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Front Matter

* Announcements:

* Homework 2 due tomorrow

* Quiz 2 on Friday

- Recommended Readings:

* Murphy, Sections 7.5 & 14.4



https://ebookcentral.proquest.com/lib/cm/reader.action?docID=3339490&ppg=248

x€R,y€eRand N = 20

Oth

* Targets are generated by a 10*"-order polynomial in x

with additive Gaussian noise:

Feature S
y = Z azx* + e where e ~ N(0,02)
d=0

Transforms:
Experiment

+ H, = 2" order polynomials
c12(x) = [x, x°]

* Hyo = 10"-order polynomials
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* Constrain models to prevent them from overfitting

Regularlzatlon * Learning algorithms are optimization problems and

regularization imposes constraints on the optimization




Hard

Constraints

* Hyo = 10™-order polynomials

Cp110(x0) = [x, 2%, 13, 1%, 1, 18, 17, %8, %%, 1]
1 ¢1,1o(x(1))_ 'y(l)‘
(2) (2)
Givenx=|1 100 ) Jang y = |7 [ find
_1 (pl’lo(x(N))_ _y(N)_

w = [(1)0; W1, Wy, W3, Wy, W5, Wg, W7, Wg, Wy, (1)10]
that minimizes

%(Xw -9 "Xw - y)

* Subject to

a)g=a)4=a)5=a)6=a)7=w8=w9=w10=0
10



Yeli

Constraints

Henry Chai - 2/12/24

minimize £p(w) = Xw — )T Xw — y)

subjectto w’w < C
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Yeli

Constraints
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minimize £p(w) = Xw — )T Xw — y)

subjectto w’w < C
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— Target Function
— 10"-Order Hypothesis
o Noisy Samples

Ridge Regression

Henry Chai - 2/12/24

* 10-dimensional target function with

additive Gaussian noise

* H,o = 10™-order polynomial
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Setting A
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P(f(X) #Y)

E[(f(X) —Y)?




E[(f(X) —Y)?

1 n
n 2:1 Lr(x)#y;
n '3
> (f(X) — YD)~
=1




MythBusters #1
“Zero training error means the model is great.”

MythBusters

’

® Myth: If empirical risk is tiny, true risk must be tiny too.

v

\.

@ Reality: We minimize empirical risk (on training data) but care %‘out
true risk (on new samples). With high complexity, ERM can overffit: Ic

training error, high test error.

Key phrase: “mismatch between empirical and true risk.”




Some quick

notation

True Risk : R(f) :=E{(f(X),Y))
Empirical Risk given data D : Rp(f) := — Zﬁ(f(Xz),Yz)
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True Risk vs

Empirical Risk

- So we minimize with respect to empirical risk

* And evaluate with respect to true risk

* Is there any danger to this mismatch?

* Overfitting!!

23



flz) = { Yi, r=X;fori=1,...,n

any value, otherwise




Overfitting







Quick game: pick A

Where would you choose A to get the best generalization?

Choosing A: training vs. true risk
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A (regularization strength)




Quick game: pick A

Where would you choose A to get the best generalization?

Choosing A: training vs. true risk

0.045 ~ -
—— training error

——— true / validation error
0.040 A

0.035 A

0.030 A

error

0.025

0.020 ~

0.015 ~

0.010 A

0 1 2 3 4
A (regularization strength)

Answer: near the minimum of the validation/true-error curve.



Overfitting: Effect of discrepancy

Prediction : .
Error fixed # training data

true risk

empirical risk -

-

- - .
underfitting overfitting Complexity

Empirical risk is no longer a
good indicator of true risk



* So, Empirical risk minimization (ERM) might “overfit”
when the model complexity is high, due to mismatch
between empirical risk and true risk

Questions * But we do not have access to true risk since it depends
on unknown distribution :(

* And so we estimate true risk via empirical risk!

- Can we do better?

30



Structural Risk Minimization

fn arg mm {R

R(f) —Bn()| <C(f) VfeF

Pr?zdiction A High probability
rror Upper bound
on true risk

true risk
empirical risk - | C(f) - large for complex models

-

- - _
underfitting overfitting Complexity




Structural Risk Minimization

(elevation level > x)




tructural Risk Minimization

PRlaaae it
e




Occam’s Razor




Importance of Domain Knowledge

i ~
i'a\

ompton Ga atoryBurst
and Transient Source Experiment (2AT55)




Complexity Regularization




':1 — Lng..'. ﬁn" Cf"= }
fn ALg }gg{ (f) +C(f)

Omap = arg maxlog p(D|6) + log p(6
> (Y- x:8)2 HI8

Bmap = arg min
B =1
odels based

orm of
How to choose tuning parameter A? Model Selection regression coefficients




Information Criteria — AIC, BIC




Model selection




Model Selection




Model Selection

min min J(f, )

A fEF)




Estimating True Risk of
estimators




Estimating True
Risk of

Estimators

- Suppose we train an estimatorfp on data D
 How do we estimate its true risk R(fp)?

* We could use the training data D itself i.e. use empirical

risk on training data Rp(fp)

* Not such a good idea

* If the midterm questions are comprised entirely of

homework questions, would the midterm grade be an
optimistic estimate of the “true” midterm grade?
* Yes!

