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Representing Derivative Operators
Key Intuition



Representing Derivative Operators
Linearity



Representing Derivative Operators
Discretization as Linear Systems



Representing Derivative Operators
Finite Differences (1D): Second-Order Derivatives



Representing Derivative Operators
Finite Differences (1D): Visualization of the Laplacian Operator



Representing Derivative Operators
Finite Differences (1D): Boundary Conditions



Representing Derivative Operators
Discrete Laplacian with Different Boundary Conditions
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Representing Derivative Operators
Finite Differences (2D): Laplacian



Representing Derivative Operators
Finite Differences (2D): Solving Poisson’s Equation



Representing Derivative Operators
Finite Differences: Failure of First-Order Discretizations



Representing Derivative Operators
Finite Differences: Failure of First-Order Discretizations

 with odd or even  form smooth solutions, but not together!uk k



Representing Derivative Operators
Finite Differences: Staggered Grids



Representing Derivative Operators
Collocation: Linking Continuous and Discrete Models



Representing Derivative Operators
Collocation: Enforcing the PDE at Sample Points



Representing Derivative Operators
Collocation: Basis Choices and Practical Considerations



Representing Derivative Operators
Finite Elements: Weak Formulation



Representing Derivative Operators
Finite Elements: Integration by Parts

(along with Integration by parts)



Representing Derivative Operators
Finite Elements: Galerkin Approximation

(choosing  to traverse all ’s will be sufficient)v ϕi



Representing Derivative Operators
Finite Elements: Poisson Equation with Forcing



Representing Derivative Operators
Finite Elements: Common Basis Choices



Representing Derivative Operators
Piecewise Linear FEM: Basis Construction

Image source: https://en.wikipedia.org/wiki/Triangular_function

https://en.wikipedia.org/wiki/Triangular_function


Representing Derivative Operators
Piecewise Linear FEM: Mass and Stiffness Matrices



Representing Derivative Operators
Piecewise Linear FEM: Final Discretized System

(1st row: , last row: )a0 = c ak = d



Representing Derivative Operators
Piecewise Linear FEM: Visualization of Solution



Representing Derivative Operators
Finite Volumes: Core Idea



Representing Derivative Operators
Finite Volumes: Divergence Theorem



Representing Derivative Operators
Finite Volumes: Applying to Poisson’s Equation



Representing Derivative Operators
Finite Volumes: Discretizing the Domain



Representing Derivative Operators
Finite Volumes: Practical Choices



Representing Derivative Operators
Summary

Approximation Enforcement of PDE

Finite Differences Derivatives

(w/ divided differences) Sample points

Collocation The function

(w/ basis functions) Sample points

Finite Elements The function

(w/ basis functions)

On average over test 
functions

Finite Volumes The function

(w/ basis functions) On average over cells



Representing Derivative Operators
Examples of Other PDE Discretization Methods
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Solving Parabolic and Hyperbolic Equations
Time as a Variable



Solving Parabolic and Hyperbolic Equations
Heat Equation Example



Solving Parabolic and Hyperbolic Equations
Implicit Time Stepping



Solving Parabolic and Hyperbolic Equations
Eigendecomposition Viewpoint
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Numerical Considerations
Consistency, Convergence, Stability



Numerical Considerations
Convergence in Various Methods



Numerical Considerations
Linear Solvers for PDE: Structure of Discrete Systems
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