Final Review
15-369/669/769: Numerical Computing

Instructor: Minchen Li



Final Exam

® Time: 80 min, in-class on Wednesday, Dec 3
® 5 questions in total (a highly relevant practice exam with answers is provided on Piazza)
¢ 1 double-sided letter-size cheat sheet allowed (can be printed)

e Calculator allowed

® Assignment answers are all released on Piazza.



11. Unconstrained Optimization II

Newton’s Method and Extensions

e Newton’s method minimizes a twice—differentiable f : R” — R using the local quadratic
model

mi(p) = f(x) + V() p+5p" V2 (xi) p.

The Newton step solves V2f (x,)px = —Vf(xx) and we set x, 11 = Xx + p-

e Local behavior: if Vf(x*) is positive definite and xg is close to x*, then Newton’s method
converges gquadratically: ||xi+1 — x*|| < C||xx — x*||?.

e Damped / line-search Newton: use step xx11 = xx + axpx where a is chosen by
backtracking to guarantee sufficient decrease and global convergence.

e Trust-region viewpoint: instead of a line search, approximately solve
min, mi(p) s.t. ||p|| < A using the penalty method; adjust penalty stiffness based on the ratio
between A, and || p||.



11. Unconstrained Optimization II
Quasi-Newton Methods (BFGS and L-BFGS)

e Motivation: Exact Hessians are expensive or unavailable. Quasi-Newton methods maintain
an approximation By ~ V?f(x,) or its inverse Hj ~ B, L

e For a step s = xx11 — X, and gradient change y, = Vf(x,11) — VFf(xk), the secant equation
Bi11sk = yk enforces local curvature information. We also require symmetry and positive
definiteness.

T T T
e BFGS update (for Hy) is Hi4 1 = (I 2k )Hk(l Yk ) - k% which preserves symmetry

v sk v sk
and positive definiteness when y,” s, > 0.

e L-BFGS stores only a limited number of {(s;, y;) } pairs and applies Hy implicitly via a
two-loop recursion, making it suitable for large-scale problems.



11. Unconstrained Optimization II

Practical Considerations
e Stopping criteria use gradient norm and step size:

IVExi) | < €gradr  [1xk+1 — Xkl < €stepr [Fxkt1) — Fxk)| < &5

e Line search conditions (e.g. Wolfe) ensure sufficient decrease and curvature change:

f(xk +apk) < f(xk) + aaVi(x) pe,  VExk+ape)’ pe > 2aVF(xe) " pr.

e Ill-conditioning: badly scaled variables lead to nearly singular Hessians; preconditioning or
variable scaling (e.g. z = D~ 'x) improves performance.

e Globalization strategies: combining quasi-Newton directions with line search or trust
regions produces globally convergent algorithms widely used in scientific computing and
machine learning.



12. Constrained Optimization
Equality Constraints and KKT Conditions

e Consider minycrn f(x) s.t. gi(x)=0,i=1,..., m. Define the Lagrangian
L(x,A) = f(x) + L1 Aigi(x).

e First-order optimality (KKT) conditions for a local solution (x*, A*):
ViL(x*,A*) =0, g(x*)=0i=1,..., m.
If {Vg;(x*)} are linearly independent and f is convex, these conditions are sufficient.

e In the quadratic approximation near a feasible point, we solve the KKT linear system

V2. L(xk, Ak) Jg(x)T (Ax) _ (Vxﬁ(xk, /\k))
Jg (xx) 0 AA g (x«) |
e Sequential quadratic programming (SQP) repeatedly solves such quadratic subproblems to
approximate nonlinear constrained problems.



12. Constrained Optimization

Inequality Constraints and Complementarity

e For problems minf(x) s.t. gi(x) <0, i=1,..., m, hj(x) = 0, the KKT conditions

introduce multipliers A; > 0 for inequalities.

o KKT system:
VF(x*)+) AiVgi(x*)+ ) uiVhj(x*) =0,
/ J
with feasibility g;(x*) < 0, h;(x*) = 0.

e Complementary slackness:
/\fg,-(x*) =0 Vi;

active constraints have g;(x*) = 0 and possibly A* > 0, inactive constraints have A* = 0.

e Second-order sufficient conditions involve positive definiteness of the projected Hessian of L
on the tangent space of active constraints.



