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Front Matter

 Announcements

 Project check-in is due next Wednesday, April 8. 

 You should complete a second 15-30 minute 

meeting with your project mentor before that date 

(April 8)

 It is recommended to bring a (hopefully complete) 

draft of check-in to that meeting.
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Statistical 
Learning 
Theory Model

1. Data points are generated i.i.d. from some unknown

distribution

𝒙 𝑛 ∼ 𝑝∗ 𝒙

2. Labels are generated from some unknown function

𝑦 𝑛 = 𝑐∗ 𝒙 𝑛

3. The learning algorithm chooses the hypothesis (or 

classifier) with lowest training error rate from a 

specified hypothesis set, ℋ

4. Goal: return a hypothesis (or classifier) with low true

error rate
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Recall:
Types of Error

 True error rate

 Actual quantity of interest in machine learning

 How well your hypothesis will perform on average 

across all possible data points

 Test error rate: used to evaluate hypothesis performance

 Good estimate of the true error rate

 Validation error rate: used to set model hyperparameters

 Slightly “optimistic” estimate of the true error rate

 Training error rate: used to set model parameters

 Very “optimistic” estimate of the true error rate
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Types of Risk 
(a.k.a. Error)

 Expected risk of a hypothesis ℎ (a.k.a. true error)

𝑅 ℎ = 𝑃𝒙 ∼ 𝑝∗ 𝑐
∗ 𝒙 ≠ ℎ 𝒙

 Empirical risk of a hypothesis ℎ (a.k.a. training error) 

෠𝑅 ℎ = 𝑃𝒙 ∼ 𝒟 𝑐∗ 𝒙 ≠ ℎ 𝒙

෠𝑅 ℎ =
1

𝑁
෍

𝑛=1

𝑁

𝟙 𝑐∗ 𝒙 𝑛 ≠ ℎ 𝒙 𝑛

෠𝑅 ℎ =
1

𝑁
෍

𝑛=1

𝑁

𝟙 𝑦 𝑛 ≠ ℎ 𝒙 𝑛

where 𝒟 = 𝒙 𝑛 , 𝑦 𝑛
𝑛=1

𝑁
is the training data set and 

𝒙 ∼ 𝒟 denotes a point sampled uniformly at random from 𝒟
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Three 
Hypotheses of 
Interest
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1. The true function, 𝑐∗

2. The expected risk minimizer, 

ℎ∗ = argmin
ℎ ∈ℋ

𝑅 ℎ

3. The empirical risk minimizer, 

෠ℎ = argmin
ℎ ∈ℋ

෠𝑅 ℎ



Key Question  Given a hypothesis with zero/low training error, what 

can we say about its true error? 
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A simple 
setting: finite 
possibilities

8

Classification
 n i.i.d. data points (Xi,Yi), i = 1,…,n

 finite number of possible hypotheses 
(e.g., decision trees of depth d)

A learner finds a hypothesis h

We are interested in:



A simple 
setting
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Classification
 n i.i.d. data points (Xi,Yi), i = 1,…,n

 finite number of possible hypotheses (e.g., decision 
trees of depth d)

A learner finds a hypothesis h that is consistent
with training data

 Gets zero error in training, errortrain(h) = 0

What is the probability that h has more than 
true error?

 errortrue(h) ≥ 

Even if h makes zero errors in training data, may make errors in test



How likely is a 
bad hypothesis 
to get m data 
points right?
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 Consider a bad hypothesis h i.e. errortrue(h) ≥ 

 Probability that h gets one data point right (i.e. does not make 
an error)

 Probability that h gets m data points right

≤ 1- 

≤ (1- )m



• Usually there are many (say k) bad hypotheses in the class

h1, h2, …, hk s.t. error(hi) ≥  i = 1, …, k

• Probability that learner picks a bad hypothesis = Probability 
that some bad hypothesis is consistent with m data points

How likely is a 
learner to pick 
a bad 
hypothesis?

Prob(h1 consistent with m data points OR 
h2 consistent with m data points OR … OR   
hk consistent with m data points)

≤ Prob(h1 consistent with m data points) + 

Prob(h2 consistent with m data points) +  +

Prob(hk consistent with m data points)

≤   k (1-)m
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Union 
bound
Loose but 
works



How likely is a 
learner to pick 
a bad 
hypothesis?

