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Sequential 
decision 
problem

●Agent interacts w/ environment over time
●Alternating observations and actions o1, a1, o2, a2, …
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Example: 
simple 
racing game

● observations: 60 fps images, downscale to 
● actions: 2D real = offset from car center to steering target
● trajectory: images and steering over time

𝟥𝟤 × 𝟥𝟤
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Reinforcement 
learning

●Many possible goals in a sequential decision problem: 
environment modeling, reinforcement learning, imitation, 
apprenticeship, behavior design

●Warning: we’ll cover one goal here (RL); popular but often 
not the right way to approach a problem

●Assume: given one-step costs or rewards: 
●RL: act to maximize total reward or minimize total cost

▶︎ say, sum to end of level (cross finish or pass time limit)

ct = c(ot, at)

min𝖺𝗀𝖾𝗇𝗍 𝖼𝗈𝖽𝖾 𝖠 𝔼𝗍𝗋𝖺𝗃𝖾𝖼𝗍𝗈𝗋𝗒 τ ∣ 𝖠 𝗍𝗈𝗍𝖺𝗅 𝖼𝗈𝗌𝗍 𝗈𝖿 τ
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Stay on track: cost=0 Stay on track: cost=0 Stay on track: cost=0.5 Stay on track: cost=1
Go straight: cost=0 Go straight: cost=0.7 Go straight: cost=1 Go straight: cost=0.7

Go fast: cost=0 Go fast: cost=0.3 Go fast: cost=0.7 Go fast: cost=1

One-step cost
●Many possible cost/reward functions: stay on track, go 

fast, avoid sharp turns, …
●Choosing the right one is a hard problem in itself!
▶︎ common source of bugs: reasonable-seeming cost/

reward leads to unreasonable behavior
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Example 
environments

4 8 8  |  N A T U R E  |  V O L  5 2 9  |  2 8  J A N U A R Y  2 0 1 6

ARTICLERESEARCH

on high-performance MCTS algorithms. In addition, we included the 
open source program GnuGo, a Go program using state-of-the-art 
search methods that preceded MCTS. All programs were allowed 5 s 
of computation time per move.

The results of the tournament (see Fig. 4a) suggest that single- 
machine AlphaGo is many dan ranks stronger than any previous  
Go program, winning 494 out of 495 games (99.8%) against other 
Go programs. To provide a greater challenge to AlphaGo, we also 
played games with four handicap stones (that is, free moves for the 
opponent); AlphaGo won 77%, 86%, and 99% of handicap games 
against Crazy Stone, Zen and Pachi, respectively. The distributed ver-
sion of AlphaGo was significantly stronger, winning 77% of games 
against single-machine AlphaGo and 100% of its games against other 
programs.

We also assessed variants of AlphaGo that evaluated positions 
using just the value network (λ = 0) or just rollouts (λ = 1) (see  
Fig. 4b). Even without rollouts AlphaGo exceeded the performance 
of all other Go programs, demonstrating that value networks provide 
a viable alternative to Monte Carlo evaluation in Go. However, the 
mixed evaluation (λ = 0.5) performed best, winning ≥95% of games 
against other variants. This suggests that the two position-evaluation 

mechanisms are complementary: the value network approximates the 
outcome of games played by the strong but impractically slow pρ, while 
the rollouts can precisely score and evaluate the outcome of games 
played by the weaker but faster rollout policy pπ. Figure 5 visualizes 
the evaluation of a real game position by AlphaGo.

Finally, we evaluated the distributed version of AlphaGo against Fan 
Hui, a professional 2 dan, and the winner of the 2013, 2014 and 2015 
European Go championships. Over 5–9 October 2015 AlphaGo and 
Fan Hui competed in a formal five-game match. AlphaGo won the 
match 5 games to 0 (Fig. 6 and Extended Data Table 1). This is the 
first time that a computer Go program has defeated a human profes-
sional player, without handicap, in the full game of Go—a feat that was  
previously believed to be at least a decade away3,7,31.

