluating the right hand side.)

n k= assign(z,e) » I —> n ke (assign(x, _) , K)
nt o> (assign(x, _) , K) - nir = v Fnop » K

15-411/611 ©2019-21 Goldstein
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Scoping

Now, what does K evaluate to?

© 2019-21 Goldstein
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Nk trye > (]

n k= false o> (i
o>

15-411/611

Statements

© 2019-21 Goldstein
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o if

ntif(e,s1,s0) B K

Statements

0 F true > (if(_, 51, 59), K)
0 false > (if(_, 51, 52), K)

* while

n F while(e, s) » K

15-411/611

—
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—_— 1) - e > (If(_ S1, 82) y I{)
— nkEsyp K
— Nk so K

n b if (e, seq(s, while(e, 5)), nop) » K
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Statements
o |f

i itle, 51, s2) b K — ke (if(Lsns) K)
nktrued> (if(_,s1,82), k) —  nEspp» K
il - false > (If(_ S1, 52)’ [{) N " o 5o B K

* while

n F while(e, s) » K — n Fif(e,seq(s,while(e,s)),nop) » K

* assert
n - assert(e) » K — n ke (assert(_), K)
n = true > (assert(_), i) — 1n = nop » I
n = false > (assert(_), /) —> xception(abort
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Statements
o |f

nkit(e, sy, s2) > K — nker (if(_, s1,s2), K)
n F true > (if(_, s1,59), K) — nt s p» K
n F false > (if(_, s1, s2), K) — nt sop K

* while

n F while(e, s) » K — n Fif(e,seq(s,while(e,s)),nop) » K

* assert

n - assert(e) » K — n ke (assert(_), K)
n = true > (assert(_), i) — n = nop » K
n = false > (assert(_), /) —> exception(abort)

* return?

15-411/611 ©2019-21 Goldstein



while(x>0,assign(x,x+1))
N ——=
* Assuming -
+ and@ ) x=x+1

1] F while(x > 0, s) > -



e

while(x>0,assign(x,x+1))

* Assuming
* and s [ x=x+1

[z—1] F while(x > 0, s) >
1] F if(leﬁ).seq(s.while(;z'>0. s)).nop) » -

© 2019-21 Goldstein
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while(x>0,assign(x,x+1))

* Assuming
* and s [ x=x+1

r—1] - while(z > 0, s) >
o 1] Fif (x>0, seq(s, while(x>0, s)), nop) » -
e 1] > 0 > if(_.seq(s.while(x > 0,5s)), nop)

S

© 2019-21 Goldstein



A

while(x>0,assign(x,x+1))

Assuming

e and s ) Xx=x+1

:;z?r—>1:
1]
1]
:;1‘.&—>1: - @
=1 -1
1]
:;'lfl—>1:
:;z?i—>1:
:;Z?i—>l:
:;z?i—>1:
=1
=1 -1
1]
1]
2]

= while(z > 0, s)

Fif (>0, seq(s. while(2>0,

Fax >0

=0

- true

- seq(s. while(z > 0. s))
- assign(z,x + 1))
Fax+1

-1
- 2
= nop

[1*—)21 — Whlle(l - (bZWQ)mGOIdsten

v

vVvyvVvVvVvVvVvivVVVYYVVV VYV

s)),nop) » -

if(_,seq(s.while(z > 0,s)).n
_ > 0:if(_.seq(s, while(x >
> 0; |f( ,seq(s.while(x >

if(_.seq(s,while(z >
( seq(s while(z > 0, s)),

nop

), nop)

)
0,5s)),nop)
0, 5)
0.5)),nop)

nop)

while(z > 0, assign(x,z + 1))
assign(x, _)); while(x > 0, s)

_+ 1;assign(x, _)): while(z > 0, s)
_+ 1:assign(x. _)): while(z > 0, s)
1 + _:assign(z, _)); while(z > 0, s)
assign(x, _)): while(x > 0, s)
while(x > 0, s)
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L

while(x>0,assign(x,x+1))

* Assuming

e and s ) Xx=x+1

r—1] - while(z > 0, s) > -

1] Fif (x>0, seq(s, while(x>0, s)), nop) » -

=1 F2 >0 > if(_.seq(s.while(x > 0,5s)), nop)

