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Root-Finding in a Single Variable
Characterizing Problems



Root-Finding in a Single Variable
Regularity Assumptions on f



Root-Finding in a Single Variable
Continuity and Bisection



Root-Finding in a Single Variable
Bisection: Convergence and Role



Root-Finding in a Single Variable
Application: Where Does a Ray Hit a Surface?
• Rendering: shoot a ray per pixel, find the first surface 

it hits.

• A surface can be stored implicitly:  inside, 
 outside.

• A ray is 1D. Substituting collapses 3D geometry into 
1D root-finding:

•

• Sign change = bracket, with a physical meaning: 
outside, then inside.

•

• No derivative — only evaluation and continuity.

f(p) < 0
> 0

F(t) = f(o + td) = 0, t > 0 (smallest root)

F(tk)F(tk+1) < 0 ⟹ a crossing lies in (tk, tk+1)



Root-Finding in a Single Variable
Fixed Point Iteration

(Needs to start sufficiently close.)



Root-Finding in a Single Variable
Fixed Point Iteration: Convergence Rates



Root-Finding in a Single Variable
Examples of Fixed Point Iteration



Root-Finding in a Single Variable
Newton’s Method: Derivation



Root-Finding in a Single Variable
Newton’s Method: Fixed-Point Form and Convergence



Root-Finding in a Single Variable
Newton’s Method: Extensions and Remarks



Root-Finding in a Single Variable
Secant Method: Motivation



Root-Finding in a Single Variable
Secant Method: Convergence Properties



Root-Finding in a Single Variable
Example: Newton vs. Secant



Root-Finding in a Single Variable
Hybrid Techniques: Motivation

• Bisection: always converges, but linear rate.

• Secant: faster (superlinear) but may fail if 
guesses are poor.

• Idea: combine robustness of bisection with 
speed of secant.

• Other advanced hybrids: Brent’s method (guaranteed convergence, often faster).



Root-Finding in a Single Variable
Application: Sphere Tracing
• Uniform sampling is unsafe: coarse steps skip thin features.

• Make  a signed distance function: true distance to the 
surface.

• Then  certifies an empty ball — stepping by it cannot overshoot.

•

• Sphere tracing (Hart 1996): big strides in open space, small ones near 
geometry.

• Needs only , never  itself.

• Grazing rays are the bad case → finish with secant steps once 
bracketed.

f | f(p) | =

| f |

tk+1 = tk + f(o + tkd), stop when  | f | < ε

∥∇f∥ ≤ 1 ∇f



Root-Finding in a Single Variable
Summary
• Many iterative schemes exist, trading off robustness vs. speed.

• Faster convergence means fewer iterations, but often more work per step.
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Multivariable Problems
Background



Multivariable Problems
Newton’s Method in Multiple Dimensions



Multivariable Problems
Application: Inverse Kinematics
• An arm is a chain of links; its state is the joint angles .

• Forward kinematics is a formula. Inverse is a solve: reach this 
point — what angles?

•

• Jacobian column how the hand moves when joint  rotates.

•

• Here  is normal: 3 coordinates, many joints →  wide, 
solution not unique.

• Minimum-norm step  moves the joints least — and 
looks natural.

θ

r(θ) = FK(θ) − p⋆ = 0

i = i

J(θk) Δθ = − r(θk), θk+1 = θk + Δθ

m ≠ n J

−J⊤(JJ⊤)−1r



Multivariable Problems
Newton’s Method in Multiple Dimensions: Convergence



Multivariable Problems
Quasi-Newton and Broyden Methods



Multivariable Problems
Broyden’s Method: Derivation



Multivariable Problems
Broyden’s Method: Remarks



Multivariable Problems
Conditioning of Root-Finding Problems
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