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Motivation
Variational Approach to Numerical Algorithms



Motivation
Unconstrained Optimization Overview



Motivation
Example: Nonlinear Least-Squares



Motivation
Example: Maximum Likelihood Estimation



Motivation
Example: Maximum Likelihood Estimation (cont.)



Motivation
Example: Simulating Elastic Objects
• We discretize a square object by uniformly sampling a grid of  points.

• Internal structure is modeled using springs that connect nearby points.

• Each spring e follows a squared version of Hooke’s law:

N



Motivation
Example: Simulating Elastic Objects (cont.)
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Optimality
Global vs. Local Minima



Optimality
Differential Optimality: First-Order Condition



Optimality
Stationary Points and Second-Order Test

A function with many 
stationary points.



Optimality
Convexity and Global Optimality



Optimality
Quasi-Convexity
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One-Dimensional Strategies
Newton’s Method



One-Dimensional Strategies
Newton’s Method (cont.)



One-Dimensional Strategies
Beyond Newton: Secant and Parabolic Interpolation



One-Dimensional Strategies
Golden Section Search



One-Dimensional Strategies
Golden Section Search (cont.)

•  In each iteration, pick 2 points .x0 < x1



One-Dimensional Strategies
Golden Ratio Construction



One-Dimensional Strategies
Golden Section Search Algorithm



One-Dimensional Strategies
Golden Section Search Remarks



One-Dimensional Strategies
Application: Camera Autofocus
• A camera must place one lens so the picture is 

sharp. One variable: lens position .

• Blur destroys fine detail, so measure sharpness by 
squared image gradients over the focus region:

•

p

S(p) = ∑
pixels

∥∇Ip∥2, max
p

S(p)

• No derivative exists:  is only known by physically moving the lens and taking a frame.

• Each evaluation is expensive and visible to the user — so the search must finish in a handful of 
steps.

• This is exactly golden section's setting: bracketed, derivative-free, unimodal, few evaluations.

S



One-Dimensional Strategies
When the Unimodal Assumption Fails
• Golden section is guaranteed only if  is unimodal on  — one 

hill, no others.

• Two subjects at different depths give two peaks. The method still 
converges, just to the wrong one.

• Real cameras hit this constantly:

• point light sources produce false "pseudo-hill" peaks;

• low-contrast scenes flatten the hill until the peak is undetectable.

• This is the hunting you see when your phone racks focus back and 
forth.

• Standard remedy is the one from your Remarks slide: bracket a 
single peak first, then refine.

S [a, b]
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