12. Constrained Optimization

Algorithms for Constrained Optimization

e Projected gradient for simple constraint sets C: xx 1 = Pc(xx — ax Vf(xx)), where P is the
Euclidean projection onto C (e.g. box constraints or affine subspaces).

e Penalty and barrier methods convert constraints to unconstrained problems, e.g. quadratic
penalty min, f(x) + 5lg+(x)||?, or miny f(x) — u ¥_; log(—gi(x)) for inequalities g;(x) < 0.

e Augmented Lagrangian method keeps estimates of multipliers and adds a penalty:
Lo(x,A) = f(x) + AT g(x) + 5l ()%
alternating between minimizing in x and updating A.

e Many large-scale algorithms (e.g. interior point, ADMM) combine these principles to handle
high-dimensional constrained problems efficiently.



13. Iterative Linear Solvers
Stationary Iterative Methods

e Goal: solve a linear system Ax = b with large, sparse A. Instead of direct factorization, use an
iteration x(k*1) = M~1(Nx(k) 4 b), where A = M — N is a chosen splitting.

e Error propagation: with e(k) = x(k) — x* we obtain e(k*1) = M~1Nelk) = Gelk), convergence
requires spectral radius p(G) < 1.

e Jacobi method: M = diag(A), N = M — A updates each coordinate independently; often slow
but highly parallel.

e Gauss—-Seidel/SOR: use M as the lower (or lower plus diagonal) of A, producing faster
convergence; successive over-relaxation uses an extra parameter w to accelerate:

xKD) = (D + wl) 1 [(1 - w)D — wU] x*¥) + w(D + wL) L.



13. Iterative Linear Solvers

Gradient Descent and Conjugate Gradient

e For symmetric positive definite (SPD) A, solving Ax = b is equivalent to minimizing the
quadratic ¢(x) = %xTAx — b" x. Gradient descent iterates x, 1 = x;, — &) r, with residual
re — AXk — b.

I’/Z-rk

5
r, Arg

e Optimal step size for gradient descent: a}; = , yielding steepest descent in the A-norm;

convergence rate depends on the condition number «(A).

e Conjugate Gradient (CG) builds A-conjugate directions py satisfying p; Ap; = 0 for i # j and
solves SPD systems in at most n steps (exact arithmetic).



13. Iterative Linear Solvers
Preconditioning and Krylov Methods

e Krylov subspace generated by A and ry: K, (A, rg) = span{rg, Arg, ..., Ak 1rp}.
Many modern solvers (CG, GMRES, MINRES) produce iterates in this subspace.

e Preconditioning replaces Ax = b with
M 1Ax=M"1p or M Y2AM 12y = M~ 1Y2p, x = M~1/2y,
where M approximates A but is easier to invert; this improves conditioning and convergence.

¢ GMRES for nonsymmetric A minimizes ||b — Axk||2 over x, € xp + K« (A, rg) using Arnoldi
orthogonalization; uses restart to control memory.

e Choice of solver and preconditioner depends on properties of A (SPD vs. nonsymmetric,
positive definiteness, sparsity pattern) and accuracy requirements.



14. Specialized Optimization Methods I
Nonlinear Least Squares and Gauss—Newton

e Nonlinear least squares solves: min, F(x) = 3||r(x)||3, r:R"” — R™. The gradient and
Hessian are VF(x) = J(x) " r(x) and V?F(x) = J(x) T J(x) + £, ri(x)V?ri(x), where J is
the Jacobian.

e Gauss-Newton method approximates the Hessian by J' J and solves
J(xi) " I (xi)pe = — I (xi) T r(xx)
for the step py, then updates x,11 = xx + px (possibly with line search).

e This is equivalent to solving a linear least-squares problem that locally linearizes the residual:
r(xx + p) =~ r(xg) + J(xx)p.

e Works well when residuals are small near the solution; Levenberg—-Marquardt adds damping
(J7J+ Al) to improve robustness.



