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Dynamic Semantics

e Formally describe how programs execute
e Concise and precise definition

e Our Purpose: Informs compiler writing.

e Could: prove properties about

— source programs
— compiler transformations

— resulting executable



Static > Dynamic

e Static semantics describes which programs
are well-formed

e Dynamic semantics describes how well-
formed programs execute

e Alanguage is safe when all well-formed
programs are well-behaved.



Approaches to Dynamic Semantics

e Denotational:
What does the program mean?

e Axiomatic:
What can we prove about the program?

e Operational:
How does the program execute?



Operational Semantics

e Structural (small-step semantics)
What are the basic steps of the execution

e Natural (large-step semantics)
Relationship of operations to effects

e operational semantics on abstract machines
— syntax directed
— inductive

— transition rules which formally describe how a
piece of syntax will change the abstract machines



Our destination

aka: End of the next lecture



Our destination

Evaluation of expression e in the context of
* a Heap,

* Stack, and

* binding environment.
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Our destination

Evaluation of expression e in the context of
* a Heap,

* Stack, and

* binding

H:S:mFe> K
ﬂ"&

Small-step semantics: where is the program counter?

—




Our destination

Evaluation of expression e in the context of
* a Heap,

* Stack, and

* binding

H:S:mFe> K

K is a continuation, i.e.,
evaluate e and pass result to K



Our destination

Execution of a statement s in the context of

* a Heap,
* Stack, and
* binding

H;S:mske K

Execute s and then the next statement in K



Assumptions

e Working on our standard AST:
— expressions (n,x,®,...) and
— statements (decl, assign, return, ...)

e Working on well-formed ASTs, i.e., they pass
static semantics

e |t bears repeating: well-formed programs are
well-behaved

— Or, as Milner quipped: “well typed programs do
not go wrong.”

— “well typed programs do not get stuck.”



e > K
=

e Evaluate e pass result into K
e For example,

e t+te, > K

T em(Ered
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e > K

e Evaluate e pass result into K
e For example, we have the judgement:

e;+e, K —e o ( K)



e > K

e Evaluate e pass result into K
e For example, we have the judgement:

e;+e, K —e o ( K)

e Evaluate e; + e, by evaluating e; and then
pass value into m and continue.

e W is “hole” into which we put the value of
e, after it is evaluated.



e > K

e Evaluate e pass result into K
e For example, we have the judgement:
-

eq+e,>K — e >(m+e,,K)
.D.c._.,e,? q:ﬂ

e Evaluate e; + e, by evaluating e; and then
pass value into m and continue.

e W is “hole” into which we put the value of
e, after it is evaluated.



e > K

e Evaluate e pass result into K
e For example, we have the judgements:

e1+e,>K — e > (m+eyK)
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e > K
e Evaluate e pass result into K
e For example, we have the judgements:

e;+e,>K —e;>(m+e,,K)
g AN

c; > (m+ 62\,1{) —>
1,




e > K

e Evaluate e pass result into K
e For example, we have the judgements:

e;+e,>K —e;>(m+e,,K)

c,e(m+e,,K) —e,>(c; + 1K)
. - ]T T

t




e > K

e Evaluate e pass result into K
e For example, we have the judgements:

e;+e,>K —e;>(m+e,,K)

P

ci,>(m+eyK)— e, & (c; + m,K)

CZD();I‘/.K)H

_-r.-....—

T Where, ¢ = C1 + ¢, mod 232

I . N
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Pure arithmetic ops, @

e;Pe, > K — e, > (mBe,, K)
¢, &= (WDey, K) — e; & (c,0m, K)

c, > (c;Ppm,K) > c >

Where, ¢ = ¢;®c, mod 232

T




ops that can cause exceptions: ()

et e, >K —e & (m @ ey K)

J
c,e>(mQ@ey,K) e, (i @O mK)
"y ’ = o\
&c:zj(c}@!,l()ﬁ_c)DK ifc=c Qc

c, > (c,®OmK) — {cht(arith )?" if c; @ ¢, undef




The empty continuation

. c
indicates there iS nothing more to do
e We stop and return

value(c)

e Giving the judgement:

¢ &>+ — value(c)
‘f‘;===—-[) —_—



short-circuiting

e1 && e > IK —> e1 > (_ && eo , K)

false > (_ && eg,, K) — Hlee 7 K
true > (Z&& es, ) — e, O X
- C—

e of note:

— Booleans are not 0 & 1, but false & true



short-circuiting

e1 && eo > KK — e1 > (_&& er, K)
false > (_ && es , K) — false > K
true > (_ && e . If) — eo > IX

e of note:

— Booleans are not 0 & 1, but false & true
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short-circuiting

e1 && eo > K — 81[>( && eo . I&)
|false > (_ && eo , K) o false > K

true > (_ && ey , K) o ey > K
|
| ellask e, (|| e, K)

M‘Q 2 &Y IS K) = %rx&bj&—;i
(e P(BY %1:) = &, 7YX



Example

[(+5) 100+ e

(reyeo(az, )

He < (DMC) (:SC"Z/ ->
U_DQL:SH:\S

\S‘CDQ%?