 Usually there are many many (say k) bad hypotheses in the 
class

h1, h2, …, hk s.t. error(hi) ≥  i = 1, …, k

 Probability that learner picks a bad hypothesis

≤   k (1-)m
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Size of hypothesis class

m  

≤   |H| (1-)m ≤   |H| e-m



Probability of 
Error

 Given  and , yields sample complexity

#training data 
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…. Probability of error



PAC (Probably 
Approximately 
Correct) bound

 Theorem [Haussler’88]: Hypothesis space H
finite, dataset D with m i.i.d. samples, 0 <  < 1 : 
for any learned hypothesis h that is consistent 
on the training data, for sufficiently large m:

 Equivalently, with probability

14



What if our 
classifier does 
not have zero 
error on the 
training data?

Question: What about a learner with errortrain(h) ≠ 0 in 
training set? 

 The error of a hypothesis is like estimating the 
parameter of a coin!

errortrue(h) := P(h(X) ≠ Y)             P(H=1) =: 

errortrain(h) :=
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Hoeffding’s
bound for a 
single 
hypothesis

Consider m i.i.d. flips x1,…,xm, where xi 
{0,1} of a coin with parameter . For 0<<1:

For a single hypothesis h
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Hoeffding’s
bound for |H| 
hypotheses

For each hypothesis hi:

What if we are comparing |H| hypotheses? 

Union bound 

 Theorem: Hypothesis space H finite, dataset D
with m i.i.d. samples, 0 <  < 1 : for any learned 
hypothesis h  H, with sufficiently large number 
of samples m:
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Summary of 
PAC bounds for 
finite 
hypothesis 
spaces

With probability ≥ 1-, 

1)  For all h  H s.t. errortrain(h) = 0, 

errortrue(h) ≤  = 

2) For all h  H

|errortrue(h) – errortrain(h)| ≤  = 
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Haussler’s bound

Hoeffding’s bound



PAC bound and 
Bias-Variance 
tradeoff

 With probability 

 Fixed m

hypothesis space

complex

simple
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small large
large small



The Union 
Bound…
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A B

𝑃 𝐴 ∪ 𝐵 ≤ 𝑃 𝐴 + 𝑃{𝐵}



B

𝑃 𝐴 ∪ 𝐵 = 𝑃 𝐴 + 𝑃 𝐵 − 𝑃{𝐴 ∩ 𝐵}

The Union 
Bound is Bad!
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A

𝑃 𝐴 ∪ 𝐵 ≤ 𝑃 𝐴 + 𝑃{𝐵}



Intuition

 If two hypotheses ℎ1, ℎ2 ∈ ℋ are 
very similar, then the events 

 “ℎ1 is consistent with the first 𝑚
training data points” 

 “ℎ2 is consistent with the first 𝑚
training data points”

 will overlap a lot! 

22

ℎ1 ℎ2



Intuition
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 If two hypotheses ℎ1, ℎ2 ∈ ℋ are 
very similar, then the events 

 “ℎ1 is consistent with the first 𝑚
training data points” 

 “ℎ2 is consistent with the first 𝑚
training data points”

 will overlap a lot! 

ℎ1 ℎ2



Labelings

 Given some finite set of data points 𝑆 = 𝒙 1 , … , 𝒙 𝑀

and some hypothesis ℎ ∈ ℋ, applying ℎ to each point in 

𝑆 results in a labelling

 ℎ 𝒙 1 , … , ℎ 𝒙 𝑀 is a vector of 𝑀 +1’s and -1’s 

 Insight: given 𝑆 = 𝒙 1 , … , 𝒙 𝑀 , each hypothesis in ℋ

induces a labelling but not necessarily a unique labelling

 The set of labellings induced by ℋon 𝑆 is        

ℋ 𝑆 = ℎ 𝒙 1 , … , ℎ 𝒙 𝑀 ℎ ∈ ℋ
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Example: Labelings

