FiNnAL ExAaM REVIEW

10-701: INTRODUCTION TO MACHINE LEARNING
Spring 2026

1 Fairness

1. Consider the following results for a dataset with a protected attribute A with three dif-
ferent groups A, B, and C'. Each group has exactly 200 observations in the dataset.

Group A:
Predicted label
+1 -1
+1 | 50 30
True label =] 50 100
Group B:
Predicted label
+1 -1
+1 | 60 36
True label =] o 30
Group C:
Predicted label
+1 -1
+1 | 40 24
True label T 16 90

(a) (2 points) Does this model satisfy the fairness criteria separation? Support your
argument with calculations of FPR and FNR for each group.

_ 20 _ 20 30 30
* FPRy = 20,100 = 214207 FNRA = 55535 *380
_ o4 _ 36 36
* FPRp = 55745 = 1017FNRB 60+36 % 24
16 16 _
* FPRc = 157135 = 136 — 13() FNRc = g575; =

Although FNRy, = FPRg = FPR:, we see that FPH4 # FPRp # FPRc. As such, h(X, A) L AlY.
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2 Unsupervised Learning

2.1 Clustering

1. For each of the True or False questions below, select the correct answer and briefly
justify your selection in 1-2 concise sentences.

(a) For a fixed dataset and k, the k-means algorithm will always produce the same
result if the initial centers are the same.

O True
O False

True: the k-means algorithm is deterministic.

(b) The k-means algorithm will always converge to the globally optimal solution.
O True
O False

False: this depends on the initialization. Poor initializations can lead to local
minima.

(¢) In the k-means algorithm, the objective function’s value can increase, decrease or
stay the same after each iteration.

O True
O False
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False: the objective function’s value can never increase from one iteration to the
next.

2. Short answer: In the setting of expectation-maximization for Gaussian mixture mod-
els, define the marginal log-likelihood (either in words or mathematically) and describe
why we optimize the marginal log-likelihood instead of the complete log-likelihood of
the dataset.

The marginal log-likelihood is the probability of the data points (the x()’s) given the
parameters under the modelling assumptions of a Gaussian mixture model. The reason
why we optimize the marginal log-likelihood instead of the complete log-likelihood is
that complete log-likelihood requires observing the latent cluster assignments, which
are unknown and must be inferred from the data.
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2.2 Dimensionality Reduction

1. Drawing: Consider the following two datasets. On the figures below, draw arrows
from the mean of the data to denote the direction and relative magnitudes of the
principal components.
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2. Given a dataset D consisting of N data points and D features, suppose you use PCA
to project the dataset down to d < D dimensions: let E be the squared reconstruction
error of this projection.

(a) Select one: Now suppose that you add an extra data point to D so that D’
consists of N + 1 data points and D features. You once again use PCA to project
D’ to d < D dimensions: let £’ be the squared reconstruction error of this new
projection. How do E and E’ relate to one another?

OE<VF
OE<EFE
OE=F
OE>FE
OE>F
B

(b) Select one: Now suppose that you use PCA to project the original dataset D
down to (d + 1) < D dimensions instead of d dimensions: let £’ be the squared
reconstruction error of this new projection. How do E and E’ relate to one
another?

OE<F
OE<E
OE=F
OE>E
OFE>F
D

3. Select all that apply: Recall from lecture that autoencoders are trained by minimiz-
ing the reconstruction error between the inputs x and the corresponding outputs x’.
Given a dataset, D = {xW}¥, which of the following are rational alternative objective
functions for training autoencoders with backpropagation?

O & 2 =13
O & 2 Ix ==,
0 max [|x@ —x|3

N i N i
O % Zi:l HX( V— % Zi:l x! )/Hg
O None of the above.
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C; B is not differentiable and thus, not a viable candidate for optimization via back-
propagation. A and D are fundamentally different from the reconstruction error and
will drive the autoencoder to learn meaningless representations. Note that C is a com-
putationally expensive objective to optimize but is (potentially) feasible given the size
of the dataset.
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3 Reinforcement Learning

1. Formulate the task of deciding how long to study for each of our two 10-701 exams
this semester as a single reinforcement learning problem. Specifically, briefly describe
in words the following components:

(a) Short Answer: The state space S.