Discussion
In this work we have developed a Go program, based on a combina-
tion of deep neural networks and tree search, that plays at the level of 
the strongest human players, thereby achieving one of artificial intel-
ligence’s “grand challenges”31–33. We have developed, for the first time, 
effective move selection and position evaluation functions for Go, 
based on deep neural networks that are trained by a novel combination  

Figure 6 | Games from the match between AlphaGo and the European 
champion, Fan Hui. Moves are shown in a numbered sequence 
corresponding to the order in which they were played. Repeated moves  
on the same intersection are shown in pairs below the board. The first 

move number in each pair indicates when the repeat move was played, at 
an intersection identified by the second move number (see Supplementary 
Information).
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Game 1
Fan Hui (Black), AlphaGo (White)
AlphaGo wins by 2.5 points

Game 2
AlphaGo (Black), Fan Hui (White)
AlphaGo wins by resignation

Game 3
Fan Hui (Black), AlphaGo (White)
AlphaGo wins by resignation

Game 4
AlphaGo (Black), Fan Hui (White)
AlphaGo wins by resignation

Game 5
Fan Hui (Black), AlphaGo (White)
AlphaGo wins by resignation

© 2016 Macmillan Publishers Limited. All rights reserved

observations: screen images

actions: controller buttons, 

joystick position

transitions: determined by 

game code

reward: score increase

observations: board 

actions: place a stone


transitions: rules of Go, opponent 
follows a previous policy (self-play)

reward: +1 for win, –1 for loss, 0 for 

draw, 0 if game isn’t over

{B, W, ∅}19×19
Sometimes we 

consider the goal 
(cost/reward) as part 
of the environment, 
but sometimes the 
same environment 

could support more 
than one RL problem
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Why is RL 
hard?

●Two key difficulties make RL harder than supervised 
learning
▶︎ the explore-exploit dilemma
▶︎  

▶︎ the temporal credit assignment problem
▶︎  

& function approximation interaction
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Warmup: 
explore-
exploit

● If we fix the horizon (max episode length) to 1, RL 
becomes the contextual bandits problem
▶︎ agent sees context  (independent from all previous 

contexts and actions)
▶︎ chooses action 
▶︎ gets reward 
▶︎ repeat

●E.g.:
▶︎ recommend a news article
▶︎ pick ads to serve on a search page

o

a
r
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Context

Choose an action: greet or run



Geoff Gordon

Results

Context Action Reward

B G +

B C - I

C G - I

↳ C + 2

B R O

B G - 1
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Warmup 2: 
tabular 
setting ●Tractable set of observations {1..5}  actions {L, R}

●The Markov property
▶︎ we only need to remember the most recent observation
▶︎

▶︎ in this case,  is called a state, often write  instead
●Why “tabular”? OK to store everything as tables: e.g., 

table of costs or table of best actions to take

×

P(ot+1 ∣ o1, a1, …, ot, at) = P(ot+1 ∣ ot, at)
ot st

r=–1 r=-1 r=–10 r=–1 r=0

1 2 3 4 5

this much reward 
when leaving state

Both explore-
exploit and 

temporal credit 
assignment, but no 
worry about how to 
approximate high-d 

functions
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Warmup 2: 
tabular 
setting ●Tractable set of observations {1..5}  actions {L, R}

●The Markov property
▶︎ we only need to remember the most recent observation
▶︎

▶︎ in this case,  is called a state, often write  instead
●Why “tabular”? OK to store everything as tables: e.g., 

table of costs or table of best actions to take

×

P(ot+1 ∣ o1, a1, …, ot, at) = P(ot+1 ∣ ot, at)
ot st

r=–1 r=-1 r=–10 r=–1 r=0

1 2 3 4 5

this much reward 
when leaving state

Both explore-
exploit and 

temporal credit 
assignment, but no 
worry about how to 
approximate high-d 

functions

Don’t know full environment to start:   
only   and 𝒮 = {1…5} 𝒜 = {L, R}
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Collect data, 
learn , 