LD CZMD BTZ >

)O ’DQC’[*"@*FZ Q%L D

(R rl
B == e




Example

(4+5)%10) 2| >
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Example

((4+5)%10)

(4+5)*10

+2 >
[>

© 2019-21 Goldstein
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Example

(4+£5)%10)+2 >

e (44 5)

%

10

15-411, 0 uu

> _+2
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Example

(445)%10)+2 >

(4+5)*10

4+5

>

>

© 2019-21 Goldstein
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Example

(A+5)%10)+2 >
(44 5) % 10 > _ 42

445 > 10|, _ + 2

L]

4 > _+5,_x10, _+:
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Ll

Example

(A+5)%10)+2 >
(4+5) %10 > _+2

445 > _x 10, _+2
4 > _+5,_x10, _+:
5 > 4+ _,_*x10, _+:

© 2019-21 Goldstein
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Example

(A+5)%10)+2 >
(4+5) %10 > _+2

4+5 > _ %10, _+2
4 > _+5,_%x10, _+:
5 > 44 _,_x10, _ +:
0 > _ %10, _+2

© 2019-21 Goldstein
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AN A

Example

(4+5)%x10)+2
(4+5) =10 >

445 >
4 >
5 >
9 >
10 >

© 2019-21 Goldstein

_+2

%10, _+ 2

45, _x10, _ 4+
4+ _ . _ =10, _ 4+

_x 10, _+2
O%x _, _+2
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Example

(445)%10)+2 >

(1+

+5

O = O
S O

5H) = 10 > _ 42
> _x10, _ 4+ 2
> 45, %10, +2
> 44+ _ . _x10, _+2
> _ %10, _+2
> 9% . L2
> _ 42

© 2019-21 Goldstein
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A A A A A A

Example

(445)%10)+2 >

(1+

+5

O = O Ol e e
o O

i BN
2

5H) = 10 > _ 42
> _x10, _ 4+ 2
> 45, %10, +2
> 44+ _ . _x10, _+2
> _ %10, _+2
> 9% . L2
> _ 42
> 90+ _
[::;. .

© 2019-21 Goldstein
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variables and n

e We need to keep track of variables and
their values

e 1 defines the environment

— if x has the value v in the environment, then
NG =v
— We add a value v for x to the environment
nlx = vl
vielding
n,xev




Our new abstract machine

nkFec K
f__Sﬂ'* —

e We add a rule for variables,

Fxo K > nlx) e K
7:1 n(x) o |

e Why is this rule ok? l.e., what if xis
undefined?

U



Our new abstract machine
nkec K
e We add a rule for variables,

nkFxoc K—onlx) s K

e Why is this rule ok? xis never undefined
since we already passed static semantics



Our new abstract machine
nkec K

e We add a rule for variables,

nkFxoc K—onlx) s K

e And, augment old rules with n,e. g.,
‘0 He®e, > K —5 He, o (mdey, K)

N
~=



Execution

nkEse» kK

e Statements alter the environment and then
become a nop, and then goto the

statement in K

n Fseq(sy,s2) » K —> n }—&b (52, K)
) — n + nop > (sy, K)
\ -

_..--l""'--'

— nkEs,pK



Execution

nkEse» Kk

e Statements alter the environment and then
become a nop, and then goto the

statement in K

n Fseq(sy.s2) » KK — nk sy »(s2, K)
ntEnopw (s, ) — nEswp K



Moditying
. | T«
e Declaration adds a mapping to n W

—
n = decl(xz, 7,s) » K — nlx rﬁ‘-‘nothin% —sp K

_ﬂfg‘t e

e Assignment, changes the value in n




Moditying

e Declaration adds a mapping to n

n bt decl(x, 7, s) » K — n|x + nothing| = s » K

e Assignment, changes the value in n (after
evaluating the right hand side.)

n F assign(z,e) » K — n ke (assign(x, _), K)

