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Common loop optimizations

• Hoisting of loop-invariant computations

– pre-compute before entering the loop

• Elimination of induction variables

– change p=i*w+b to p=b,p+=w, when w,b invariant

• Loop unrolling

– to to improve scheduling of the loop body

• Software pipelining

– To improve scheduling of the loop body

• Loop permutation

– to improve cache memory performance

       

Requires 
understanding 

data dependencies
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• Goals:

– Improving Locality

– Automatic Vectorization

• Key Ideas:

– Locality

– Iteration Spaces

– Data Dependence

– Unimodular Transformations

– Other Transformations

Data-Dependent

Loop Transformations
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Loop
Transformation
Theory



Recall: Locality

• Principle of Locality: Programs tend to use 
data and instructions with addresses near 
or equal to those they have used recently

• Temporal locality:  

– Recently referenced items are likely 
to be referenced again in the near future

• Spatial locality:  

– Items with nearby addresses tend 
to be referenced close together in time
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Layout of C Arrays in Memory

• C arrays allocated in row-major order
– each row in contiguous memory locations

• Stepping through columns in one row:
– for (i = 0; i < N; i++)

sum += a[0][i];

– accesses successive elements

– if block size (B) > sizeof(aij) bytes, exploit spatial locality
• miss rate = sizeof(aij) / B

• Stepping through rows in one column:
– for (i = 0; i < n; i++)

sum += a[i][0];

– accesses distant elements

– no spatial locality!
• miss rate = 1 (i.e. 100%)
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Matrix Multiplication (ijk)

/* ijk */

for (i=0; i<n; i++)  {

  for (j=0; j<n; j++) {

    sum = 0.0;

    for (k=0; k<n; k++) 

      sum += a[i][k] * b[k][j];

    c[i][j] = sum;

  }

} 

A B C

(i,*)

(*,j)
(i,j)

Inner loop:

Column-
wise

Row-wise Fixed

Miss rate for inner loop iterations:
  A B C
  1/L 1.0 0.0

matmult/mm.c

L = # of elements per cache line
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Matrix Multiplication (kij)

/* kij */

for (k=0; k<n; k++) {

  for (i=0; i<n; i++) {

    r = a[i][k];

    for (j=0; j<n; j++)

      c[i][j] += r * b[k][j];   

  }

}

A B C

(i,*)
(i,k) (k,*)

Inner loop:

Row-wise Row-wiseFixed

Miss rate for inner loop iterations:
  A B C
  0.0 1/L 1/L

matmult/mm.c
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L = # of elements per cache line



Matrix Multiplication (jki)

/* jki */

for (j=0; j<n; j++) {

  for (k=0; k<n; k++) {

    r = b[k][j];

    for (i=0; i<n; i++)

      c[i][j] += a[i][k] * r;

  }

} 

A B C

(*,j)

(k,j)

Inner loop:

(*,k)

Column-
wise

Column-
wise

Fixed

Miss rate for inner loop iterations:
  A B C
  1.0 0.0 1.0

matmult/mm.c
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L = # of elements per cache line



Summary of Matrix Multiplication

ijk (& jik): 
• 2 loads, 0 stores
• avg misses/iter = 1+1/L

kij (& ikj): 
• 2 loads, 1 store
• avg misses/iter = 2/L

jki (& kji): 
• 2 loads, 1 store
• avg misses/iter = 2

for (i=0; i<n; i++) {

  for (j=0; j<n; j++) {

   sum = 0.0;

   for (k=0; k<n; k++) 

     sum += a[i][k] * b[k][j];

   c[i][j] = sum;

 }

} 

for (k=0; k<n; k++) {

 for (i=0; i<n; i++) {

  r = a[i][k];

  for (j=0; j<n; j++)

   c[i][j] += r * b[k][j];   

 }

}

for (j=0; j<n; j++) {

 for (k=0; k<n; k++) {

   r = b[k][j];

   for (i=0; i<n; i++)

    c[i][j] += a[i][k] * r;