14. Specialized Optimization Methods I

L-p Regression and Iteratively Reweighted Least Squares (IRLS)

o (P regression: E,(x) = ||[Ax — b||h = =™, |a; x — b;|P.

e IRLS idea
e Write E,(x) = ¥ ; w;(x) |gj(x)|? with residuals g;(x) and weights w;(x).

e Atiteration k: fix weights w;(xx) and solve weighted LS.

e Choice of weights for /P
gi(x) =a;i x = bj, wj(x) = |aj x—b;|P~%.

o /! (robust) case 1
wi(Xk) = T , 0>0.
max(|a; xx — bj|,d)




14. Specialized Optimization Methods I

Alternating Minimization, Coordinate Descent, ADMM

e Alternating minimization
o For f(x,y): xkr1 = argming f(x,yx), Yik+1 = argminy f(xx11,y).

e Each subproblem smaller; converges to a local minimum.

e Coordinate descent (example: LS)

e Minimize ||Ax — b||5 by updating one x; at a time.
e Each update solves a 1D quadratic in x;.

e ADMM
e Problem: miny , f(x) + h(z) st. Ax+ Bz =c.

o Alternate: x <— argmin, L,(x, z, A), z < argmin, Ly(x,z, A), then update dual A.



15. Specialized Optimization Methods II

Proximal Operators and Proximal-Gradient Methods

e Proximal operator of f: proxc(v) := arg miny (f(x) -5 |x — V”%) c > 0.

e Trades off minimizing f(x) and staying close to v.

e Connection to gradient descent
e Linearize f near v: f(x) =~ f(v) + Vf(v)' (x — v).

¢ Minimizing linearization + quadratic gives approximately proxs(v) =~ v — c Vf(v).

e Proximal gradient method for f(x) + g(x)
e f smooth, g (possibly non-smooth but prox-friendly).

e Iteration: Xk4+1 = ProXeg (Xk — C Vf(Xk))

e Typical use: smooth loss + regularizer (e.g. £*).



15. Specialized Optimization Methods II

Global Optimization: Smoothing and Randomization

e Graduated optimization

e Minimize a sequence fi, ..., fx with fi = f.

e Early f; are smoother / easier; solutions warm-start the next stage.

e Homotopy / continuation
o Construct H(x, s) with H(x,0) = feasy(x), H(x,1) = frarget(X).

e Slowly increase s and track minimizers of H(-, s).

e Particle Swarm Optimization (PSO)

e Maintain particles with positions and velocities.
e Each particle moves using its best position and the global best.

e Heuristic global search, no gradients required.



15. Specialized Optimization Methods II

Online Optimization

e Online convex setting
e Ateach time t: x; € U chosen, then f; : U — R revealed, loss f;(x;).

e Loss functions f; may change over time.

® Regret: RT .— MaXycy ZtT:]_(ft(Xt) — ft(U))

e Compare to best fixed decision v in hindsight.

o Goal: RT/T — 0.

e Follow-the-Leader (FTL): x;,1 = arg min,cy Y_-_; fs(x), Purely best fit to past losses; can be
unstable.

e Follow-the-Regularized-Leader (FTRL): x; 1 = arg min,cy (R(x) + ¥ . fs(x)), R(x) is a
strongly convex regularizer. Regularization stabilizes decisions and yields low regret.



16. Interpolation

Interpolation in a Single Variable

e Goal and setup: Given samples (x;, y;) with y; = f(x;), construct f with f(x;) = y;,
i =1,..., k. Represent as linear combination of basis functions: f(x) = ZJ’-‘ZI ajPi(x).

e Polynomial bases
e Monomial: {1, x, ... xk _1} = Vandermonde system (often ill-conditioned).

e Lagrange basis: ¢;(x) = [;.; ;:’;fj f(x) =Yy di(x).

e Newton basis: ¥1(x) =1, ¢;(x) = Hj’:;i (x — x;), giving a lower-triangular system for coefficients
(more stable, easy to update).

e Piecewise polynomial interpolation
e Divide domain into intervals [x;, x;+1] and fit low-degree polynomials locally.

e Leads to local, more stable interpolation than one global high-degree polynomial.



