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Front Matter

 Announcements: 

 HW6

 due on Wednesday, April 22

 late due date on Friday, April 24

 Project

 Video Showcase due on Wednesday, April 22

 Final report due on Thursday, April 23

 Project video showcase this Friday, April 24! Attendance required, 

refreshments will be served!

 As a reminder, no late days can be used for project deliverables.

 Recommended Readings:

 Murphy, Chapters 14.1-14.5
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Recap: 
SVMs, 
Primal-Dual 
Optimization 

3

Primal 

Dual 

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to −  𝛼 𝑖 ≥ 0 ∀ 𝑖 ∈ 1, … , 𝑁

maximize −
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 𝒙 𝑖 𝑇
𝒙 𝑗 + ෍

𝑖=1

𝑁

𝛼 𝑖

subject to 𝑦 𝑖 𝒘𝑇𝒙 𝑖 + 𝑤0 ≥ 1 ∀ 𝒙 𝑖 , 𝑦 𝑖 ∈ 𝒟

minimize 
1

2
𝒘𝑇𝒘

⇕



Recap: 
SVMs, 
Primal-Dual 
Optimization 

4

 Primal

 Directly returns the weights, ෝ𝑤0, ෝ𝒘

 Support vectors are all 𝒙 𝑠 , 𝑦 𝑠 ∈ 𝒟 s.t. 

𝑦 𝑠 ෝ𝒘𝑇𝒙 𝑠 + ෝ𝑤0 = 1

 Dual

 Returns the vector, ෝ𝜶

ෝ𝒘 = ෍

𝑖=1

𝑁

Ƹ𝛼 𝑖 𝑦 𝑖 𝒙 𝑖

ෝ𝑤0 = 𝑦 𝑠 − ෝ𝒘𝑇𝒙 𝑠  for any 𝑠 s.t. Ƹ𝛼 𝑠 > 0

 Support vectors are all 𝒙 𝑠 , 𝑦 𝑠 ∈ 𝒟 s.t. Ƹ𝛼 𝑠 > 0



 Primal

 ො𝑦 = sign ෝ𝒘𝑇 Ԧ𝑥 + ෝ𝑤0

 Dual

 ො𝑦 = sign ෝ𝒘𝑇 Ԧ𝑥 + ෝ𝑤0

Primal-Dual 
Optimization

5

= sign ෍

𝑖=1

𝑁

Ƹ𝛼 𝑖 𝑦 𝑖 𝒙 𝑖

𝑇

𝒙 + ෝ𝑤0

= sign ෍

𝑖 ∶ ෝ𝛼 𝑖 > 0

Ƹ𝛼 𝑖 𝑦 𝑖 𝒙 𝑖 𝑇
𝒙 + ෝ𝑤0



Primal-Dual 
Soft-Margin 
SVMs

6

Primal 

Dual 
subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 𝒙 𝑖 𝑇
𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to 𝑦 𝑖 𝒘𝑇𝒙 𝑖 + 𝑤0 ≥ 1 − 𝜉 𝑖  ∀ 𝒙 𝑖 , 𝑦 𝑖 ∈ 𝒟

minimize 
1

2
𝒘𝑇𝒘 + 𝐶 ෍

𝑖=1

𝑁

𝜉 𝑖

subject to 𝜉 𝑖 ≥ 0 _ _ _ ∀ 𝑖 ∈ 1, … , 𝑁



Primal-Dual 
Soft-Margin 
SVMs

7

Primal 

Dual 
subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 𝒙 𝑖 𝑇
𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to 𝑦 𝑖 𝒘𝑇𝒙 𝑖 + 𝑤0 ≥ 1 − 𝜉 𝑖  ∀ 𝒙 𝑖 , 𝑦 𝑖 ∈ 𝒟

minimize 
1

2
𝒘𝑇𝒘 + 𝐶 ෍

𝑖=1

𝑁

𝜉 𝑖

subject to 𝜉 𝑖 ≥ 0 _ _ _ ∀ 𝑖 ∈ 1, … , 𝑁



Recall: 
Nonlinear 
Transforms

8

 Decide on some transformation Φ: 𝒳 → 𝒵 

 Given 𝒟 = 𝒙 𝑖 , 𝑦 𝑖
𝑖=1

𝑁
, learn a hypothesis, ෨ℎ 𝒛 , 

using ෩𝒟 = 𝒛 𝑖 = Φ 𝒙 𝑖 , 𝑦 𝑖
𝑖=1

𝑁

 Return the corresponding predictor in the original space: 

