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Front Matter

 Announcements

 TA project proposals have been turned in; all teams should 

schedule a time to have a 15-30 minute meeting with their TA 

mentor before Friday March 20! 

 HW4 has been released and is due on Tuesday, March 24

 Recommended Readings

 Daumé III, Chapter 15: Unsupervised Learning

 Murphy, Section 11.1 – 11.4.2
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Recall: 
Transformers

3Source: https://arxiv.org/pdf/1706.03762.pdf

 In addition to multi-head 

attention, transformer 

architectures use

1. Positional encodings

2. Layer normalization

3. Residual connections

4. A fully-connected feed-

forward network

https://arxiv.org/pdf/1706.03762.pdf
https://arxiv.org/pdf/1706.03762.pdf
https://arxiv.org/pdf/1706.03762.pdf


How on earth 
do we train 
these things?

4Source: https://arxiv.org/pdf/1706.03762.pdf

 In addition to multi-head 

attention, transformer 

architectures use

1. Positional encodings

2. Layer normalization

3. Residual connections

4. A fully-connected feed-

forward network

https://arxiv.org/pdf/1706.03762.pdf
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Learning 
Paradigms

 Supervised learning - 𝒟 = 𝒙 𝑖 , 𝑦 𝑖
𝑖=1

𝑁

 Regression - 𝑦 𝑖 ∈ ℝ

 Classification - 𝑦 𝑖 ∈ 1,… , 𝐶

 Unsupervised learning - 𝒟 = 𝒙 𝑖
𝑖=1

𝑁

 Clustering 

 Dimensionality reduction

 Reinforcement learning 

 Active learning

 Semi-supervised learning

 Online learning
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Clustering

 Goal: split an unlabeled data set into groups or clusters of 
“similar” data points

 Use cases:

 Organizing data

 Discovering patterns or structure

 Preprocessing for downstream machine learning tasks
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Recall:
Similarity for 
𝑘NN

 Classify a point as the label of the “most similar” training 

point

 Idea: given real-valued features, we can use a distance 

metric to determine how similar two data points are

 A common choice is Euclidean distance: 

𝑑 𝒙, 𝒙′ = 𝒙 − 𝒙′ 2 = ෍

𝑑=1

𝐷

𝑥𝑑 − 𝑥𝑑
′ 2

 An alternative is the Manhattan distance: 

𝑑 𝒙, 𝒙′ = 𝒙 − 𝒙′ 1 = ෍

𝑑=1

𝐷

𝑥𝑑 − 𝑥𝑑
′
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Partition-Based 
Clustering

 Given a desired number of clusters, 𝐾, return a 

partition of the data set into 𝐾 groups or clusters, 

𝐶1, … , 𝐶𝐾 , that optimize some objective function

1. What objective function should we optimize?

2. How can we perform optimization in this setting?
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Which partition is best?
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Option A Option B



General 
Recipe 
for 
Machine 
Learning
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 Define a model and model parameters

 Assume 𝐾 clusters and use the Euclidean distance

 Parameters: 𝝁1, … , 𝝁𝐾 and 𝑧 1 , … , 𝑧 𝑁

 Write down an objective function

෍

𝑖=1

𝑁

𝒙 𝑖 − 𝝁𝑧 𝑖
2

 Optimize the objective w.r.t. the model parameters



Recipe 
for 
𝐾-means
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 Define a model and model parameters

 Assume 𝐾 clusters and use the Euclidean distance

 Parameters: 𝝁1, … , 𝝁𝐾 and 𝑧 1 , … , 𝑧 𝑁

 Write down an objective function

෍

𝑖=1

𝑁

𝒙 𝑖 − 𝝁𝑧 𝑖
2

 Optimize the objective w.r.t. the model parameters

 Use (block) coordinate descent



Coordinate 
Descent

 Goal: minimize some objective 

෡𝜽 = argmin 𝐽 𝜽

 Idea: iteratively pick one variable and minimize the 

objective w.r.t. just that variable, keeping all others 

fixed. 
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Block 
Coordinate 
Descent
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 Goal: minimize some objective 

ෝ𝜶, ෡𝜷 = argmin 𝐽 𝜶, 𝜷

 Idea: iteratively pick one block of variables (𝜶 or 𝜷) and 

minimize the objective w.r.t. that block, keeping the 

other(s) fixed. 