16. Interpolation

Local Bases and Multivariable Interpolation

e Compact support and local bases

e A function g has compact support if 3C s.t. g(x) = 0 for all |x| > C.

e Using compactly supported basis functions ¢; gives interpolation that depends mainly on nearby
data (splines, finite elements).

~

o Nearest-neighbor methods: For x € R”, choose index i* = argmin; || x — xj||2, f(x) = yi.

e Gives a piecewise-constant interpolant using Voronoi cells.

e k-nearest neighbors: average over several nearest points with distance weights.

e Barycentric interpolation: For n+1 points (x;, y;) whose x; form a simplex, any x in the convex hull can
be written x = Y7 a;x;, Yja; = 1. Define f(x) = Y a;y;.

e Piecewise barycentric interpolation over a triangulation is affine on each cell and continuous.

e Grid-based schemes: Regular grids in 2D /3D allow bilinear, trilinear, etc. interpolation, widely used in
imaging and graphics.



16. Interpolation

Theory: Orthogonal Bases and Error Estimates
e Function spaces and inner products

e Example inner producton [—1,1]: (f, g) = f_ll f(x)g(x) dx.
e Orthogonal polynomial bases (e.g. Legendre P;) simplify least-squares approximation of f.

e Chebyshev polynomials and nodes

e Chebyshev polynomials T; are orthogonal with weight (1 — x?)~1/2,

e Chebyshev interpolation points on [—1, 1]: x; = cos(zé—zln) j=1,... k.

e These points reduce oscillations and yield better-conditioned polynomial interpolation than equally
spaced points.

e Approximation error (examples): If f € C? and f is piecewise linear on a mesh of size h,
|f — f]loo = O(h?) with constants depending on max |f”|. For degree-k piecewise polynomials and
f € Ck*1, the error scales like O(h**1).



17. Integration and Differentiation

Numerical Integration (Quadrature)

e Goal: [ ab f(x)dx = Q[f] =Y, w;f(x;), where x; are sample points, w; are weights (a quadrature rule).

e Interpolator-based view: Approximate f(x) =~ }_; a;¢;(x) (e.g. polynomial basis).
Integrate term-wise: integral becomes a weighted sum of coefficients.

e Newton—-Cotes rules (1D)

b b
¢ Midpoint: / f(x)dx =~ (b— a) f(aszb), Trapezoid: / f(x) dx ~ 252 [f(a) + f(b)].

e Simpson: use a quadratic interpolant through a, %b, b.

e Composite rules and accuracy: Apply a low-order rule on many subintervals of width Ax.

e Global errors: midpoint / trapezoid = O(Ax?), Simpson = O(Ax*).

e Gaussian quadrature: Choose both x; and w; to make the rule exact for polynomials up to degree 2n — 1
(with n nodes).



17. Integration and Differentiation
More Quadrature: Adaptive, High-Dimensional, Monte Carlo

e Adaptive quadrature: Concentrates samples where needed.

e On each subinterval, estimate the integral using two rules (e.g. midpoint vs. trapezoid).

o If estimates differ by more than a tolerance, subdivide; otherwise accept.

e Multiple integrals

e For f: () C R" — R, direct grid-based quadrature suffers from the curse of dimensionality (sample
count grows exponentially in n).

e Strategy: iterated integrals (apply 1D rules repeatedly), or more advanced sparse-grid
constructions.

e Monte Carlo integration: Draw k random samples x; ~ Uniform(Q). [ f(x) dx ~ |—§3| YL F(x).

e Convergence rate O(k~1/2), independent of dimension.

e Very useful in high dimensions (graphics, probability, physics).