ℎ 𝒙 = ෨ℎ Φ 𝒙  



Nonlinear 
SVMs

9

 Decide on some transformation Φ: 𝒳 → 𝒵 

 Find a maximal-margin separating hyperplane in the 

transformed space, ෩ෝ𝒘, ෪ෝ𝑤0 , by solving the QP:

 minimize 
1

2
෥𝒘𝑇 ෥𝒘

 subject to 𝑦 𝑖 ෥𝒘𝑇Φ 𝒙 𝑖 + ෦𝑤0 ≥ 1 ∀ 𝒙 𝑖 , 𝑦 𝑖 ∈ 𝒟

 Return the corresponding predictor in the original space: 

ℎ 𝒙 = sign ෩ෝ𝒘𝑇Φ 𝒙 + ෪ෝ𝑤0



Nonlinear Dual 
SVMs

10

ℎ 𝒙 = sign ෍

𝑖∶ෝ𝛼 𝑖  > 0

ො𝛼 𝑖 𝑦 𝑖 Φ 𝒙 𝑖 𝑇
Φ 𝒙 + ෪ෝ𝑤0

 Decide on some transformation Φ: 𝒳 → 𝒵 

 Find a maximal-margin separating hyperplane in the 

transformed space by solving the QP:

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 Φ 𝒙 𝑖 𝑇
Φ 𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁  

 Return the corresponding predictor in the original space:



Efficiency

 Depending on the transformation Φ and the 

dimensionality of the original input space 𝒳, computing 

Φ 𝒙  can be prohibitively computationally expensive

 Computing Φ2 𝒙 = 𝑥1, 𝑥2, … , 𝑥𝐷 , 𝑥1
2, 𝑥1𝑥2, … , 𝑥𝐷

2  

requires 𝐷 + 𝐷
2

+ 𝐷 =
𝐷2+3𝐷

2
= 𝑂 𝐷2  time

 Computing Φ10 𝒙  requires 𝑂 𝐷10  time

 Tradeoff:

 High-dimensional transformations can result in good 

hypotheses (as long as they don’t overfit)

 High-dimensional transformations are expensive
11



Nonlinear Dual 
SVMs

12

ℎ 𝒙 = sign ෍

𝑖∶ෝ𝛼 𝑖  > 0

ො𝛼 𝑖 𝑦 𝑖 Φ 𝒙 𝑖 𝑇
Φ 𝒙 + ෪ෝ𝑤0

 Insight: Φ only appears in inner products!

 Find a maximal-margin separating hyperplane in the 

transformed space by solving the QP:

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 Φ 𝒙 𝑖 𝑇
Φ 𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁  

 Return the corresponding predictor in the original space:



Nonlinear Dual 
SVMs

13

ℎ 𝒙 = sign ෍

𝑖∶ෝ𝛼 𝑖  > 0

ො𝛼 𝑖 𝑦 𝑖 Φ 𝒙 𝑖 𝑇
Φ 𝒙 + ෪ෝ𝑤0

 Insight: Φ only appears in inner products!

 Find a maximal-margin separating hyperplane in the 

transformed space by solving the QP:

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 Φ 𝒙 𝑖 𝑇
Φ 𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁  

 Return the corresponding predictor in the original space:



 Approach: instead of computing Φ 𝒙 , find some function          

𝐾Φ s.t. 𝐾Φ 𝒙, 𝒙′ = Φ 𝒙 𝑇Φ 𝒙′  ∀ 𝒙, 𝒙′ ∈ 𝒳

 𝐾Φ 𝒙, 𝒙′  should be cheaper to compute than Φ 𝒙

 Example: Φ2
′ 𝒙 = 𝑥1, … , 𝑥𝐷 , 𝑥1

2, 2𝑥1𝑥2, … , 2𝑥𝐷−1𝑥𝐷 , 𝑥𝐷
2

 Φ2
′ 𝒙 𝑇Φ2

′ 𝒙′ = ෍

𝑖=1

𝐷

𝑥𝑖𝑥𝑖
′ + ෍

𝑖=1

𝐷

𝑥𝑖
2𝑥𝑖

′2
+ ෍

𝑖=1

𝐷

෍

𝑗>𝑖

2𝑥𝑖𝑥𝑖
′𝑥𝑗𝑥𝑗

′

 Φ2
′ Ԧ𝑥 𝑇Φ2

′ Ԧ𝑥′ = ෍

𝑖=1

𝐷

𝑥𝑖𝑥𝑖
′ + ෍

𝑖=1

𝐷

𝑥𝑖𝑥𝑖
′

2

= 𝒙𝑇𝒙′ + 𝒙𝑇𝒙′ 2

 𝐾Φ2
′ 𝒙, 𝒙′ = 𝒙𝑇𝒙′ + 𝒙𝑇𝒙′ 2

 Computing Φ2
′ 𝒙 𝑇Φ2

′ 𝒙′  requires 𝑂 𝐷2  time whereas 

computing 𝐾Φ2
′ 𝒙, 𝒙′  only takes 𝑂 𝐷 !

The Kernel 
Trick

14



Common 
Kernels

15

 𝐾Φ2
′ 𝒙, 𝒙′ = 𝒙𝑇𝒙′ + 𝒙𝑇𝒙′ 2

 Implied feature transformation:

Φ2
′ 𝒙 = 𝑥1, … , 𝑥𝐷 , 𝑥1

2, 2𝑥1𝑥2, … , 2𝑥𝐷−1𝑥𝐷 , 𝑥𝐷
2

 Implied dimensionality: 
𝐷2+3𝐷

2

 𝐾
Φ2

𝛾 𝒙, 𝒙′ = 1 + 𝛾𝒙𝑇𝒙′ 2 − 1

 Implied feature transformation: 

Φ2
𝛾

𝒙 = 2𝛾𝑥1, … , 2𝛾𝑥𝐷 , 𝛾𝑥1
2, 𝛾𝑥1𝑥2, … , 𝛾𝑥𝐷

2

 𝛾 affects the geometry of the transform

 Implied dimensionality: 
𝐷2+3𝐷

2



Common 
Kernels

16

 Polynomial Kernel: 𝐾
Φ𝑄

𝛾 𝒙, 𝒙′ = 1 + 𝛾𝒙𝑇𝒙′ 𝑄 − 1

 Implied dimensionality: 𝑂 𝐷𝑄

 𝛾 affects the geometry of the transform 

 Gaussian-RBF Kernel: 𝐾Φ𝑟
𝒙, 𝒙′ = 𝑒−

𝒙−𝒙′ 2

2𝑟

 Implied feature transformation: Φ𝑟 𝑥 =

𝑒−
𝑥1

2

2𝑟
𝑥1

𝑑 2

𝑑!𝑟𝑑 , … , 𝑒−
𝑥𝐷

2

2𝑟
𝑥1

𝑑 2

𝑑!𝑟𝑑  : 𝑑 ∈ ℕ

 Implied dimensionality: ∞! 



Nonlinear Dual 
SVMs

17

ℎ 𝒙 = sign ෍

𝑖∶ෝ𝛼 𝑖  > 0

ො𝛼 𝑖 𝑦 𝑖 𝐾Φ 𝒙 𝑖 , 𝒙 + ෪ෝ𝑤0

 Decide on a (valid) kernel function 𝐾Φ

 Find a maximal-margin separating hyperplane in the 

transformed space by solving the QP:

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 𝐾Φ 𝒙 𝑖 , 𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖  ∀ 𝑖 ∈ 1, … , 𝑁  

 Return the corresponding predictor in the original space:



Gaussian-
RBF 
Kernel

18
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0
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0.8
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1