(b) Short Answer: The action space A; make sure to specify what actions can be
taken in any given state.

(¢) Short Answer: The reward function or distribution.

(d) Short Answer: The transition function or distribution.

This is a very open-ended question and we should be generous when grading. For all
parts there are multiple valid answers but most should involve a temporal state space
and correspondingly, a deterministic transition function. The action space should also
be varying study times (note that crucially in this question, we're only asking about
how long to study for, not how to study). The big differences should be in how granular
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they choose to define their state and action spaces, e.g., two states, before exam 1 and
after exam 1 but before exam 2 vs. weeks or days before each exam; action spaces
could reasonably be discrete (e.g., hours of study) or continuous. Rewards should
probably be somehow related to the exam grades, stochastic and unknown a priori.
Transition functions are probably the most rigid component of this question: given the
temporal nature of the state space, for most valid formulations, the transitions should
be deterministic and known, simply going from one time-step to the next.
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2. Select one: Which algorithm is most appropriate for solving the problem you defined
above? Briefly justify your answer in 2-3 concise sentences.

(O Value iteration
(O Policy iteration

(O Q-learning
(O Deep Q-learning

Again this could vary based on their answer to the previous part but most reasonable
formulations will likely use either Q-learning or deep Q-learning as the reward function
should be unknown; the choice between Q-learning and deep Q-learning will depend on
if they chose to discretize their action space or not. If they formulated their problem
to have a known reward (strange but potentially justifiable), then the choice between
value and policy iteration could reasonably boil down to how large their state space is:
most formulations will have small state spaces so one should prefer policy iteration as
the additional overhead of solving the Bellman equations (O(|S]?)) will be negligible.

3. Math: In class we taught 7(s) as the action taken in state s under deterministic
policy . Now we consider the case of a stochastic policy 7, such that 7(a | s) is the
probability of taking action a in state s under stochastic policy 7. If the current state
is s;, write the expectation of ry in terms of w(a | s) and p(s,r | s,a), the probability
of transitioning to state s’ with reward r, from state s and action a.

E[Ri1 | 8] = ZW(G | st) ZTP(«S‘/»T | s,a)

4. Select all that apply: Which of the following are necessary conditions for Q-learning
to converge to the optimal Q values?

[] For every state, every valid action is taken at least once.
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[J The discount factor is strictly between 0 and 1.
(1 All rewards and all initial QQ values are finite.
[J The learning rate is constant.

[J None of the above.

A and C: A is necessary but not sufficient, B is sufficient but not necessary, C is
necessary and sufficient, D is neither necessary nor sufficient.
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4

Learning Theory

. Fill in the Blanks: Complete the following sentence by circling one option in each

square:

In order to prove that the VC-dimension of a hypothesis set H is D, you must show

that H | can / cannot | shatter |any set / some set / multiple sets| of D data points

and | can / cannot |shatter |any set / some set / multiple sets| of D + 1 data points.

In order to prove that the VC-dimension of a hypothesis set H is D, you must show
that H can shatter some set of D data points and cannot shatter any set of D + 1
data points.

. Math: For an arbitrary finite hypothesis set H, provide an upper bound on the VC-

dimension of H in terms of |H]|.

[ogy |H|1: if dye(H) = D then 2P < |H| so D < [log, |H]].

. Let X =R? and Y = {+1,—1}. Let

H={hg a | a1,a0 € R2, Ray.ap (21, 22) = +1 iff 21 < ay and zy < as},

be the hypothesis class corresponding to positive “quarter planes” in R2.

(a) Math: Show that the VC dimension of H is at least 2.

Consider the set of points S = {x = (0,1),y = (1,0)}. The set of classifiers
hoo, 1,0, ho 1, hi1 label the points x,y as —1,—1; 1,—1; —1,1; 1,1 respectively.
Thus H shatters S and the VC dimension is at least 2. A pictorial solution is also
acceptable.
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(b) Math: Show that the VC dimension of H is at most 2.

