
Warm Up

How would you search for moves in Tic Tac Toe?



AI: Representation and Problem Solving
Adversarial Search
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Slide credits: Pat Virtue, http://ai.berkeley.edu



Announcements

ÅHomework 2 due tonight!

ÅHomework 3 out this evening!

ÅP1 due 2/7, work in pairs!



Warm Up

How would you search for moves in Tic Tac Toe?



Warm Up

How is Tic Tac Toe different from maze search?



Warm Up

How is Tic Tac Toe different from maze search?

Multi-Agent, Adversarial, Zero Sum 

Single Agent



Single-Agent Trees
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Value of a State
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Value of a state: 
The best achievable 

outcome (utility) 
from that state

Terminal States:
V(s) = known

Non-Terminal States:
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)



Multi-Agent Applications

Collaborative Maze Solving
Team: Collaborative
Competition: Adversarial

Adversarial

(Football)



How could we model multi-agent 
collaborative problems?



How could we model multi-agent problems?

Simplest idea: each agent plans their own actions separately from others. 



Many Single-Agent Trees

8

2 0 2 6 4 6Χ Χ

Non-Terminal States:
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)

Choose the best 
action for each 
agent independently



Idea 2: Joint State/Action Spaces

Combine the states and actions of the N agents

Ὓ ὛȟὛ
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Idea 2: Joint State/Action Spaces

{ŜŀǊŎƘ ƭƻƻƪǎ ǘƘǊƻǳƎƘ ŀƭƭ ŎƻƳōƛƴŀǘƛƻƴǎ ƻŦ ŀƭƭ ŀƎŜƴǘǎΩ ǎǘŀǘŜǎ ŀƴŘ ŀŎǘƛƻƴǎ

Think of one brain controlling many agents

Ὓ ὛȟὛ



Idea 2: Joint State/Action Spaces
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Think of one brain controlling many agents

What is the size of 
the state space?

What is the size of 
the action space?

What is the size of 
the search tree?



Idea 3: Centralized Decision Making

Each agent proposes their actions and computer confirms the joint plan

Example: Autonomous driving through intersections

https:// www.youtube.com/watch?v=4pbAI40dK0A



Idea 4: Alternate Searching One Agent at a Time

Agent 1

Agent 2

Agent 1

{ŜŀǊŎƘ ƻƴŜ ŀƎŜƴǘΩǎ ŀŎǘƛƻƴǎ ŦǊƻƳ ŀ ǎǘŀǘŜΣ ǎŜŀǊŎƘ ǘƘŜ ƴŜȄǘ ŀƎŜƴǘΩǎ ŀŎǘƛƻƴǎ 
from those resulting states , etcΧ

Non-Terminal States:
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)

Choose the best 
cascading combination 
of actions



Idea 4: Alternate Searching One Agent at a Time

{ŜŀǊŎƘ ƻƴŜ ŀƎŜƴǘΩǎ ŀŎǘƛƻƴǎ ŦǊƻƳ ŀ ǎǘŀǘŜΣ ǎŜŀǊŎƘ ǘƘŜ ƴŜȄǘ ŀƎŜƴǘΩǎ ŀŎǘƛƻƴǎ 
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What is the size of 
the state space?

What is the size of 
the action space?

What is the size of 
the search tree?



Multi-Agent Applications

Collaborative Maze Solving
Team: Collaborative
Competition: Adversarial

Adversarial

(Football)



Games



Types of Games

ÅDeterministic or stochastic?

ÅPerfect information (fully observable)?

ÅOne, two, or more players?

ÅTurn-taking or simultaneous?

ÅZero sum?



Standard Games

ÅStandard games are deterministic, observable, two-player, turn-
taking, zero-sum

ÅGame formulation:
ÅInitial state: s0

ÅPlayers: Player(s) indicates whose move it is

ÅActions: Actions(s) for player on move

ÅTransition model: Result(s,a)

ÅTerminal test: Terminal-Test(s)

ÅTerminal values: Utility(s,p) for player p
ÅOr just Utility(s) for player making the decision at root



Zero-Sum Games

Zero-Sum Games
ÅAgents have oppositeutilities 

ÅPure competition: 
ÅOnemaximizes, the other minimizes

General Games
ÅAgents have independentutilities

ÅCooperation, indifference, competition, 
shifting alliances, and more are all possible



Game Trees

{ŜŀǊŎƘ ƻƴŜ ŀƎŜƴǘΩǎ ŀŎǘƛƻƴǎ ŦǊƻƳ ŀ ǎǘŀǘŜΣ ǎŜŀǊŎƘ ǘƘŜ ŎƻƳǇŜǘƛǘƻǊΩǎ 
actions from those resulting states , etcΧ



Tic-Tac-Toe Game Tree



Tic-Tac-Toe Game Tree

This is a zero-sum game, 
the best action for X is 
the worst action for O 
and vice versa

How do we define       
best and worst?