-

- -

-

-

-



Gaussian-
RBF 
Kernel

19



Smaller 𝑟 Larger 𝑟

Gaussian-RBF Kernel

20



Nonlinear Dual 
Soft-Margin 
SVMs

21

ℎ 𝒙 = sign ෍

𝑖∶ෝ𝛼 𝑖  > 0

ො𝛼 𝑖 𝑦 𝑖 𝐾Φ 𝒙 𝑖 , 𝒙 + ෪ෝ𝑤0

 Decide on a (valid) kernel function 𝐾Φ

 Find a maximal-margin separating hyperplane in the 

transformed space by solving the QP:

minimize 
1

2
෍

𝑖=1

𝑁

෍

𝑗=1

𝑁

𝛼 𝑖 𝛼 𝑗 𝑦 𝑖 𝑦 𝑗 𝐾Φ 𝒙 𝑖 , 𝒙 𝑗 − ෍

𝑖=1

𝑁

𝛼 𝑖

subject to ෍

𝑖=1

𝑁

𝛼 𝑖 𝑦 𝑖 = 0

subject to 0 ≤ 𝛼 𝑖 ≤ 𝐶 ∀ 𝑖 ∈ 1, … , 𝑁  

 Return the corresponding predictor in the original space:



2𝑛𝑑-Degree 
Polynomial Kernel

 𝐶 is a trade-off parameter between 
the size of the margin and the soft 
training error

22

Smaller 𝐶 Larger 𝐶 Hard Margin
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Valid Kernels

 Any function 𝐾 is a valid kernel if and only if: 

 ∃ a transformation Φ s.t. 

𝐾 𝒙, 𝒙′ = Φ 𝒙 𝑇Φ 𝒙′  ∀ 𝒙, 𝒙′

⇕

 the Gram matrix 

Κ =

𝐾 𝒙 1 , 𝒙 1 𝐾 𝒙 1 , 𝒙 2 ⋯ 𝐾 𝒙 1 , 𝒙 𝑁

𝐾 𝒙 2 , 𝒙 1 𝐾 𝒙 2 , 𝒙 2 ⋯ 𝐾 𝒙 2 , 𝒙 𝑁

⋮ ⋮ ⋱ ⋮

𝐾 𝒙 𝑁 , 𝒙 1 𝐾 𝒙 𝑁 , 𝒙 2 ⋯ 𝐾 𝒙 𝑁 , 𝒙 𝑁

 is symmetric and positive semi-definite ∀ sets 

𝒙 1 , 𝒙 2 , … , 𝒙 𝑁

24Recall: K is positive semi-definite iff  xTKx ≥ 0 for all x



Building New 
Kernels

 For any valid kernels 𝐾1, 𝐾2 with implied feature 

transformations Φ1, Φ2 and non-negative coefficients  𝑐1, 𝑐2, 

the following are all valid kernels:

1. 𝐾 𝒙, 𝒙′ = 𝑐1𝐾1 𝒙, 𝒙′ + 𝑐2𝐾2 𝒙, 𝒙′

Φ 𝒙 = 𝑐1Φ1 𝒙 , 𝑐1Φ2 𝒙

2. 𝐾 𝒙, 𝒙′ = 𝑐1𝐾1 𝒙, 𝒙′ 𝐾2 𝒙, 𝒙′

Φ 𝒙 = 𝑐1𝜙𝑖 𝒙 𝜙𝑗 𝒙
𝜙𝑖 𝒙 ∈Φ1 𝒙 ,𝜙𝑗 𝒙 ∈Φ2 𝒙

3. 𝐾 𝒙, 𝒙′ = 𝑒𝐾1 𝒙,𝒙′

Taylor series: 𝑒𝐾1 𝒙,𝒙′
= 1 + 𝐾1 𝒙, 𝒙′ +

𝐾1 𝒙,𝒙′ 2

2!
+

𝐾1 𝒙,𝒙′ 3

3!
+ ⋯

25



Key Takeaways

26

 Kernels and the “kernel trick” allow for efficient use of feature 

transformations for inner product methods

 Definition of valid kernels

 Common kernels and combining kernels



Kernels 
Everywhere!