 }
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Core i7 Matrix Multiply Performance
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Blocked Matrix Multiplication

c = (double *) calloc(sizeof(double), n*n);

/* Multiply n x n matrices a and b  */

void mmm(double *a, double *b, double *c, int n) {

    int i, j, k;

    for (i = 0; i < n; i+=B)

 for (j = 0; j < n; j+=B)

             for (k = 0; k < n; k+=B)

   /* B x B mini matrix multiplications */

                  for (i1 = i; i1 < i+B; i1++)

                      for (j1 = j; j1 < j+B; j1++)

                          for (k1 = k; k1 < k+B; k1++)

                       c[i1*n+j1] += a[i1*n + k1]*b[k1*n + j1];

}

a b

i1

j1

x
c

=
c

+

Block size B x B

matmult/bmm.c
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Blocking Summary

• No blocking: (9/8) n3  misses

• Blocking:  (1/(4B)) n3  misses

• Use largest block B, such that B satisfies 3B2 < C
– Fit three blocks in cache!  Two input, one output.

• Reason for dramatic difference:

– Matrix multiplication has inherent temporal locality:

• Input data: 3n2, computation 2n3

• Every array elements used O(n) times!

– But program has to be written properly
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Optimizing the Cache Behavior of 

Array Accesses

• We need to answer the following questions:

– when do cache misses occur?

• use “locality analysis”

– can we transform loop (i.e., change the order of 
the iterations) to produce better behavior?

• evaluate the cost of various alternatives

– does the new ordering/layout still produce 
correct results?

• use “dependence analysis”
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Examples of Loop Transformations

• Loop Interchange

• Cache Blocking

• Skewing

• Loop Reversal

• …

(we will briefly discuss the first two)

Can improve locality

Can enable above
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Dependencies in Loops

• Loop independent data dependence occurs between 
accesses in the same loop iteration.

• Loop-carried data dependence occurs between 
accesses across different loop iterations.

• There is data dependence between 
 access a at iteration i-k and 
 access b at iteration i when: 

– a and b access the same memory location

– There is a path from a to b

– Either a or b is a write
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Defining Dependencies

• Flow Dependence W ➔ R f

• Anti-Dependence R ➔ W a

• Output Dependence W ➔ W o

true

false

S1) a=0;

S2) b=a;

S3) c=a+d+e;

S4) d=b;

S5) b=5+e;
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Example Dependencies
S1) a=0;

S2) b=a;

S3) c=a+d+e;

S4) d=b;

S5) b=5+e;
source type target due to

 S1 f S2 a

 S1 f S3 a

 S2 f S4 b

 S3 a S4 d

 S4 a S5 b

 S2 o S5 b

1

2

3

4

5

What can we do with this information?
What are anti- and flow- called “false” dependences?

These are scalar dependencies.  The same 
idea holds for memory accesses.
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Data Dependence in Loops

• Dependence can flow across iterations of 
the loop.

• Dependence information is annotated with 
iteration information.

• If dependence is across iterations it is loop 
carried otherwise loop independent.

for (i=0; i<n; i++) {

 A[i] = B[i];

 B[i+1] = A[i];

}
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Data Dependence in Loops

• Dependence can flow across iterations of 
the loop.

• Dependence information is annotated with 
iteration information.

• If dependence is across iterations it is loop 
carried otherwise loop independent.

for (i=0; i<n; i++) {

 A[i] = B[i];

 B[i+1] = A[i];

}

f loop independent

f loop carried
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Unroll Loop to Find Dependencies

for (i=0; i<n; i++) {

 A[i] = B[i];

 B[i+1] = A[i];

}
f loop independent

f loop carried

A[0] = B[0];

B[1] = A[0];

A[1] = B[1];

B[2] = A[1];

A[2] = B[2];

B[3] = A[2];

i=0

i=1

i=2

Distance/Direction of the 

dependence is also important.
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