Tic-Tac-Toe Game Tree Instead of taking the 
max utility at every 
level, alternate max 
and min



Tic-Tac-Toe Minimax

a!· ƴƻŘŜǎΥ ǳƴŘŜǊ !ƎŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)

aLb ƴƻŘŜǎΥ ǳƴŘŜǊ hǇǇƻƴŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      min      V(ǎΩ)

sΩ Í successors(s)



Small Pacman Example

+8-10-5-8

-8 -10

-8

a!· ƴƻŘŜǎΥ ǳƴŘŜǊ !ƎŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)

Terminal States:
V(s) = known

aLb ƴƻŘŜǎΥ ǳƴŘŜǊ hǇǇƻƴŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      min      V(ǎΩ)

sΩ Í successors(s)



Minimax Implementation

functionmax-value(s)returnsvalue
if Terminal-Test(s) then return Utility(s)
initialize v = -Ð
for each a in Actions(s):

v = max(v, min-value(Result(s,a)))
return v

functionmin-value(s)returnsvalue
if Terminal-Test(s) then return Utility(s)
initialize v = +Ð
for each a in Actions(state):

v = min(v, max-value(Result(s,a))
return v

functionminimax-decision(s)returnsaction

return the action a in Actions(s) with the highest 
min-value(Result(s,a))

Result(s,a)ĄǎΩ

V(s) =      max      V(ǎΩ)
sΩ Í successors(s)

V(s) =      min      V(ǎΩ)
sΩ Í successors(s)



Alternative Implementation

functionvalue(s) returnsa value
if Terminal-Test(s) then returnUtility(s)
if Player(s) = MAXthen return maxa in Actions(s) value(Result(s,a))
if Player(s) = MIN then return mina in Actions(s) value(Result(s,a))

functionminimax-decision(s)returnsan action

return the action a in Actions(s) with the highest 
value(Result(s,a))



Minimax Example

12 8 5 23 2 144 6

3 2 2

3



Poll

What kind of search is Minimax Search?

A) BFS
B) DFS
C) UCS
D) A*



Minimax is Depth-First Search

+8-10-5-8

-8 -10

-8

a!· ƴƻŘŜǎΥ ǳƴŘŜǊ !ƎŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      max      V(ǎΩ)

sΩ Í successors(s)

Terminal States:
V(s) = known

aLb ƴƻŘŜǎΥ ǳƴŘŜǊ hǇǇƻƴŜƴǘΩǎ ŎƻƴǘǊƻƭ
V(s) =      min      V(ǎΩ)

sΩ Í successors(s)



Minimax Efficiency
ÅHow efficient is minimax?
ÅJust like (exhaustive) DFS

ÅTime: O(bm)

ÅSpace: O(bm)

ÅExample: For chess, b º35, m º100
ÅExact solution is completely infeasible

ÅIǳƳŀƴǎ ŎŀƴΩǘ Řƻ ǘƘƛǎ ŜƛǘƘŜǊΣ ǎƻ Ƙƻǿ Řƻ 
we play chess?



Small Size Robot Soccer

ÅJoint State/Action space and search for our team

ÅAdversarial search to predict the opponent team

https:// www.youtube.com/watch?v=YihJguq26ek



Generalized minimax
ÅWhat if the game is not zero-sum, or has multiple players?

ÅGeneralization of minimax:
ÅTerminals have utility tuples
ÅNode values are also utility tuples
ÅEach player maximizes its own component
ÅCan give rise to cooperation and
ŎƻƳǇŜǘƛǘƛƻƴ ŘȅƴŀƳƛŎŀƭƭȅΧ

1,1,6 0,0,7 9,9,0 8,8,1 9,9,0 7,7,2 0,0,8 0,0,7

0,0,7 8,8,1 7,7,2 0,0,8

8,8,1 7,7,2

8,8,1



Three Person Chess



Resource Limits



Resource Limits
ÅProblem: In realistic games, cannot search to leaves!