 Any method that only depends on the Euclidean distance 

between data points is an inner product method:

𝒙 − 𝒙′ 2 = 𝒙 − 𝒙′ 𝑇 𝒙 − 𝒙′ = 𝒙𝑇𝒙 − 2𝒙𝑇𝒙′ + 𝒙′𝑇𝒙′

 We can kernelize 𝑘NN!

 We can also kernelize logistic/linear/ridge regression!

27



Kernels in 
Logistic 
Regression

28

• Define weights in terms of features:

• Derive simple gradient descent rule on i



29

Ridge regression

Recall

 

Hence ATA is a p x p matrix whose entries denote the (sample) 
correlation between the features

NOT inner products between the data points – the inner product 
matrix would be AAT which is n x n (also known as Gram matrix)

Using dual formulation, we will write the solution in terms of AAT



30

Ridge regression

Similarity with SVMs

Primal problem:      SVM Primal problem:

Lagrangian: 

αi – Lagrange parameter, one per training point



31

Ridge regression (dual)

Dual problem: 

α = {αi} for i = 1,…, n

Taking derivatives of Lagrangian wrt  and zi we get:

Dual problem:

n-dimensional optimization problem



32

Ridge regression (dual)

Dual problem: 

 

can get back 

Weight of each training point (but typically not sparse)Weighted average of 
training points



33

Kernelized ridge regression

Using dual, can re-write solution as:

   

How does this help? 
• Only need to invert n x n matrix (instead of p x p or m x m)
• More importantly, kernel trick!

 AAT involves only inner products between the training points
 BUT still have an extra AT

Recall the predicted label is 

XAT contains inner products between test point X and training points!



34

Kernelized ridge regression

Using dual, can re-write solution as:

   

How does this help? 
• Only need to invert n x n matrix (instead of p x p or m x m)
• More importantly, kernel trick!

    

Work with kernels, never need to write out the high-dim vectors



35

Kernelized ridge regression

   
Work with kernels, never need to write out the high-dim vectors

Examples of kernels:

Polynomials of degree exactly d     

Polynomials of degree up to  d

Gaussian/Radial kernels

Ridge Regression with (implicit) nonlinear features             !



 (Univariate) Gaussians:

𝑥 ∼ 𝒩 𝑥; 𝜇 = 0, 𝜎2 = 1

 Multivariate Gaussians: lllllll

𝒙 = 𝑥1, … , 𝑥𝐷
𝑇  

∼ 𝒩 𝒙; 𝝁 = 𝟎𝐷 , Σ = 𝐼𝐷  

Gaussians

36



Some fun   
facts about 
Gaussians
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 Closure under linear transformations:

If 𝒙 ∼ 𝒩 𝒙; 𝝁, Σ ,

then 𝐴𝒙 + 𝑏 ∼ 𝒩 𝐴𝝁 + 𝑏, 𝐴Σ𝐴𝑇

 Closure under addition

If 𝒙 ∼ 𝒩 𝒙; 𝝁, Σ  and 𝒚 ∼ 𝒩 𝒚; 𝒎, 𝑆 ,

then 𝒙 + 𝒚 ∼ 𝒩 𝝁 + 𝒎, Σ + 𝑆

 Closure under conditioning: 

If 𝒙 =
𝑥1

𝑥2
∼ 𝒩

𝑥1

𝑥2
;

𝜇1

𝜇2
,

Σ11 Σ12

Σ21 Σ22
,

then 𝑥1|𝑥2 = 𝑐 ∼ 𝒩 𝑥1; 𝜇1 + Σ12Σ22
−1 𝑐 − 𝜇2 , Σ11 − Σ12Σ22

−1Σ21



Some old 
friends

Gaussian process = 

Bayesian linear regression + Kernels
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Some old 
friends

Gaussian process = 

Bayesian linear regression + Kernels
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Recall: 
MAP for 
Linear 
Regression 

40

 If we assume a linear model with additive Gaussian noise 

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁 → 𝒚 ∼ 𝑁 𝑋𝒘, 𝜎2𝐼𝑁  

and independent identical Gaussian priors on the weights…

𝒘 ~ 𝑁 𝟎 ,
𝜎2

𝜆
𝐼𝐷+1 → 𝑝 𝒘 ∝ exp −

1

2𝜎2
𝜆𝒘𝑇𝒘

 … then, the MAP of 𝒘 is the ridge regression solution!