ℋ = {ℎ1, ℎ2, ℎ3}
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ℎ2ℎ1

ℎ3

𝒙 1

𝒙 3

𝒙 2

𝒙 4



ℋ = {ℎ1, ℎ2, ℎ3}

ℎ1 𝒙 1 , ℎ1 𝒙 2 , ℎ1 𝒙 3 , ℎ1 𝒙 4

 = −1,+1,−1,+1
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ℎ1

𝒙 1

𝒙 3

𝒙 2

𝒙 4

Example: Labelings



Example: Labelings

27

ℎ2

𝒙 1

𝒙 3

𝒙 2

𝒙 4

ℋ = {ℎ1, ℎ2, ℎ3}

ℎ2 𝒙 1 , ℎ2 𝒙 2 , ℎ2 𝒙 3 , ℎ2 𝒙 4

 = −1,+1,−1,+1



Example: Labelings
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ℎ3

𝒙 1

𝒙 3

𝒙 2

𝒙 4

ℋ = {ℎ1, ℎ2, ℎ3}

ℎ3 𝒙 1 , ℎ3 𝒙 2 , ℎ3 𝒙 3 , ℎ3 𝒙 4

 = +1,+1,−1,−1



Example: Labelings

ℋ = {ℎ1, ℎ2, ℎ3}

ℋ 𝑆
= +1,+1,−1,−1 , −1,+1,−1,+1

ℋ 𝑆 = 2
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ℎ2ℎ1

ℎ3

𝒙 1

𝒙 3

𝒙 2

𝒙 4



Example: Labelings

ℋ = ℎ1, ℎ2, ℎ3

ℋ 𝑆 =
+1,+1,−1,−1

ℋ 𝑆 = 1


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ℎ2ℎ1

ℎ3

𝒙 1

𝒙 3

𝒙 2

𝒙 4



Key Takeaways

 Statistical learning theory model

 Expected vs. empirical risk of a hypothesis  

 Four possible cases of interest 

 realizable vs. agnostic

 finite vs. infinite

 Sample complexity bounds and statistical learning 

theory corollaries for finite hypothesis sets 
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 The growth function of ℋ is the maximum number of 

distinct labelings ℋ can induce on any set of 𝑀 data points:

𝑔ℋ 𝑀 = max
𝑆 ∶ 𝑆 =𝑀

ℋ 𝑆

 𝑔ℋ 𝑀 ≤ 2𝑀 ∀ℋ and 𝑀

ℋ shatters 𝑆 if ℋ 𝑆 = 2𝑀

 If ∃ 𝑆 s.t. 𝑆 = 𝑀 and ℋ shatters 𝑆, then 𝑔ℋ 𝑀 = 2𝑀

Growth 
Function

32



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 3 ?

33



 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 3 ?
Growth 
Function: 
Example

34



 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 3 ?
Growth 
Function: 
Example

35



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 3 ?

36

ℋ 𝑆1 = 6 ℋ 𝑆2 = 8



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators  

 𝑔ℋ 3 = 8 = 23
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ℋ 𝑆1 = 6 ℋ 𝑆2 = 8



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?
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Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?
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Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?

40

ℋ 𝑆1 = 14



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?
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ℋ 𝑆1 = 14



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?
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ℋ 𝑆1 = 14



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 What is 𝑔ℋ 4 ?
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ℋ 𝑆1 = 14



Growth 
Function: 
Example

 𝒙 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional linear separators 

 𝑔ℋ 4 = 14 < 24
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ℋ 𝑆1 = 14 ℋ 𝑆2 = 14



Theorem 3: 
Vapnik-
Chervonenkis
(VC)-Bound
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 Infinite, realizable case: for any hypothesis set ℋ and 

distribution 𝑝∗, if the number of labelled training data 

points satisfies 

𝑀 ≥
2

𝜖
log2 2𝑔ℋ 2𝑀 + log2

1

𝛿

then with probability at least 1 − 𝛿, all ℎ ∈ ℋ with 

෠𝑅 ℎ = 0 have 𝑅 ℎ ≤ 𝜖

𝑀 appears on both sides of the inequality…



Theorem 3: 
Vapnik-
Chervonenkis
(VC)-Dimension

 𝑑𝑉𝐶 ℋ = the largest value of 𝑀 s.t. 𝑔ℋ 𝑀 = 2𝑀, i.e., the 

greatest number of data points that can be shattered by ℋ

 If ℋ can shatter arbitrarily large finite sets, then 

𝑑𝑉𝐶 ℋ = ∞

 𝑔ℋ 𝑀 = 𝑂 𝑀𝑑𝑉𝐶 ℋ (Sauer-Shelah lemma)

 To prove that 𝑑𝑉𝐶 ℋ = 𝐶, you need to show

1. ∃ some set of 𝐶 data points that ℋ can shatter and

2. ∄ a set of 𝐶 + 1 data points that ℋ can shatter 
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VC-Dimension: 
Example

47

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑎



VC-Dimension: 
Example

48

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑎

𝑥 1



VC-Dimension: 
Example

49

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑎

𝑥 1



VC-Dimension: 
Example

50

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑎

𝑥 1 𝑥 2



VC-Dimension: 
Example

51

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑥 1 𝑥 2

𝑎



VC-Dimension: 
Example

52

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑥 1 𝑥 2

𝑎



VC-Dimension: 
Example
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 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑑𝑉𝐶 ℋ ?

