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Iterative Linear Solver
Motivation: Iterative Methods for Linear Systems



Iterative Linear Solver
When to Use Iterative Methods
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Gradient Descent
Problem Setup



Gradient Descent
The Algorithm



Gradient Descent
Optimal Step Size



Gradient Descent
Convergence Analysis



Gradient Descent
Convergence Analysis: Derivation of Rk

(The magnitude of  does not matter  

 here, and .)

dk
max
∥d∥=1

dT Ad = σmax



Gradient Descent
Conditioning and Convergence Speed
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Conjugate Gradients
Motivation



Conjugate Gradients
Energy Interpretation



Conjugate Gradients
-NormA



Conjugate Gradients
Orthogonality and Conjugacy



Conjugate Gradients
Orthogonality and Conjugacy (cont.)

• If we express the solution  using the A-conjugate vectors: , then an algorithm 

computing an  in each iteration  can solve the problem exactly in  iterations.


• For any , left-multiply  to , we see , which 

gives .


• Thus, given the set of A-conjugate vectors , such solver is straightforward to build.
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Conjugate Gradients
Gradient Descent vs Conjugate Gradients



Conjugate Gradients
Generating A-Conjugate Directions



Conjugate Gradients
Improved Construction via Residuals



Conjugate Gradients
The Algorithm

• Simplified residual-based iteration:

• Simplified Coefficients & Numerical Form:



Conjugate Gradients
Convergence and Stopping Conditions
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Preconditioning
Motivation



Preconditioning
Conjugate Gradients with Preconditioning



Preconditioning
Preconditioned CG Iteration

• Equivalent form (avoiding explicit  
factorization):

E
• Using substitutions: 

, the 
iteration can be rewritten purely in terms of  
and :

r̃k = Erk, ṽk = E−⊤vk, xk = E−⊤yk
A

P = E−⊤E−1



Preconditioning
Convergence and Interpretation



Preconditioning
 Common Preconditioners
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Other Iterative Algorithms
Overview



Other Iterative Algorithms
Splitting Methods



Other Iterative Algorithms
CG on Normal Equations



Other Iterative Algorithms
MINRES, SYMMLQ, and LSQR/LSMR



Other Iterative Algorithms
Generalized Krylov Subspace Methods



Other Iterative Algorithms
Non-Quadratic Optimization Extensions



Other Iterative Algorithms
Practical Remarks and Rule of Thumb



Table of Content

• Gradient Descent


• Conjugate Gradients


• Preconditioning


• Other Iterative Algorithms