— 3




Moditying m
e Declaration adds a mapping to n /7%“”3

n b decl(xz, 7, sy » K — n|x + nothing| = s » K

= "

e Assignment, changes the value in n (after
evaluating the right hand side.)

n - assign(z,e) » K — n ke (assign(z, _), K)
n ko> (assign(r._) , K) — nlx — vl Fnopp» K
e



Scoping

|x — vl] - assign(x,e) » K

— [x » v{] + e, (assign(x, m), K)

— [x P vq] F vy & (assign(x, m), K)

— [x > vy, Fnop =K B
——plli—— 2

Now, what|does |[x = vV, x > V l—xW

15-411/611 © 2019-21 Goldstein
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e if

nkif(e. S1, 52) b K

-rﬂ—?rﬁg (If( st s2). IX) —

Statements

n - false > (‘n\fr S1, SQJ K) R

Py

[

15-411/611

© 2019-21 Goldstein
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Statements
o if

nkif(e.si,s2) » K — nke> (if(_,s1,s2) ., K)
n E true > (if(_, s1,59), K) — nkEsip» K
n = false > (if(_, s1, s2), K) — nksop K

e while
e }é )

n = while(e, s) » K —  nFif(e,seq(s. while K
—_ e pr—rry : -

15-411/611 © 2019-21 Goldstein 50



Statements
o if
nkif(e,s1,s2) » K — nkEer (if(_,s1,s2), K)
n E true > (if(_, s1,59), K) — nkEsip» K
n F false > (if(_., s1, s2), K) — nksop K
e while

n = while(e, s) » K — n = if(e.seq(s,while(e,s)),nop) » I

e assert
n - assert(e) » K — 7 FLEP (assert(_), K)
n = true > (assert(_), /{') — 7 = nop » K
n b false > (assert(_), K) — exception(abort)
—_— — —

15-411/611 © 2019-21 Goldstein 51



Statements
o if

nkif(e.si,s2) » K — nke> (if(_,s1,s2) ., K)
n E true > (if(_, s1,59), K) — nkEsip» K
n F false > (if(_., s1, s2), K) — nksop K

e while

n = while(e, s) » K — n = if(e.seq(s,while(e,s)),nop) » I

e assert

n - assert(e) » K — n ke (assert(_), K)
n = true > (assert(_), /{) — 7 = nop » K
n = false > (assert(_), K) — exception(abort)

e return?

15-411/611 © 2019-21 Goldstein



while(x>0,assign(x,x+1))

e Assumingn = [w

e and s = x=x+1

[->1] - while(z > 0.5 > K | Q’CX 59 gﬁ@ M Gezeg)

-~ -
nd



while(x>0,assign(x,x+1))

e Assumingn = [x » 1]
e and s = x=x+1

1] F while(z > 0, s) > -
— 1] if(&o.seq(s.while(:z:>0. s)),nop) » -



while(x>0,assign(x,x+1))

e Assumingn = [x — 1]
e and s = x=x+1

1] F while(z > 0, s) > -
1] Fif (x>0, seq(s, while(2>0, 5)). nop) » -

—
— o=l e >0, > if(_, seq(s, while(x > 0,s)), nop)

© 2019-21 Goldstein



LI

while(x>0,assign(x,x+1))

e Assumingn = [x — 1]
e and s = x=x+1

1] - while(z > 0, s) >

o= 1] F if (>0, seq(s, while(z>0. s)), nop) » -

=1 F x>0 > if(_, seq(s, while(x > 0,s)), nop)

=1 > _ > 0;if(_, seq(s, while(x > 0, s)), nop)
1] F_L > _ > 0:if(_,seq(s, while(z > 0. s)). nop)

© 2019-21 Goldstein 57



Ly

while(x>0,assign(x,x+1))

e Assumingn = [x — 1]

e and s = x=x+1

1]
1]
1]
1]
1]
1]

= while(x > 0, s) > -
= if(2>0,seq(s, while(z>0, s)). nop) » -

Fax >0 > if(_,seq(s,while(x > 0, s)), nop)

Fa > _ > 0:if(_, seq(s, while(x > 0, s)), nop)
F1 > > 0. |f( ,seq(s,while(x > 0,5s)),nop)
F‘E}? > if(_,seq(s,while(x > 0,5s)),nop)

© 2019-21 Goldstein 58



oLl

while(x>0,assign(x,x+1))

e Assumingn = [x — 1]

e and s = x=x+1

> 1]
1]
1]
1]
1]
1]
1]