Every set of size 3 cannot be shattered by H. Consider any three points x =
(1, 22),y = (y1,%2),2 = (21,22) € R?. Without loss of generality assume that
r1 <y orzy < 2z, as well as x9 < yo or x9 < 29 (indeed we can set y,z or just y
to be the point(s) with largest co-ordinates). Now, let x be labeled —1, and let
y and z be labeled 1. To classify y and z correctly, we must choose a; and as
such that y; < a; and z; < aq, as well as yo < as and 29 < ay. However, any such
a1, ap will misclassify x, so no set of size 3 can be shattered by H.

Math: Verify the Sauer-Shelah lemma for H by showing that the number of
possible distinct labellings produced by H on m points is O(m?).

For any set of m points, Sauer-Shelah’s lemma implies that H can produce O(m?)
distinct labelings. Consider (at most) m + 1 horizontal and vertical lines each:
2m corresponding to the coordinates of the points, and two additional lines — a
vertical line strictly to the left of all points and a horizontal line strictly below all
points. Pairs consisting of one horizontal line y = a5 and one vertical line z = a,
from the set can be used to define < (m + 1)*> = O(m?) hypotheses h,, ., which
correspond to all possible unique labelings by hypotheses in H.

4. What is the VC dimension of the function class {sign(sin(ax)) | « € R}
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5 Ensemble Methods

5.1 Bagging

1. Short Answers: Random forests reduce the variance of single decision trees by in-
troducing randomness at different stages of the algorithm: what are the places where
we introduce this randomness? For each assertion below, indicate whether it is true or
false; if you select false, justify your answer in 1-2 concise sentences.

(a)

Bootstrap Aggregation: We choose N random examples without replacement
from the dataset every time we train a decision tree in the forest. Doing so ensures
that every tree looks at a different set of examples and thus, the forest as a whole
will not overfit to the dataset.

False, we choose them with replacement.

Bagging: Take N random examples with replacement from the dataset every
time we train a decision tree in the forest. Doing so and then combining the
hypothesis of all trees (by taking majority) reduces variance while still holding
the trends and statistical properties of the original dataset.

True.

Feature Split Randomization: Every tree starts with a random subset of
features and uses ID3 to split them. This ensures that all trees are not dependent
on the same set of features and the forest is robust.

False: every node uses a random subset to make a split.

Hypothesis Combination/Aggregation: We take the majority vote from a
random subset of the decision trees at the end. This means that not all decision



10-701: Final Exam Review Page 15 of 25 Spring 2026

trees contribute to the final prediction, so the aggregated model is resilient to
some trees having high variance.

False: we aggregate results from all the trees. We do not randomly choose N of
them to make the final prediction.
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2.

5.2

Select one: In an effort to reduce the training error of each individual tree in a random
forest, you decide to not perform split-feature randomization and allow every split to
consider all of the features. How would you expect this to impact the generalization
error of the random forest and why?

(O The generalization error will decrease as each individual decision tree will have lower
training error.

(O The generalization error will decrease as each individual decision tree will make the
same splits.

(O The generalization error will increase as the depth of each individual decision tree
will tend to increase.

(O The generalization error will increase as the individual decision trees will become
more correlated.

D

Boosting

. You are developing a new boosting algorithm based off of AdaBoost and decide to use

the following update rule for the weights:

(i) —5y D he(a)
W10

Z

o) =

(a) Math: Derive an expression for the normalization constant, Z;, as a function of
oy and ¢, the weighted training error.
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(b) Math: Using your answer to part (a), compute the value of a; that minimizes
the normalization constant, Z;. Express your answer as a function of ¢;.

Taking the derivative of Z;, w.r.t. a; and setting it equal to zero:

aZt o €t 1— €t —0
oy 2043/2 20('3/2 a

1—675

€ = =
Qg
. 1 —¢

o =

€t
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6

SVMs

. One practical issue that arises in real-world classification tasks is that of imbalanced

data, i.e., when one class is far more prevalent than all other classes. Consider, for
example, a binary classification task with y € {—1,4+1} where 99% of all possible
data points have label —1: a simple classifier that always predicts —1 will achieve an
accuracy of 99%. This can make it difficult to improve on/assess whether a particular
machine learning model has learned anything at alll One way of learning in this setting
is to penalize errors on the rare class more than errors on the common class.