𝒘𝑀𝐴𝑃 = argmin
𝒘

𝑋𝒘 − 𝒚 𝑇 𝑋𝒘 − 𝒚 + 𝜆𝒘𝑇𝒘

 −. = 𝑋𝑇𝑋 + 𝜆𝐼𝐷+1
−1𝑋𝑇𝒚



Bayesian
Linear 
Regression
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then, 

𝒚 ∼ 𝑁 (𝑋𝟎𝐷+1 + 𝟎𝑁) ≣ 𝟎𝑁 , 𝑋𝛴𝑋𝑇 + 𝜎2𝐼𝑁



Bayesian
Linear 
Regression
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then, 

𝒘
𝒚 ∼ 𝑁

𝟎𝐷+1

𝟎𝑁
,

Σ ? ? ?
? ? ? 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁

 Covariance between 𝒚 and 𝒘:

Cov 𝒚 = 𝑋𝒘 + 𝝐, 𝒘 = Cov 𝑋𝒘, 𝒘 = 𝑋Cov 𝒘, 𝒘 = 𝑋Σ



Bayesian
Linear 
Regression
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then, 

𝒘
𝒚 ∼ 𝑁

𝟎𝐷+1

𝟎𝑁
,

Σ 𝑋Σ
𝑋Σ 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁

 Covariance between 𝒚 and 𝒘:

Cov 𝒚 = 𝑋𝒘 + 𝝐, 𝒘 = Cov 𝑋𝒘, 𝒘 = 𝑋Cov 𝒘, 𝒘 = 𝑋Σ



Bayesian
Linear 
Regression

44

 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then, 

𝒘 | 𝒚 ∼ 𝑁 𝝁𝑃𝑂𝑆𝑇 , Σ𝑃𝑂𝑆𝑇

where

𝝁𝑃𝑂𝑆𝑇 = Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑂𝑆𝑇 = Σ − Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝑋Σ



Bayesian
Linear 
Regression
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝒙′𝑇
𝒘 𝒚 ∼ 𝑁 𝒙′𝑇

𝝁𝑃𝑂𝑆𝑇 , 𝒙′𝑇
Σ𝑃𝑂𝑆𝑇𝒙′

where

𝝁𝑃𝑂𝑆𝑇 = Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑂𝑆𝑇 = Σ − Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝑋Σ



Bayesian
Linear 
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝒙′𝑇
𝒘 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷, Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝒙′𝑇
Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁

−1𝒚, 

Σ𝑃𝑅𝐸𝐷 = 𝒙′𝑇
Σ𝒙′ − 𝒙′T

Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝑋Σ𝒙′



Some old 
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Gaussian process = 

Bayesian linear regression + Kernels
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Some old 
friends

Gaussian process = 

Bayesian linear regression + Kernels
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Bayesian
Linear 
Regression...
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = 𝑋𝒘 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝒘 ~ 𝑁 𝟎𝐷+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝒙′𝑇
𝒘 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷, Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝒙′𝑇
Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁

−1𝒚, 

Σ𝑃𝑅𝐸𝐷 = 𝒙′𝑇
Σ𝒙′ − 𝒙′T

Σ𝑋𝑇 𝑋Σ𝑋𝑇 + 𝜎2𝐼𝑁
−1𝑋Σ𝒙′



Bayesian
Linear 
Regression can 
be kernelized!
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Φ =

1 𝜙 𝒙 1 𝑇

1 𝜙 𝒙 2 𝑇

⋮ ⋮

1 𝜙 𝒙 𝑁 𝑇

 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = Φ𝝎 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝝎 ~ 𝑁 𝟎𝐷′+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝜙 𝒙′ 𝑇𝝎 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷 , Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝜙 𝒙′ 𝑇ΣΦ𝑇 ΦΣΦ𝑇 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑅𝐸𝐷

= 𝜙 𝒙′ 𝑇Σ𝜙 𝒙′ − 𝜙 𝒙′ 𝑇ΣΦ𝑇 ΦΣΦ𝑇 + 𝜎2𝐼𝑁
−1ΦΣ𝜙 𝒙′
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Φ =

