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Nonlinear Least-Squares
Formulation



Nonlinear Least-Squares
Gauss–Newton: Linearization and Quadratic Model



Nonlinear Least-Squares
Levenberg–Marquardt (LM): Trust-Region View



Nonlinear Least-Squares
LM: Tikhonov View and Practical Update
• LM assumes the constraint is active, and starts the iterative process with a user specified :λ > 0



Nonlinear Least-Squares
GN and LM Remarks
• Both are methods that computes search directions, can be used with line search.


• Can be applied to general nonlinear optimization problems: e.g.


• , with , 

• Gradient: 

• Hessian: 

• GN approximation: , assuming  is linear


• LM approximation: .
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Iteratively Reweighted Least-Squares
Formulation



Iteratively Reweighted Least-Squares
Example: L1 Optimization



Iteratively Reweighted Least-Squares
Example: L1 Regularization

•

• L2-regularization conceptually restricts  to a ball.


• L1-regularization restricts to the L1 “ball”: – Solutions tend to be at corners where  are zero.

min
x

∥Ax − b∥p
p + λ∥x∥1

x

xi

Image source: https://www.cs.ubc.ca/~schmidtm/Courses/340-F16/L22.pdf

https://www.cs.ubc.ca/~schmidtm/Courses/340-F16/L22.pdf


Iteratively Reweighted Least-Squares
Example: Weiszfeld Algorithm (Geometric Median)



Iteratively Reweighted Least-Squares
Properties and Remarks
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Coordinate Descent and Alternation
Formulation



Coordinate Descent and Alternation
When to Use Alternating Optimization



Coordinate Descent and Alternation
Example: Coordinate Descent



Coordinate Descent and Alternation
Example: Alternation in K-Means Clustering



Coordinate Descent and Alternation
Example: Alternation in K-Means Clustering (cont.)
• K-Means++: spreading out the   initial cluster centers to improve results.


• K-Means++ initialization algorithm:


1. Choose one center uniformly at random among the data points.


2. For each data point   not chosen yet, compute , the distance between   and its nearest 
center that has already been chosen.


3. Choose one new data point at random as a new center, using a weighted probability 
distribution where a point   is chosen with probability proportional to .


4. Repeat Steps 2 and 3 until   centers have been chosen.


5. Proceed using standard k-means clustering.
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Coordinate Descent and Alternation
Augmented Lagrangians and ADMM

When applied to :min
x,y

xy s.t. x + y = 1



Coordinate Descent and Alternation
Lagrange Multipliers and the Augmented Lagrangian



Coordinate Descent and Alternation
ADMM: Alternating Direction Method of Multipliers



Coordinate Descent and Alternation
Example: ADMM for Nonnegative Least Squares



Coordinate Descent and Alternation
Example: ADMM for Geometric Median
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