(a) Math: You decide to apply SVMs to the setting described above. Formulate a
primal optimization problem that defines a soft-margin SVM where the soft error
on training data points with label +1 is penalized 50 times more than the soft
error on training data points with label —1 (Hint: the constraints associated with
your optimization problem should be the same as the one presented in lecture,
only the objective function will differ).

IR I (i) (i)
minimize W W +C Z &Y +50C Z 13
iy(D=—1 iy(D=+1
subject to  y W (wix® +wo) > 1 -9 Vie {1,...,N}
€9 >0 Vvie{l,...,N}
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(b) Math: Write out the Lagrangian function and its partial derivatives w.r.t. the
optimization variables.

The Lagrangian function L = L(w, b, &, a, B) is given by

*fHWHQ—l—C Z ¢W 4500 Z —I—Zozll &—y D (wixD 1)) —1—2@ —&)

zy( )=—1 =1

with constraints on the multipliers
a,8>0

. We take the derivatives w.r.t. w,b, {&}Y, to find the optimal primal values:
N
oL :
aw " Z_ iy X

oL a .
v E (@)

- azy
8b =1

L .
g&—c—ai—@», if y® = —1
L 4
gﬁi =50C —a; — B, if y¥ =+1

(¢c) Math: Write down the dual of the primal optimization problem in this setting.
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Setting the derivatives above to zero, and eliminating (3; we get

N

N N
33 alda@ydyix® . x0) 1+ 3 ol
i=1 j=1 ;

N
subject to Z Wy =0

i=1

0<a;<C Vi:y®=-1

0<a; <50C Vi:y® =41

maximize —

| —



10-701: Final Exam Review Page 22 of 25 Spring 2026

2. Consider the following dataset, consisting of two data points with label + and two
data points with label —.

T2
N
T
_|_

(a) Drawing: A non-essential support vector is a support vector that if removed,
would not result in a different decision boundary. Conversely, an essential support
vector is a support vector that if removed, would change the decision boundary.
On the figure above, draw the decision boundary you would learn using a hard-
margin SVM on this dataset and circle all of the non-essential support vectors.

(b) Drawing: Again on the figure provided above, draw a new data point with the
label + such that

e the hard-margin SVM decision boundary changes,
e the number of essential support vectors increases and
e the number of non-essential support vectors decreases.

The original hard-margin SVM decision boundary is z; = 2. There are three non-
essential support vectors: the point at (1,1), the point at (1,2), and the point at (3, 3).
There are many possible options for the second part but any point with z; € (1, 3) will
work.
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7 Kernels

1. Car-talk statistician Marge Innovera proposes the following simple kernel function:

(a)

1 ife=2a

0 otherwise.

K(x,x'):{

Math: Prove this is a legal kernel. You may assume the feature space X is finite.
Specifically, describe an implicit mapping ® : X — R™ (for some value m) such
that K(x,2") = ®(x) - (2').

Let ® be a mapping such that ®(z) € R, Then there is a component for
every element 2/ € X. We set that component of ®(z) equal to 1 if z = 2’ and
otherwise we set that component equal to 0. Therefore ®(z) - ®(2') =1 if v = 2’
and otherwise it equals 0. This means that K(x,2") = ®(x) - (2').

True or False: In the ®-space, any labeling of the points in X will be linearly
separable so we can always run a kernelized version of the hard-margin SVM.
Briefly justify your answer in 2-3 concise sentences.

O True
O False

True. Let w be a vector in Rl where the component corresponding to each
x is set to 1 if z’s label is +1 and —1 otherwise. Since ®(z) equals 1 only at
the component corresponding to x, we have w - ®(x) = 1 if x has label +1 and
w - ®(x) = —1 if z has label —1. Therefore the training set is linearly separable.

2. Short answer: In 2-3 concise sentences, briefly describe the primary benefit of the
kernel trick.
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Allows mapping features into higher dimensional space but avoids the extra computa-
tional costs of mapping into higher dimensional feature space explicitly.
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3. Select all that apply: If £ is a valid kernel, which of the following statements must
be true?

O k(z,2') = k(2',2) V 2 and 2’

O k(x,2’) > 0V z and 2’

O If k(x,z) = k(«/,2'), then x = 2
O k(z,2") = k(x — 2/,0) V z and 2’
[J None of the above

A
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