1 𝜙 𝒙 1 𝑇

1 𝜙 𝒙 2 𝑇

⋮ ⋮

1 𝜙 𝒙 𝑁 𝑇

 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = Φ𝝎 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝝎 ~ 𝑁 𝟎𝐷′+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝜙 𝒙′ 𝑇𝝎 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷 , Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝜙 𝒙′ 𝑇ΣΦ𝑇 ΦΣΦ𝑇 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑅𝐸𝐷

= 𝜙 𝒙′ 𝑇Σ𝜙 𝒙′ − 𝜙 𝒙′ 𝑇ΣΦ𝑇 ΦΣΦ𝑇 + 𝜎2𝐼𝑁
−1ΦΣ𝜙 𝒙′

 Define the kernel function to be 

𝐾 𝒙, 𝒙′ = 𝜙 𝒙 𝑇Σ𝜙 𝒙′
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = Φ𝝎 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝝎 ~ 𝑁 𝟎𝐷′+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝜙 𝒙′ 𝑇𝝎 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷 , Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝐾 𝒙′, 𝑋 𝐾 𝑋, 𝑋 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑅𝐸𝐷 = 𝐾 𝒙′, 𝒙′ − 𝐾 𝒙′, 𝑋 𝐾 𝑋, 𝑋 + 𝜎2𝐼𝑁
−1𝐾 𝑋, 𝒙′

 Define the kernel function to be 

𝐾 𝒙, 𝒙′ = 𝜙 𝒙 𝑇Σ𝜙 𝒙′



Wait, what 
happened to the 
weights?

Recall: models as 
functions!
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 Assume a linear model with additive Gaussian noise and a  

zero-mean Gaussian prior on the weights:

𝒚 = Φ𝝎 + 𝝐 where 𝝐 ~ 𝑁 𝟎𝑁 , 𝜎2𝐼𝑁  and 𝝎 ~ 𝑁 𝟎𝐷′+1, Σ

then given a new test data point 𝒙′, the prediction is  

𝑦′  𝒚 = 𝜙 𝒙′ 𝑇𝝎 𝒚 ∼ 𝑁 𝝁𝑃𝑅𝐸𝐷 , Σ𝑃𝑅𝐸𝐷

where

𝝁𝑃𝑅𝐸𝐷 = 𝐾 𝒙′, 𝑋 𝐾 𝑋, 𝑋 + 𝜎2𝐼𝑁
−1𝒚, 

Σ𝑃𝑅𝐸𝐷 = 𝐾 𝒙′, 𝒙′ − 𝐾 𝒙′, 𝑋 𝐾 𝑋, 𝑋 + 𝜎2𝐼𝑁
−1𝐾 𝑋, 𝒙′

 Define the kernel function to be 

𝐾 𝒙, 𝒙′ = 𝜙 𝒙 𝑇Σ𝜙 𝒙′
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A new 
perspective

55

Gaussian process = 

The extension of a Gaussian 

distribution to functions



 (Univariate) Gaussians:

𝑥 ∼ 𝒩 𝑥; 𝜇 = 0, 𝜎2 = 1

 Multivariate Gaussians: lllllll

𝒙 = 𝑥1, … , 𝑥𝐷
𝑇  

∼ 𝒩 𝒙; 𝝁 = 𝟎𝐷 , Σ = 𝐼𝐷  

Gaussians

56



Gaussian 
Process (GP)

57

𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, Σ 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′ 2

x

Mean ± 2 Standard Deviat ions

𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥



Gaussian 
Process (GP)
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x

Samples Mean ± 2 Standard Deviat ions

𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, Σ 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′ 2

𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥



Gaussian 
Process (GP)
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x

Samples Mean ± 2 Standard Deviat ions

𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥

𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, Σ 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′