ÅSolution 1: Bounded lookahead
ÅSearch only to a preset depth limit or horizon
ÅUse an evaluation function for non-terminal positions

ÅGuarantee of optimal play is gone

ÅMore plies make a BIG difference

ÅExample:
ÅSuppose we have 100 seconds, can explore 10K nodes / sec
ÅSo can check 1M nodes per move
ÅFor chess, b=~35 so reaches about depth 4 ςnot so good

? ? ? ?

-1 -2 4 9

4

min

max

-2 4



Depth Matters
ÅEvaluation functions are always 

imperfect

ÅDeeper search => better play 
(usually)

ÅOr, deeper search gives same 
quality of play with a less accurate 
evaluation function

ÅAn important example of the 
tradeoff between complexity of 
features and complexity of 
computation

[Demo: depth limited (L6D4, L6D5)]



Evaluation Functions



Evaluation Functions
ÅEvaluation functions score non-terminals in depth-limited search

ÅIdeal function: returns the actual minimax value of the position
ÅIn practice: typically weighted linear sum of features:
ÅEVAL(s) = w1 f1(s) + w2 f2(sύ Ҍ ΧΦ Ҍ wn fn(s)
ÅE.g., w1 = 9,  f1(s) = (num white queens ςnum black queens), etc.

ÅTerminate search only in quiescentpositions, i.e., no major 
changes expected in feature values



Evaluation for Pacman



Resource Limits
ÅProblem: In realistic games, cannot search to leaves!

ÅSolution 1: Bounded lookahead
ÅSearch only to a preset depth limit or horizon
ÅUse an evaluation function for non-terminal positions

ÅGuarantee of optimal play is gone

ÅMore plies make a BIG difference

ÅExample:
ÅSuppose we have 100 seconds, can explore 10K nodes / sec
ÅSo can check 1M nodes per move
ÅFor chess, b=~35 so reaches about depth 4 ςnot so good

? ? ? ?

-1 -2 4 9

4

min

max

-2 4



Solution 2: Game Tree Pruning



IntuitionΥ ǇǊǳƴŜ ǘƘŜ ōǊŀƴŎƘŜǎ ǘƘŀǘ ŎŀƴΩǘ ōŜ ŎƘƻǎŜƴ

12 8 5 23 2 144 6

3 2 2

3



Alpha-Beta Pruning Example

12 8 5 23 2 14

=h3 =h3

=h best option so far from any 
MAX node on this path

The order of generation matters: more pruning
is possible if good moves come first

3

3

We can prune when: Ƴƛƴ ƴƻŘŜ ǿƻƴΩǘ ōŜ 
higher than 2, while parent max has seen 
something larger in another branch



Alpha-Beta Implementation

def min-value(state, h , ̡ ):
initialize v = +Ð
for each successor of state:

v = min(v, value(successor, h , ̡ ))
ƛŦ Ǿ Җ ʰ

return v
ʲ = min(̡ , v)

return v

def max-value(state, h , ̡ ):
initialize v = -Ð
for each successor of state:

v = max(v, value(successor, h , ̡ ))
ifǾ җ ʲ

return v
=h max(h , v)

return v

:h a!·Ωǎ ōŜǎǘ ƻǇǘƛƻƴ ƻƴ ǇŀǘƘ ǘƻ Ǌƻƻǘ
:̡aLbΩǎ ōŜǎǘ ƻǇǘƛƻƴ ƻƴ ǇŀǘƘ ǘƻ Ǌƻƻǘ



Quiz: Minimax Example
What is the value of the blue triangle?
A) 10
B) 8
C) 4
D) 50



Quiz: Minimax Example
What is the value of the blue triangle?
A) 10
B) 8
C) 4
D) 50

8 4

8



Alpha-Beta Small Example
‌ Њ
‍ Њ
ὺ Њ

def min-value(state, h , ̡ ):
initialize v = +Ð
for each successor of state:

v = min(v, value(successor, h , ̡ ))
ƛŦ Ǿ Җ ʰ

return v
ʲ = min(̡ , v)

return v

def max-value(state, h , ̡ ):
initialize v = -Ð
for each successor of state:

v = max(v, value(successor, h , ̡ ))
ifǾ җ ʲ

return v
=h max(h , v)

return v
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Minimax Quiz
What is the value of the top node?
A) 10
B) 100
C) 2
D) 4