, and 
P(s1)

r(s, a)
T(s′ ∣ s, a)

1

2

3
4

1


2


3


4

fro
m

 s
ta

te
to state (A) to state (B)

1        2        3       4 1        2        3       4

count

4 states {1, 2, 3, 4}

2 actions {A, B}

start state
1        2        3       4

reward (A)
reward (B)

: initial state dist’n

: one-step reward


: transition prob

P(s1)
r(s, a)
T(s′ ∣ s, a)

note: substochastic

O

&A
30 B A &

O
↓& goalL

O

100 B A

Ad 0 0 R A

Inn + 10 + 1 D

10 00 8 I N
d

Geoff Gordon
note: I should have kept separate counts for actions A & B here
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Aside: time 
as state

● In our tabular examples so far, environment dynamics 
don’t change with time
▶︎ the environments are stationary

● If we want a nonstationary environment (e.g., a deadline 
by which something has to happen, or a bonus for doing 
something early), just include the time index as part of 
the state
▶︎  will increment it
▶︎ finite  means there’s a hard time limit — the horizon
▶︎ we’ll effectively keep one set of tables per time step

●Or we can have an approximate time index: e.g., a 
counter that increments w.p.  and maxes at 20 means 
we know approximate time for ~40 steps, then “it’s been 
a while”

T(s′ ∣ s, a)
𝒮

1
2
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Agent 
behavior = 
policy

●Policy = function  
▶︎ input: history (trajectory so far) 

▶︎ output:  
●With Markov assumption: 

▶︎ enough to depend just on state 
(last observation) 

▶︎ write 
▶︎ optimal policy can be deterministic, 

but we typically optimize over 
stochastic policies (continuous set)

●Optimal answer: policy with best 
expected (total) reward

π

o1, a1, …, ot
P(𝖺𝖼𝗍𝗂𝗈𝗇 ∣ 𝗁𝗂𝗌𝗍𝗈𝗋𝗒)

π(at ∣ st)

State P(left) P(right)

1

2

3

4

5

Policy

0
. 3 0 .7

O I

0 . 5 0 .5

0 .40 .0

08 0
. 2
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Estimating 
the total 
reward of a 
policy

●Naive method: run some trajectories with agent acting 
according to policy , average their total rewards

● Insight: the actual sequence of states visited is 
informative — use it to reduce variance

●We’ll estimate rewards for each state, use relationships 
among states to improve accuracy

●Defn: the value function of  maps state  total 
expected future reward if we are at that state following 

▶︎ for now, assume expectation exists; we’ll return to this

π

π →
π

Vπ(s) = 𝔼 [∑i=t, t+1, … ri st = s, 𝖿𝗈𝗅𝗅𝗈𝗐𝗂𝗇𝗀 π]

For RL, we can write a trajectory as o1, a1, r1, o2, a2, r2, …
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Value 
function 
example

Environment

Policy : always move right       Trajectory ends with any action from 5π

Table of Vπ

1 2 3 4 5

1 2 3 4 5For simplicity, 
suppose we know 

the exact MDP

r=–1 r=–1 r=–10 r=–1 r=0

–13 –12 –11 –1 0x

env ironment
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Computing 
the value 
function

●Split  into first step and subsequent steps
●Use law of iterated expectations + Markov property
●Result:  is expressed recursively (in terms of itself)

▶︎ called the Bellman equation
▶︎ will allow a dynamic programming algorithm 

Vπ(s)

Vπ

Vπ(s) = 𝔼(r1 + r2 + r3 + … ∣ s1 = s, 𝖿𝗈𝗅𝗅𝗈𝗐𝗂𝗇𝗀 π)
= 𝔼(r1 + 𝔼(r2 + r3 + … ∣ s2 = 𝗈𝖻𝗌𝖾𝗋𝗏𝖾𝖽 s2, π) ∣ s1 = s, π)
= 𝔼(r1 + Vπ(s2) ∣ s1 = s, π)