GP Prior
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𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, Σ 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′ 2

x

Mean ± 2 Standard Deviat ions



GP Posterior
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x

D = Data Mean ± 2 Standard Deviat ions

𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , Σ𝒟



GP Posterior
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𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , Σ𝒟

x

Samples D = Data Mean ± 2 Standard Deviat ions



GP Posterior
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x∗x

Samples D = Data Mean ± 2 Standard Deviat ions

𝑓 𝑥∗  ~ 𝒩 𝜇𝑃𝑅𝐸𝐷 𝑥∗ , Σ𝑃𝑅𝐸𝐷 𝑥∗, 𝑥∗

𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , Σ𝒟
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Gaussian process regression

3 functions drawn at random from GP prior 3 functions drawn at random from posterior 
based on five noiseless observations

Shaded region represents pointwise mean +/- 2 standard deviation

http://www.gaussianprocess.org/gpml/
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Suppose you 
can add one 
data point to 
your training 
data. 

Which value of 
𝑥 would you 
add and why?

69



70



71



72

Poll:


	Slide 1: 10-701: Introduction to Machine Learning Lecture 25 – Kernels & Gaussian Processes
	Slide 2: Front Matter
	Slide 3: Recap:  SVMs,  Primal-Dual Optimization 
	Slide 4: Recap:  SVMs,  Primal-Dual Optimization 
	Slide 5: Primal-Dual Optimization
	Slide 6: Primal-Dual Soft-Margin SVMs
	Slide 7: Primal-Dual Soft-Margin SVMs
	Slide 8: Recall: Nonlinear Transforms
	Slide 9:  Nonlinear SVMs
	Slide 10:  Nonlinear Dual SVMs
	Slide 11: Efficiency
	Slide 12:  Nonlinear Dual SVMs
	Slide 13:  Nonlinear Dual SVMs
	Slide 14: The Kernel Trick
	Slide 15: Common Kernels
	Slide 16: Common Kernels
	Slide 17:  Nonlinear Dual SVMs
	Slide 18: Gaussian-RBF Kernel
	Slide 19: Gaussian-RBF Kernel
	Slide 20: Gaussian-RBF Kernel
	Slide 21:  Nonlinear Dual Soft-Margin SVMs
	Slide 22: 2 to the n d -Degree Polynomial Kernel
	Slide 23
	Slide 24: Valid Kernels
	Slide 25: Building New Kernels
	Slide 26: Key Takeaways
	Slide 27: Kernels Everywhere!
	Slide 28: Kernels in Logistic Regression
	Slide 29: Ridge regression
	Slide 30: Ridge regression
	Slide 31: Ridge regression (dual)
	Slide 32: Ridge regression (dual)
	Slide 33: Kernelized ridge regression
	Slide 34: Kernelized ridge regression
	Slide 35: Kernelized ridge regression
	Slide 36: Gaussians
	Slide 37:  Some fun   facts about Gaussians   
	Slide 38: Some old friends
	Slide 39: Some old friends
	Slide 40: Recall:  MAP for  Linear Regression  
	Slide 41: Bayesian Linear Regression
	Slide 42: Bayesian Linear Regression
	Slide 43: Bayesian Linear Regression
	Slide 44: Bayesian Linear Regression
	Slide 45: Bayesian Linear Regression
	Slide 46: Bayesian Linear Regression
	Slide 47: Some old friends
	Slide 48: Some old friends
	Slide 49: Bayesian Linear Regression...      
	Slide 50: Bayesian Linear Regression can be kernelized!    
	Slide 51: Bayesian Linear Regression can be kernelized!    
	Slide 52: Bayesian Linear Regression can be kernelized!    
	Slide 53: Wait, what happened to the weights?  Recall: models as functions!    
	Slide 54: Some old friends
	Slide 55: A new perspective
	Slide 56: Gaussians 
	Slide 57: Gaussian Process (GP)
	Slide 58: Gaussian Process (GP)
	Slide 59: Gaussian Process (GP)
	Slide 60: GP Prior
	Slide 61: GP Posterior
	Slide 62: GP Posterior
	Slide 63: GP Posterior
	Slide 64
	Slide 65
	Slide 66: Gaussian process regression
	Slide 67
	Slide 68: Active  Learning
	Slide 69: Suppose you can add one data point to your training data.   Which value of start equation x would you add and why?
	Slide 70
	Slide 71
	Slide 72