* Similarly, using the empirical risk on training data would

be an optimistic estimate of the true risk
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Algorithmic and Closed Form Estimates of True Risk

- Algorithmic Estimates of True Risk:
* Empirical Risk
* Optimistic
* Evaluating Risk on a holdout set
* Cross-validation

* Closed form Estimates of True Risk
 Structural Risk

44



Hold-out method

Dy = {‘Y%" Y; }?;1 Dy = {_*X'i-! Y; };]£w1.+1




Hold-out method




Cross-validation

Run K

Total number of examples

dation and

ates.

|:|validation



Cross-validation

Run K

Total number of examples

le per run

|:|validation



Cross-validation

Run K

Total number of examples

r validation.

ates.

|:|validation



Estimating true risk

I alidation

Total number of examples




Practical Issues in Cross-validation




Two truths and a lie
Model selection & estimating true risk

A. A hold-out set can estimate generalization error, but an
“unfortunate split” can be misleading.

\, 7

4 N

variance and more compute.

B. K-fold CV trades bias vs. variance: larger K - lower bias but higher

\. 7

4 N

C. Training-set error is an unbiased estimate of true risk, so you car
tune A using only training error.

—




Two truths and a lie
Model selection & estimating true risk

A. A hold-out set can estimate generalization error, but an
“unfortunate split” can be misleading.

7

n

B. K-fold CV trades bias vs. variance: larger K - lower bias but higher

variance and more compute.

w

.

Y

C. Training-set error is an unbiased estimate of true risk, so you car
tune A using only training error.

—

Reveal: C is the lie (training error is optimistic).



Structural Risk

tration bounds

R(f) — Rn(f)| < C(f) VfeF

e risk!

o

Prediction 4
Error

High probability
Upper bound
on true risk

true risk

empirical risk ~ | C(f) - large for complex models

-

- | - .
underfitting overfitting Complexity




Analyzing generalization
error Via True Risk




Estimation and

Approximation
Errors

Estimated Predictor : fn
Optimal Predictor : f~

AN

Risk of Estimated Predictor : R(f,)

Above is random due to samples in training data

AN

Expectation of above wrt training data : E(R(f,))
Risk of Optimal Predictor : R(f™)

56



Estimated Predictor : fn
Optimal Predictor : f*

Risk of Estimated Predictor : R(f,)

Above is random due to samples in training data

Players in the
risk

AN

Expectation of above wrt training data : E(R(f,))

minimization
Risk of Optimal Predictor : R(f*)

story

AN

Interested in the excess risk: E(R(f,)) — R(f*)

57



B[R] -1 = (ERGE) - pLre)+ (juo R - 7)
— —
estimation error approximation error

D restriction
odel class

Approx. error .



= (BRE) - pLr() + (oL R - 7o)

%, & L -
- =l

estimation error approximation error

Stage |: better Stagelll:
risk estimators selection

estimation
error

approximation
error

Complexity of F



* Non-linear feature transformations allow for learning non-

linear functions/decision boundaries

* Can lead to overfitting...

- Address with regularization!
Key Ta keaways * Regularization level is a hyperparameter
* Can be computationally expensive...

- Address with kernels!

- Alternative to explicitly computing feature

transformations for inner product methods

60



Quick poll (pick one)

In ridge regression / complexity regularization, what typically
happens as A increases?

A. Model complexity increases; overfitting risk increases

B. Model complexity decreases; overfitting risk often decreases
(but too large A can underfit)

C. Training and test error both always decrease
D. A only affects runtime, not the learned predictor
E. Empirical risk becomes an unbiased estimate of true risk

Poll: https://forms.gle/tttDMCujzHCFowVm6




	Slide 1: 10-701: Introduction to Machine Learning Lecture 8 – Generalization 
	Slide 2: Front Matter
	Slide 3: Feature Transforms: Experiment
	Slide 4: Noisy Targets
	Slide 5: Noisy Targets
	Slide 6: Noisy Targets
	Slide 7: Noisy Targets
	Slide 8: Noisy Targets
	Slide 9: Regularization
	Slide 10: Hard Constraints
	Slide 11: Soft Constraints
	Slide 12: Soft Constraints
	Slide 13: Ridge Regression  
	Slide 14: Ridge Regression  
	Slide 15: Setting start equation lambda
	Slide 16
	Slide 17: Setting start equation lambda
	Slide 18: Setting start equation lambda
	Slide 19: True Risk vs. Empirical Risk
	Slide 20: True Risk vs. Empirical Risk
	Slide 21
	Slide 22: Some quick notation
	Slide 23: True Risk vs Empirical Risk
	Slide 24: Overfitting
	Slide 25: Overfitting
	Slide 26: Overfitting
	Slide 27
	Slide 28
	Slide 29: Overfitting: Effect of discrepancy between empirical and true risks
	Slide 30: Questions
	Slide 31: Structural Risk Minimization
	Slide 32
	Slide 33
	Slide 34: Occam’s Razor
	Slide 35: Importance of Domain Knowledge
	Slide 36: Complexity Regularization
	Slide 37: Complexity Regularization
	Slide 38: Information Criteria – AIC, BIC
	Slide 39: Model selection
	Slide 40: Model Selection
	Slide 41: Model Selection
	Slide 42: Estimating True Risk of estimators
	Slide 43: Estimating True Risk of Estimators
	Slide 44: Algorithmic and Closed Form Estimates of True Risk
	Slide 45: Hold-out method
	Slide 46: Hold-out method
	Slide 47: Cross-validation
	Slide 48: Cross-validation
	Slide 49: Cross-validation
	Slide 50: Estimating true risk
	Slide 51: Practical Issues in Cross-validation
	Slide 52
	Slide 53
	Slide 54: Structural Risk
	Slide 55: Analyzing generalization error Via True Risk
	Slide 56: Estimation and Approximation Errors
	Slide 57: Players in the risk minimization story
	Slide 58: Behavior of True Risk
	Slide 59: Behavior of True Risk
	Slide 60: Key Takeaways
	Slide 61