= while(x > 0, s) > -
= if(2>0,seq(s, while(z>0, s)). nop) » -

Fax >0 > if(_,seq(s,while(x > 0, s)), nop)
Fa > _ > 0:if(_, seq(s, while(x > 0, s)), nop)
F1 > > 0; |f( ,seq(s,while(x > 0,5s)),nop)
=0 > if (_,seq(s, while(x > 0, s)), nop)
= true > ( seq(s while(z > 0. s)), nop)

© 2019-21 Goldstein 59
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while(x>0,assign(x,x+1))

e Assumingn = [x — 1]

e and s = x=x+1

> 1]
1]
1]
1]
1]
1]
1]
1]

= while(z > 0, s) > -

= if (x>0, seq(s. while(x>0. s)), nop) » -

Fax >0 > if(_,seq(s,while(x > 0, s)), nop)

Fa > _ > 0:if(_, seq(s, while(x > 0, s)), nop)
F1 > > 0; |f( ,seq(s,while(x > 0,5s)),nop)
=0 > if (_,seq(s, while(x > 0, s)), nop)
- true > ( seq(s while(x > 0, 5)), nop)

- seq(s,while(x > 0,s)) »

0y

© 2019-21 Goldstein 60
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while(x>0,assign(x,x+1))

e Assumingn = [x — 1]

e and s = x=x+1

[L+—>2

::z:rﬁ\ l
:-;1:#—} 1
:-;1:+—> 1
1]
:';L‘i—} l
::13*—> 1
::1:+—> 1
::13*—) 1
1]
::z:rﬁ\ l
:-;1:#—} 1
:-;1:+—> 1
1]
1] 2
U—}Z:

= while(x > 0, s) >

= if (x>0, seq(s. while(x>0. s)), nop) » -

x>0
= a

F1

=0

= true
- seq(s, while(z > 0. s))
- asmgn(r r 41

VVVVVYVYVVVVYV

- nop__ >
- WhIIE(I‘ ~ (). S) © 2019- 2l dstein®

if(_,seq(s, while(z > 0,5s)),nop)
_ > 0:if(_, seq(s. wh|le(r > (0, s)), nop)
‘;:- 0; |f ,seq(s,while(x > 0,5s)),nop)

(-
(-
if(_,seq(s,while(xz > 0.s)), nop)
( seq(s while(z > 0, )),nop)

while(x > 0.assign(x.z + 1))
assign(x, _)); while(z > 0. s)
_+1; 355|gn( ', _)):while(x > 0. s)
_+ 1;assign(x, _)); while(z > 0, s)
1 + _:assign(x, _)): while(z > 0, s)
aSS|gn( _)); wh|le(r > 0, s)

wh le(x > 0. 9)

61



The return Statement

n + return(e) » K
— 1 e & (return(m), K)
— 7 1y, (return(m), K)

e But now what?



The return Statement

n + return(e) » K
— n + e o (return(m), K)
— 1 + v & (return(m), K)

* We need to represent the stack, S, which will have
* an environment
* a continuation
Su=-15(nK)

e

15-411/611 © 2019-21 Goldstein 63



The return Statement

n + return(e) » K
— n + e o (return(m), K)
— n + v (return(m), K)

* We need to represent the stack, S, which will have
* an environment
* a continuation
S:u=-15,(nK)

* Our new abstract machine augments all old rules with S
Ssnkec K
23
SsnEsp K

15-411/611 © 2019-21 Goldstein



The return Statement

S,(n',K');n F return(e)mw K

— S, (n,K');n + e > (return(m), K)
— S,gig::)l{_’)_@_{ v & (return(m), K)
— S +FvesK

e

)



The return Statement

S,(n',K');n F return(e)mw K
— S,(n",K');n + e > (return(m), K)
— S,(n",K');n + v > (return(m), K)
—S;n+ve K

And, for void functions we need:

S,(n,K');n -nop »- — S;n’ + nothing > K’

SCLE P L0 1 e B

15-411/611 © 2019-21 Goldstein
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Function calls

e Special case with no arguments

S:nkf K — (S, (n, K)) '_,F s

© 2019-21 Goldstein

{

s})

T dig\« \ggiven ' -mt;} is defined as ()

A



Function calls

e Special case with no arguments

SinFEfO)>K — (S, (n,K));-Fsp»-
(given that f is defined as f( ){s})

e And, two arguments

> K — S:nkFer>(f(_,e2), K)
T

15-411/611 © 2019-21 Goldstein
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Function calls

e Special case with no arguments

S:nkEf()> K

o

(S, (n,K));-Fsp»-
(given that f is defined as f( ){s})

e And, two arguments

Sink fler,ea) > K
SinkFe>(f(_,e), K)