𝑥 1 𝑥 2

𝑎



VC-Dimension: 
Example
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 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 𝑑𝑉𝐶 ℋ = 1

𝑥 1 𝑥 2

𝑎



VC-Dimension: 
Example
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 𝑥 𝑖 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑔ℋ 𝑚 ?

𝑎



VC-Dimension: 
Example
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 𝑥 𝑖 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 What is 𝑔ℋ 𝑚 ?

…

𝑥 1 𝑥 2 𝑥 3 𝑥 4 𝑥 5 𝑥 6 𝑥 𝑚−1 𝑥 𝑚

𝑎



VC-Dimension: 
Example

57

 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive rays, i.e., 

all hypotheses of the form ℎ 𝑥; 𝑎 = sign 𝑥 − 𝑎

 𝑔ℋ 𝑚 = 𝑚 + 1 = 𝑂 𝑚1

…

𝑥 1 𝑥 2 𝑥 3 𝑥 4 𝑥 5 𝑥 6 𝑥 𝑚−1 𝑥 𝑚

𝑎



 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive intervals

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑚 ?

VC-Dimension: 
Example

58

𝑎 𝑏



 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive intervals

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑚 ?

VC-Dimension: 
Example

59

𝑎 𝑏

𝑥 1 𝑥 3𝑥 2



 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive intervals

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑚 ?

VC-Dimension: 
Example
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𝑎 𝑏

…

𝑥 1 𝑥 2 𝑥 3 𝑥 4 𝑥 5 𝑥 6 𝑥 𝑚−1 𝑥 𝑚



 𝑥 𝑚 ∈ ℝ and ℋ = all 1-dimensional positive intervals

 𝑑𝑉𝐶 ℋ = 2 and 𝑔ℋ 𝑚 = 𝑚+1
2

+ 1 = 𝑂 𝑚2

VC-Dimension: 
Example
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𝑎 𝑏

…

𝑥 1 𝑥 2 𝑥 3 𝑥 4 𝑥 5 𝑥 6 𝑥 𝑚−1 𝑥 𝑚



Growth 
Function: 
Example
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 𝑥 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional positive convex sets 

ConvexConvex

Non-convex
Non-convex



Growth 
Function: 
Example

63

…

𝑥 1

𝑥 2

𝑥 3

𝑥 𝑚

𝑥 4

𝑥 5

𝑥 6

 𝑥 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional positive convex sets 

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑀 ?



 𝑥 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional positive convex sets 

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑀 ?

Growth 
Function: 
Example

64

…

𝑥 1

𝑥 2

𝑥 3

𝑥 𝑚

𝑥 4

𝑥 5

𝑥 6



 𝑥 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional positive convex sets 

 What are 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑀 ?

Growth 
Function: 
Example

65

…

𝑥 1

𝑥 2

𝑥 3

𝑥 𝑚

𝑥 4

𝑥 5

𝑥 6



 𝑥 𝑚 ∈ ℝ2 and ℋ = all 2-dimensional positive convex sets 

 𝑑𝑉𝐶 ℋ = ∞ and 𝑔ℋ 𝑀 = 2𝑀

Growth 
Function: 
Example

66

…

𝑥 1

𝑥 2

𝑥 3

𝑥 𝑚

𝑥 4

𝑥 5

𝑥 6



Theorem 3: 
Vapnik-
Chervonenkis
(VC)-Bound

67

 Infinite, realizable case: for any hypothesis set ℋ and 

distribution 𝑝∗, if the number of labelled training data 

points satisfies 

𝑀 = 𝑂
1

𝜖
𝑑𝑉𝐶 ℋ log

1

𝜖
+ log

1

𝛿

then with probability at least 1 − 𝛿, all ℎ ∈ ℋ with 

෠𝑅 ℎ = 0 have 𝑅 ℎ ≤ 𝜖



Statistical 
Learning 
Theory 
Corollary

68

 Infinite, realizable case: for any hypothesis set ℋ and 

distribution 𝑝∗, given a training data set 𝑆 s.t. 𝑆 = 𝑀, 

all ℎ ∈ ℋ with ෠𝑅 ℎ = 0 have

𝑅 ℎ ≤ 𝑂
1

𝑀
𝑑𝑉𝐶 ℋ log

𝑀

𝑑𝑉𝐶 ℋ
+ log

1

𝛿

with probability at least 1 − 𝛿.