=1 g > _ > 0:if(_,seq(s,while(z > 0.s)).nop)
=11 > _ > 0:if(_.seq(s.while(z > 0, s)).nop)
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L

while(x>0,assign(x,x+1))

* Assuming
* and s [ x=x+1

r—1] - while(z > 0, s) >

1] Fif (x>0, seq(s, while(x>0, s)), nop) » -

=1 F2 >0 > if(_.seq(s.while(x > 0,5s)), nop)
=1 > _ > 0:if(_,seq(s,while(z > 0. s)).nop)
=1 -1 > > 0 |f( ,seq(s, while(z > 0. s)).nop)
1] > if(_,seq(s,while(x > 0.s)).nop)
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L

while(x>0,assign(x,x+1))

Assuming
* and s (Y x=x+1

r—1] - while(z > 0, s) >

1] Fif (x>0, seq(s, while(x>0, s)), nop) » -

=1 F2 >0 > if(_.seq(s.while(x > 0,5s)), nop)
=1 > _ > 0:if(_,seq(s,while(z > 0. s)).nop)
=1 -1 > > 0; |f( ,seq(s, while(z > 0. s)).nop)
=10 > if(_ seq(s while(z > 0. s)).nop)
1] F true > )
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LLiiidd

while(x>0,assign(x,x+1))

Assuming
* and s (Y x=x+1

r—1] - while(z > 0, s) >

1] Fif (x>0, seq(s, while(x>0, s)), nop) » -

=1 F2 >0 > if(_.seq(s.while(x > 0,5s)), nop)

=1 > _ > 0:if(_,seq(s,while(z > 0. s)).nop)
=1 -1 > > 0: |f( .seq(s, while(z > 0. s)).nop)
=10 > if(_.seq(s.while(z > 0, 5s)),nop)
1] F true > ( seq(s while(z > 0. s)), nop)
1] F seq(s, while(z > 0,5)) »
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while

(x>0,assign(x,x+1))

.__\

Assuming

e and s ) Xx=x+1

¢

1]
1]
1]

1]
1]
1]
1]
1]
1]
lm—)'l' -
r=2]

PLLLLLLLEEE L

r
~
v
.
L

while (vl )

= if (>0, seq(s, while(x:>0.

gml) e

—T

seq(s, while(. gm0, s))
assign(z,r + 1))

x4+ 1

£

1

1

2

nQp

Whlle(Mzoqg)mG Idstein

v

vVvyvVvVvVvVvVvivVVVYYVVV VYV

s)),nop) » -

if(_.seq(s,while(z > 0.s)).nop)
> 0:if(_.seq(s,while(z > 0,5s)).nop)
> 0; |f( .seq(s, while(z > 0. s)) nop)
if(_.seq(s,while(z > 0.s)),nop)
(

( seqswh||e1>0s

while(x > 0, assign(xz,x + 1))
assign(x, _)); while(x > 0, s)

_+ 1;assign(x, _)): while(z > 0, s)
_+ 1:assign(x. _)): while(z > 0, s)
1 + _:assign(x, _)): while(z > 0, s)
agsign(z, _)); while(x > 0, s)

while W0, s)
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The return Statement

8 —:
_pEoE

> .

A ——————

 But now what?



The return Statement

>

* We need to represent the stack, S, which will have
e an environment

e a continuation UE

15-411/611 ©2019-21 Goldstein
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The return Statement

>

* We need to represent the stack, S, which will have
* an environment
e a continuation

« QOur new abstract machine augments all old rules with S

>

15-411/611 ©2019-21 Goldstein
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The return Statement



The return Statement

'hf ’P,

And, for void functions we need:

> -



Function calls

* Special case with no arguments

SinkEf()> K - (S, (n,K)) @ s pe

Nt given?lmt fisdefined as f( )
-

15-411/611 ©2019-21 Goldstein
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Function calls

* Special case with no arguments

SinkfO)> K — (S, (n,K)):-Fsp»-
(given that f is defined as f( ){s})