17. Integration and Differentiation

Numerical Differentiation and Structure Preservation

x—l—h) f(x )

e Finite difference derivatives. Forward difference: f/(x) =
f

Centered difference (higher accuracy): f'(x) = f(x+h)2 - (x=h) (error O(h?)).

e Richardson extrapolation: Combine approximations with steps, e.g., h and h/2, to cancel leading
truncation error. Yields a more accurate derivative estimate without shrinking h too much.

e Choosing step size: Large h: truncation error dominates; very small h: round-off error dominates.
Practical h balances these two sources of error.

e Numerical vs. automatic differentiation

e Numerical: uses finite differences, needs only function evaluations.

e Automatic differentiation: applies chain rule to the computation; gives derivatives accurate to
machine precision.

e Structure-preserving discretization: Discretize derivatives and integrals so that key properties (e.g.
conservation, curvature behavior) are preserved at the discrete level.



18. Ordinary Ditferential Equations
Motivation and Basic Theory

o Initial value problem (IVP): () (¢) = F (¢,
Commonly reduced to first order: y'(t) = F

f(t),...,fk=D(¢)), fU)(0) given.
(t

e Examples

e Physics: Newton’s law, mx” (t) = F(x, t).

e Neural ODEs: x'(t) = NN(6, t, x(t)).

e Reduction to first order: For order k: set state (fy, ..., fi_1) = (F, f, ..., fk=1)).

d
Gives system E(fo’ oo fe) =),

e Model equation and stability: Linearized model: y'(t) = ay(t) = y(t) = Ce?®. a < 0: stable decay;
a > 0: unstable growth. Vector case y’ = Ay: stability from eigenvalues A, with Re A, < 0.

e Existence/uniqueness: Well-posed IVP required before discretization; otherwise no (or many) solutions.



18. Ordinary Ditferential Equations

Time-Stepping Schemes

e Goal: Given yy = y(tx), step with size hto yx11 = y(tx + h).
Trade-off between accuracy (order in h) and stability.

e Forward Euler (explicit): y,.1 = yx + h F(t, yi). First-order accurate; for model y’ = ay:
Yk+1 = (1 + ah)yy, stable only if |1 4 ah| < 1 (small h for stiff a < 0).

e Backward Euler (implicit): y, 1 = yx + h F(tk11, yk+1) (solve nonlinear or linear system each step).
A-stable; well suited to stiff problems.

o Trapezoidal method: y, .1 = yx + g(F(tk,yk) + F(tk+1, Yk+1))-
Second-order, A-stable, but can give oscillations on very stiff systems.

e Runge-Kutta and exponential integrators

e Heun / RK4: higher-order explicit schemes using multiple F evaluations.

e Exponential integrators: treat y’ = Ay + g(t, y) using e”" to handle stiff linear parts.



18. Ordinary Ditferential Equations

Multivalue Methods and Practical Choices

e Multivalue idea: Use several past values (e.g. yx_1, yx) to advance the solution.
Natural for second-order systems x” = a(x, v, t) from mechanics.

e Newmark family: Update positions/velocities with parameters B, 7.
Different choices give explicit/implicit variants with different stability and damping.

o Leapfrog/ Verlet: Staggered grid: positions at t,, velocities at t; 1 /5.
Second-order, time-reversible, good long-time energy behavior.

e Choosing an integrator

e Non-stiff problems: explicit RK methods (e.g. RK4) often efficient.
e Stiff or highly damped systems: implicit (backward Euler, trapezoidal, some Newmark).

e Structure (e.g. Hamiltonian) suggests symplectic / energy-preserving schemes like leapfrog.



19. Partial Differential Equations I

Motivation and Basic Operators

e What is a PDE? Relates an unknown u(x) of several variables to its partial derivatives.
Used in fluids, electromagnetism, imaging, geometry, etc.

o Key differential operators (on R3)

Vi = fxz 1 V-v = V1,xq -+ V2, x5 + V3,x37 V2f — fX1X1 T fX2X2 T fX3X3-

e Divergence: local volume change of a vector field.

e Curl: local rotation; Laplacian: deviation from local average.

e Physical examples. Navier—Stokes (incompressible fluid):




