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Parametric Regression
Overview
• An application from data analysis


• e.g. to understand the structure of the results from a scientific experiment:


• Write the independent variables of a given trial in a vector 

• Think of the dependent variable as a function :  


• Given a few  pairs, predict  for a new  without carrying out the full experiment

x ∈ ℝn

f(x) ℝn → ℝ

(x, f(x)) f(x) x



Parametric Regression
Linear Regression



Parametric Regression
Linear Regression (Matrix Form)



Parametric Regression
Nonlinear Regression



Parametric Regression
Example

The design matrix of 
polynomial regression



Parametric Regression
Example (Cont.)
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Least-Squares
Drawbacks of Interpolation
• Interpolation: the fitted function passes through all data points.


• However, noisy data might be better represented by a simple function:



Least-Squares
Formulation

• When using simpler models: # data points ( ) > # model parameters ( )


• Walk around: find  so that , e.g. using least-squares: 

nb nx

x Ax ≈ b min
x

∥Ax − b∥2

— No solution!

When  is solvable,

the solutions are the same

Ax = b



Least-Squares
Normal Equation
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Tikhonov Regularization
Motivation
• When A is a wide matrix ( ),  may have an infinite number of solutions.


• To choose between the possible solutions, we must make an additional assumption on .


• The particular choice may be application-dependent, a common assumption is  is small:


• For fixed , we introduce an additional term to the minimization problem:

m < n Ax = b

x

∥x∥

α > 0

Tikhonov regularizer The formulation is also called Ridge regression.

• When  increases, finding  with small norm is prioritized moreα x



Tikhonov Regularization
Derivation



Tikhonov Regularization

• Effective for dealing with null spaces and numerical issues


• When  is poorly conditioned, adding it can improve conditioning even if the original system 
was solvable


• Two drawbacks:


• The solution  of the Tikhonov-regularized system no longer satisfies  exactly.


• When  is small, the matrix  is invertible but may be poorly conditioned. 
Increasing  solves this problem at the cost of less accurate solutions to .

A

x Ax = b

α AT A + αIn×n
α Ax = b

Remarks



Tikhonov Regularization
Example
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Image Alignment
Background
• To stitch 2 photos of the same 

scene taken from different angles, 

• the user (or an automatic system) marks  pairs of points  such that  the location 
 in image one corresponds to the location  in image two.

p xk, yk ∈ ℝ2 ∀k
xk yk

• Our goal is to compute the  and  matching these points as closely as possible.A b



Image Alignment
Formulation
• Possible sources of error: 


• locating the corresponding points (input error), 


• slightly nonlinear camera projection of real-world lenses (model/approximation error)


• Thus, we ask that they are matched in a least-squares sense, and formulate:



Image Alignment
Derivation



Image Alignment
Derivation (cont.)



Image Alignment
Remarks
• A general pattern in modeling using least-squares:


• Start by defining a desirable relationship between the unknowns, i.e. .


• Given  data points , design an objective function  measuring the quality of potential 
values for the unknowns  and  by summing up the squared norms of expressions we 
wished to equal :


.


• Differentiating this sum gives a linear system of equations to solve for the best choice. 


• This pattern is a common source of optimization problems that can be solved linearly and 
essentially is a subtle application of the normal equations.

(Ax + b) − y ≈ 0

k (xk, yk) f
A b

0

∑
k

∥Axk + b − yk∥2
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