* And, two arguments

S:nk j(k ea) > K — S @D (f?w)l K)

~

15-411/611 ©2019-21 Goldstein
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Function calls

* Special case with no arguments

SinEf()> K — (S, (n,K)):-Fs»-
(given that f is defined as

* And, two arguments

Sink f(er. e))DIx — SinkFer>(f(_,e2), K)
S - N }—@D — S N - eo > (f((’.‘l, _) \ [X')

15-411/611 ©2019-21 Goldstein
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Function calls

* Special case with no arguments

SinkEf()> K — (S, (n, K)) Or s P
(given that f is defined as f( ){s})

* And, two arguments

77'—f(61 6)) DK — S:nke > (f(_ e), K)
ke > (f K) . i

7)}—(>> fsl Ix —
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Putting it all together

 We start with
00 N O

« We stop with (assuming main returns ¢)

- )



Putting it all together
« We start with

« We stop with (assuming main returns ¢)

* Unless, we get an error



Putting it all together
We start with

We stop with (assuming main returns ¢)
Unless, we get an error

And, along the way,



Expressions

Statements

Values

Environments
Stacks

Cont. frames

Continuations

Exceptions

15-411/611

n

0

K

L3

c|ep ®eo | true |false | eg && es | x| fer,e2) | f()

nop | seq(sy, s2) | assign(x, e) | decl(x, 7, s)
if(e,s1,s9) | while(e, s) | return(e) | assert(e)

c | true | false | nothing
|y
| S, (n, K)

~Oelco_|_&e| f(_e)]|fle )
s | assign(x, _) | if(_, s1,s2) | return(_) | assert(_)

| o, K
J

arith | abort
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ket ®e> K

:'i)I—Cll>-_T:®eg.K)
k> (o . K)
ke (cqeo_, K)

S:nkFei>(_®ey, K)

S:nker (o, K)

S:nkc> K (c=c1® )
exception(arith) (c1 ® ¢ undefined)

»n n »nn \n

kel &&eg > KK
:n k- false> (_ && ea , K)
n Ftrues> (L && ey . K)

Sin F@D K

S:nke>(_&& ey, K)
Sk idse> K
S:nke> K

n n

A A

S:nknlx)> K
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N

e > K2 )
1) b asstgn(z;e) > K
:n k> (assign(z, _) , K)

»n

S:nk decl&z:. T.5)» K

N

.1 b assert(e) » K
.1 b true > (assert(_) , )
;1 b false > (assert(_) , K)

»n

W\

Lk if(e, s1,50) > K
L1 b true > (if (_, s1. 52). KX)
;b false > (if(_, s1, 52). K)

»n

S :nk while(e, s) » I

¥p)

b fler.e) > K
inbka(f(oe). K)
ke (fle, o), K)

»n

S:nkEf()> K

S :nkreturn(e) » K
(S, (n,K")) :ntvr> (return(_) , K)
snbker (return(_) , K)

© 2019-21 Goldstein
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|

L1

S:nk > K
S EJr (assign(x, _) . K)
S :inlr— c]Fnopw» K

S : n|x + nothing] F s » K

S:nker (assert(_) , K)
S inknopw» K
exception(abort)

S:nker (if(_ s1,52), K)
S:nksip» K
S:nksop K

S :nkif(e, seq(s, while(e. s)).nop) » I

Sinker>(f(_,e2), K)
S:nker(fler,_), K)
(S, (n,K)):|[r1—=c1,290> ol Esp -
(given that f is defined as  f(x1,29){s})

(S, (nK)):-Fs»-
(given that f is defined as  f(){s})

S:nker (return(_) , K)
S:nkFovp> K’
value(c)
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Pretty Amazing

* Clear, Concise

 What about rule set?

— deterministic?
_"

* But, the amazing thing is:

Theorem 1 (No undefined behavior) If a program is valid as defined by the static se-
mantics, and

-Fman() — ST, — ... — ST,

then either ST, is a final state or else ST, is not-stuck because there exists a state ST’
such that ST,, — ST

15-411/611 ©2019-21 Goldstein
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Next Time

* memory!



Next Time

* memory!

Sign up for code review

Enjoy spring break!