Theorem 4: 
Vapnik-
Chervonenkis
(VC)-Bound

69

 Infinite, agnostic case: for any hypothesis set ℋ and 

distribution 𝑝∗, if the number of labelled training data 

points satisfies 

𝑀 = 𝑂
1

𝜖2
𝑑𝑉𝐶 ℋ + log

1

𝛿

then with probability at least 1 − 𝛿, all ℎ ∈ ℋ have 

𝑅 ℎ − ෠𝑅 ℎ ≤ 𝜖



Statistical 
Learning 
Theory 
Corollary
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 Infinite, agnostic case: for any hypothesis set ℋ and 

distribution 𝑝∗, given a training data set 𝑆 s.t. 𝑆 = 𝑀, 

all ℎ ∈ ℋ have 

𝑅 ℎ ≤ ෠𝑅 ℎ + 𝑂
1

𝑀
𝑑𝑉𝐶 ℋ + log

1

𝛿

with probability at least 1 − 𝛿.



Agnostic case: for any hypothesis class ℋ and 

distribution 𝐷, given a training data set 𝑆 𝑆 = 𝑚, all ℎ ∈

ℋ have 

𝑅 ℎ ≤ ෠𝑅 ℎ + 𝑂
1

𝑀
𝑑𝑉𝐶 ℋ + log

1

𝛿

with probability at least 1 − 𝛿.
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Approximation 
Generalization 
Tradeoff

How well does ℎ
approximate 𝑐∗

on training data?

How well does 
ℎ generalize?



Agnostic case: for any hypothesis class ℋ and 

distribution 𝐷, given a training data set 𝑆 𝑆 = 𝑚, all ℎ ∈

ℋ have 

𝑅 ℎ ≤ ෠𝑅 ℎ + 𝑂
1

𝑀
𝑑𝑉𝐶 ℋ + log

1

𝛿

with probability at least 1 − 𝛿.

72

Approximation 
Generalization 
Tradeoff

Increases as 
𝑑𝑉𝐶 ℋ increases

Decreases as 
𝑑𝑉𝐶 ℋ increases



VC dimension 
and size of 
hypothesis 
space

 To be able to shatter m points, how many hypothesis do we 
need?

2m labelings |H|≥ 2m

 Given |H| hypothesis, number of points we can shatter 
m <= log2|H|

VC(H) ≤ log2|H|

 So VC bound is tighter.

73





Limitation of 
VC dimension

 Hard to compute for many hypothesis spaces

VC(H) ≥ lower bound (easy)

VC(H) = …   (HARD!)

For all placements of VC(H)+1 points, there exists a labeling that 
can’t be shattered

 Too loose for many hypothesis spaces

linear SVMs, VC dim = d+1  (d features)

kernel SVMs, VC dim = ??

= ∞ (Gaussian kernels) 

Suggests Gaussian kernels are really BAD!!
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Rademacher
Complexity

 Instead of all possible labelings, measure 
complexity by how accurately a hypothesis 
space can match a random labeling of the data.

For each data point i, draw random label 

σi s.t. P(σi = +1) = ½ = P(σi = -1)

Then empirical Rademacher complexity of H is

77

- +

+

Max correlation possible with random  labels



Rademacher
Bounds

78

 With probability ≥ 1-δ,

where empirical Rademacher complexity of H

is purely data-dependent.



Summary of 
PAC bounds

With probability ≥ 1-,  

1) for all h  H s.t. errortrain(h) = 0, 

errortrue(h) ≤  = 

2) for all h  H, 

|errortrue(h) – errortrain(h)| ≤  = 

3)   for all h  H, 

|errortrue(h) – errortrain(h)| ≤  = 

4) For all h   H, 

|errortrue(h) – errortrain(h)| ≤  = 

79

Finite 
hypothesis 
space

Infinite hypothesis 
space



PAC Bounds

80

True error

Training error

High probability
Upper bound
on true risk

(H) - large for complex models

With probability ≥ 1-,  for all h   H, 

|errortrue(h) – errortrain(h)| ≤ (H)



Key Takeaways

 For infinite hypothesis sets, use the VC-dimension (or 

the growth function) as a measure of complexity

 Computing 𝑑𝑉𝐶 ℋ and 𝑔ℋ 𝑀

 Connection between VC-dimension and the growth 

function (Sauer-Shelah lemma)

 Sample complexity and statistical learning theory 

style bounds using 𝑑𝑉𝐶 ℋ
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