T oletly

15-411/611

o
o

SinkFer>(f(le2). K)
S -y = €9 > (f(Cl: _) 3 K)
LU

© 2019-21 Goldstein
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Function calls

e Special case with no arguments

S:nEf()> K — (S, (n,K));-Fsp»-
‘ (given that f is defined as  f( ){s})

e And, two arguments

S:nk fler,ea) > K S S:nke>(f(_,e2), K)

S:nkFer>(f(_,e2), K) - S:nke>(flcg. ). K)

Sinkc>(flc,_). K) o (S, (n, K)) |z — c1, 29 — o @b -
- o (given th ST

15-411/611 © 2019-21 Goldstein 70



Putting it all together

e \We start with
ik Elaln( )3[>'.T-“

e \We stop with (assuming main returns c)

oy Fce>- —  value(c)

ST T



Putting it all together

e \We start with

-;-I—{;main(\)‘( -

e \We stop with (assuming main returns c)

wWwipFcer — value(c)
e Unless, we get an error
exception(E)

=

T



Putting it all together

e \We start with
- main( ) -

e \We stop with (assuming main returns c)
snkFce- —  value(c)

e Unless, we get an error
exception(E)

e And, along the way,
Ssnrec K
SisnkEsp K




Expressions e
Statements S
Values v

Environments 7

Stacks S

L]

Cont. frames ¢ | =

Continuations K

Exceptions E

15-411/611

L3 (P

c|lep ®es|true | false | ey && ex | x| fler,ea) | f()
T + . ~ ) /
nop | seq(si, s2) | assign(z, e) | decl(z, 7, s

'-_'--—.

if (e, 51.52) | while(¢, s) | return(e) | assert(e)

}El trye | falss, | nothngS
|

r;xr—>c

5y A

o

MJMW—{ ST

o . K
lL,—S

arith | abort

= A

© 2019-21 Goldstein
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":f\l C ] ":f\l F\.:,\I

"
-

P
»]

-
»]

Cf\l

15-411/611

kel ®ea> K

nkEa>(_®ey, K)
ko> (ae_, K)
nke>(aqo ., K)

> ik e && eo > K
> 1 false > (_ && €9 . KX)
> s true> (_ && eo , I)

kx> K

A

© 2019-21 Goldstein

S:nkei>(_o®ey . K)
S:nker>(aqe_, K)

S:nkex> K (c =1 ® )
exception(arith) (c1 ® 9 undefined)

Sf;nl—elb(_@@ , )
S int false >
S:nkea> K

S:nkEnlr)> K

75
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@y

:nkEnopw (s, K)
:n b assign(z.e) » K
:n ke (assign(x, _) ., K)

n n

n

:n b decl(z, 7,8) » K

n

:n b assert(e) » K
;b true > (assert(_) , i)
: n b false > (assert(_) . i)

n n

n

:nFif(e,s1,52) » K
:n b true > (if(_, s1,52), i)
:n b false > (if(_, s1. 89), K)

n n

n

:n b while(e, s) » K

s

ik flereg) > K
inbea>(f(ie), K)
in ke (fler,2) . K)

n n

wn

nbEfO>K

S :ntreturn(e) » K
(S, (n,K")) :nkE v (return(_) , K)
-snkcr (return(_) , K)

A

|

L

© 2019-21 Goldstein

s

nkEsp K
:n ket (assign(z,_) ., K)
:n[x = ] Fnop e K

n n

n

: n|z +— nothing| - s » K

.S' :n ke (assert(_) , K)
:nFnopp IX
exception(abort)

)

S:nker (if(_,s1,52) , K)
S:nksip K

S:nksyp K

Sk if(e, seq(s, while(e, s)), nop) » K
Sinkerr>(f(_e2), )
Sinkear>(fla. ). K)

(5 (. K)) -
(given that f is defined as

(S, (nK)):-Fs»-
(given that f is defined as  f(

[;1‘-1 = C1, 19 > Cg] s p -
F(a1,22){s})

H{s})
S:nker (return(_) . K)

S:nkFor> K
value(c)



Pretty Amazing

e Clear, Concise
e \What about rule set?

— deterministic?
_?

e But, the amazing thing is:

Theorem 1 (No undefined behavior) If a program is valid as defined by the static se-
mantics, and

~ —_ = Lo i~ =

-;-Fmain()r — ST, — ... — \ST,

then either ST, is a final state or else ST, is not-stuck because there exists a state ST’
such that ST, — ST

15-411/611 © 2019-21 Goldstein
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Next Time

e memory!

© 2019-21 Goldstein
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