= ∑a π(a ∣ s)[r(s, a) + ∑s′ 
T(s′ ∣ s, a)Vπ(s′ )]

note:  is substochastic — handles 
end of trajectory automatically

T

S

-1
-> vT(sz)
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Value 
iteration for 
Vπ

▶︎ Given: ,    (exact or learned)
▶︎ Initialize  arbitrarily (e.g., to 0 for all )
▶︎ Repeat until converged
▶︎ for each state  (in parallel or in an arbitrary order)

r(s, a) T(s′ ∣ s, a)
Vπ(s) s

s
Vπ(s) ← ∑a π(a ∣ s)[r(s, a) + ∑s′ 

T(s′ ∣ s, a)Vπ(s′ )]

Table of Vπ

Environment

1 2 3 4 5

1 2 3 4 5

Dynamic programming: 
replace = by  in 
Bellman equation

←

r=–1 r=–1 r=–10 r=–1 r=0

or warm start if 
we know one

O O ⑤ ① 00->I

- 13 ~ 12 - 11
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Temporal 
difference 
(TD) learning ▶︎ Given: observed transitions from , 

▶︎ Initialize  arbitrarily (e.g., to 0 for all )
▶︎ Repeat until converged
▶︎ sample a transition  (or minibatch)
▶︎ compute target(s)  

▶︎ notes:  not used; frozen copy of  (stop-grad)
▶︎ update each  by SGD towards its target

π {st, at, rt, st+1}
Vπ(s) s

s, a, r, s′ 

r + Vπ(s′ )
a Vπ

Vπ(s)

same idea, but from 
data instead of from 
environment model

Table of Vπ

1 2 3 4 5

Data 1  2  3  4  5  done  ( : always R)→−1 →−1 →−10 →−1 →0 π

O & %5 00
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Poll

●Which of the following statements are true about the 
Markov property?

A. The Markov property holds when the most recent 
observation is enough to let us predict the future (as 
accurately as knowing the entire history)

B. The Markov property holds in all the Atari games, if 
we use a window of the last 5 video frames and 
controller inputs as our state representation

C. The value iteration algorithm requires the Markov 
property in order to have guaranteed convergence to 
the optimal value function

D. All the above
E. A & C only
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Optimal 
value 
function

●Decompose  into first step and subsequent steps, 
using law of iterated expectations as above

●Split  into separate max over  and over  for 
 onward

●Result:  expressed recursively (another Bellman eq)

V*(s)

maxπ a1 π
t = 2

V*

V*(s) = maxπ 𝔼(r1 + r2 + r3 + … ∣ s1 = s, 𝖿𝗈𝗅𝗅𝗈𝗐𝗂𝗇𝗀 π)

V*(s) = maxa 𝔼 [r1 + maxπ 𝔼(r2 + r3 + … ∣ s2 = 𝗈𝖻𝗌𝖾𝗋𝗏𝖾𝖽 s2, π)
∣ s1 = s, a1 = a)]

= maxa 𝔼 [r1 + V*(s2) ∣ s1 = s, a1 = a]
= maxa [r(s, a) + ∑s′ 

T(s′ ∣ s, a)V*(s′ )]

Def’n:
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Value 
iteration for 
V*

▶︎ Given: , 
▶︎ Initialize  arbitrarily (e.g., to 0 for all )
▶︎ Repeat until converged
▶︎ for each state  (in parallel or in an arbitrary order)

r(s, a) T(s′ ∣ s, a)
V*(s) s

s
V*(s) ← maxa [r(s, a) + ∑s′ 

T(s′ ∣ s, a)V*(s′ )]

Table of Vπ

Environment

1 2 3 4 5

1 2 3 4 5

Replace = by  in 
Bellman equation

←

r=–1 r=–1 r=–10 r=–1 r=0

& G ① ⑳ O

- 10
- A