19. Partial Differential Equations I

Structure of PDEs and Boundary Conditions

e Algebraic properties
e Homogeneous: written as linear combination of v and derivatives = 0.

e Linear: linear in v and its derivatives (RHS may be nonzero).
o Quasi-linear: linear only in highest-order derivatives.

o Constant-coefficient: coefficients do not depend on x or v.

e Boundary conditions on domain ()
e Dirichlet: prescribe u(x) on 0Q). Neumann: prescribe normal derivative du/dn on 9Q).

e Robin: linear combination (e.g. au + Bdu/dn).

e Consistency of boundary data (1D example)
e PDE uy = 0 on [a, b] has general solution u(t) = at + B.

e Dirichlet at both ends fixes both &, B (unique solution). Neumann at both ends fixes « only;
remains free (non-unique). Incompatible Neumann (different slopes) = no solution.



19. Partial Differential Equations I
Model Second-Order PDEs and Classification

e General linear, constant-coefficient, homogeneous second-order PDE

Fcu =0,

0% u ou
;j;alj aX,'an | ;bl aX,'

with symmetric matrix A = (a;;) (second-order terms).

e Classification by A
e Elliptic: A positive/negative definite. Example: Laplace equation V2u = 0. Static equilibrium;
interior values controlled by boundary data.

e Parabolic: A positive semidefinite with nontrivial nullspace. Example: heat equation u; = aV2u.
Diffusive smoothing; solutions converge to steady state.

e Huyperbolic: A has eigenvalues of mixed sign. Example: wave equation u;; = c?V?u. Wave
propagation with finite speed.



20. Partial Differential Equations II

Representing Derivative Operators

e Derivatives as linear operators: Act on functions like sparse matrices act on vectors.
After discretization, PDE Mu = w is a linear system.

e Finite differences (FD)

e 1D second derivative: u” (xy) =~ ”k+1_2h‘§k+“"‘1, stencil (1, —2,1).

e 2D Laplacian: 5-point stencil with center —4 and four neighbors +-1.

e Boundary conditions in FD

e Dirichlet, Neumann, periodic = different first/last rows of the Laplacian matrix.

e First-order FD issues

e Forward / backward differences cause asymmetry and “fencepost” artifacts.

e Staggered grids (derivatives at half points) improve stability and symmetry.



20. Partial Differential Equations II

Collocation, Finite Elements, and Finite Volumes

k
=1

V2u(x;) = w(x;). Flexible point placement; behavior between points is not explicitly controlled.

e Collocation: Approximate u(x) ~ aj¢;(x). Enforce PDE at chosen sample points x;: e.g.

e Finite elements (FEM). Enforce PDE in weak form using test functions v:

(v, V2u) :/

vV2udx = —/ Vv - -Vudx.
() ()

e With basis {¢;} and Galerkin choice v = ¢;: linear system Ka = Mb (stiffness and mass matrices).

e Common bases: piecewise-linear “hat” functions, spectral (sines/cosines).

e Finite volumes (FV): Integrate PDE over each cell and apply divergence theorem to convert volume
integrals of V- into fluxes across faces. Naturally conservative (flux in = flux out), widely used in fluid
and conservation laws.



20. Partial Differential Equations II

Time-Dependent PDEs and Numerical Considerations

e Space-time discretization. Treat time like another dimension: spatial operator = matrix L, then apply
ODE time-stepping to us = Lu (heat) or vyt = Lu (wave).
Implicit schemes (e.g. backward Euler) require solving linear systems but allow larger time steps for
parabolic problems.

e Eigendecomposition viewpoint: For u; = Lu with L = QAQ ™!, each eigenmode evolves as et and the
time integrator must damp modes with ReA < 0.

e Consistency, stability, convergence

e Consistency: discrete operator approximates the continuous one as h, At — 0.
e Stability: numerical solution does not grow uncontrollably from small perturbations.

e For well-posed linear problems, consistent + stable schemes = convergence.

e Linear solvers for PDE systems: Discretizations yield large sparse systems (often symmetric / positive
definite). Use iterative methods (CG, multigrid, preconditioners) that exploit this structure.