 Ideally, blocks should be the largest possible set of 

variables that can be efficiently optimized 

simultaneously



ෝ𝝁1, … , ෝ𝝁𝐾 , 𝑧
1 , … , 𝑧 N = argmin෍

𝑖=1

𝑁

𝒙 𝑖 − 𝝁𝑧 𝑖
2

 If 𝝁1, … , 𝝁𝐾 are fixed

Ƹ𝑧 𝑖 = argmin
𝑘 ∈ 1, … ,𝐾

𝒙 𝑖 − 𝝁𝑘 2

 If 𝑧 1 , … , 𝑧 𝑁 are fixed

ෝ𝝁𝑘 = argmin
𝝁

෍

𝑖 ∶𝑧 𝑖 = 𝑘

𝒙 𝑖 − 𝝁
2

ෝ𝝁𝑘 =
1

𝑁𝑘
෍

𝑖 ∶𝑧 𝑖 =𝑘

𝒙 𝑖
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Optimizing the 
𝐾-means 
objective



𝐾-means 
Algorithm

20

 Input: 𝒟 = 𝒙 𝑖
𝑖=1

𝑁
, 𝐾

1. Initialize cluster centers 𝝁1, … , 𝝁𝐾

2. While NOT CONVERGED

a. Assign each data point to the cluster with the 

nearest cluster center:

𝑧(𝑖) = argmin
𝑘

𝒙 𝑖 − 𝝁𝑘 2

b. Recompute the cluster centers:

𝝁𝑘 =
1

𝑁𝑘
෍

𝑖 ∶𝑧 𝑖 =𝑘

𝒙 𝑖

where 𝑁𝑘 is the number of data points in cluster 𝑘

 Output: cluster assignments 𝑧 1 , … , 𝑧 𝑁



𝐾-means: 
Example
(𝐾 = 3)

21Figure courtesy of Matt Gormley
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𝐾-means: 
Example
(𝐾 = 3)
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𝐾-means: 
Example
(𝐾 = 2)

29Figure courtesy of Matt Gormley



𝐾-means: 
Example
(𝐾 = 2)
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𝐾-means: 
Example
(𝐾 = 2)
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𝐾-means: 
Example
(𝐾 = 2)
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𝐾-means: 
Example
(𝐾 = 2)
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𝐾-means: 
Example
(𝐾 = 2)

36Figure courtesy of Matt Gormley



Setting 𝐾

 Idea: choose the value of 𝐾 that minimizes the 

objective function 

 Better idea: look for the characteristic “elbow” or 

largest decrease when going from 𝐾 − 1 to 𝐾

37
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 Common choice: choose 𝐾 data points at random to be 
the initial cluster centers (Lloyd’s method)

Initializing 
𝐾-means

38
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 Common choice: choose 𝐾 data points at random to be 
the initial cluster centers (Lloyd’s method)

Initializing 
𝐾-means
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 Common choice: choose 𝐾 data points at random to be 

the initial cluster centers (Lloyd’s method)

 Lloyd’s method converges to a local minimum and that 

local minimum can be arbitrarily bad (relative to the 

optimal clusters)

 Intuition: want initial cluster centers to be far apart 

from one another

Initializing 
𝐾-means
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Initializing 
𝐾-means
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 Common choice: choose 𝐾 data points at random to be 

the initial cluster centers (Lloyd’s method)
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𝐾-means++ 
(Arthur and 
Vassilvitskii, 
2007)

1. Choose the first cluster center randomly from the 

data points.

2. For each other data point 𝒙, compute 𝐷 𝒙 , the 

distance between 𝒙 and the closest cluster center.

3. Select the next cluster center proportional to 𝐷 𝒙 2.

4. Repeat 2 and 3 𝐾 − 1 times.

 𝐾-means++ achieves a 𝑂 log𝐾 approximation to the 

optimal clustering in expectation 

 Both Lloyd’s method and 𝐾-means++ can benefit from 

multiple random restarts. 
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Shortcomings 
of 𝐾-means

 Clusters cannot overlap

 Clusters must all be of the 

same “width” 

 Clusters must be linearly 

separable 
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Probabilistic or 
“Soft” 
Assignments

 Instead of 𝑧 𝑖 being a deterministic scalar, let 𝒛 𝑖 be a     

1-of-𝐾 vector indicating cluster membership

 For example, 𝑧 1 = 0, 1, 0, … , 0 indicates that the 

first data point belongs to the second cluster

 Let 𝜋𝑘 ≔ 𝑝 𝑧𝑘
𝑖
= 1

47



Gaussian Mixture Models 
(GMMs)

 Assume the following data-generating 

model for our dataset, 𝒟 = 𝒙 𝑖
𝑖=1

𝑁

1. Sample a cluster at random: 

𝑝 𝑧𝑘
𝑖
= 1 = 𝜋𝑘

2. Sample a data point from the 
chosen cluster: 

𝑝 𝒙 𝑖 𝑧𝑘
𝑖
= 1 ∼ 𝑁 𝜇𝑘 , Σ𝑘

48Figure courtesy of Pat Virtue



Gaussian Mixture Models 
(GMMs)

49Figure courtesy of Pat Virtue

Let 𝜃 = 𝝁1, … , 𝝁𝐾 , Σ1, … , Σ𝐾 , 𝜋1, … , 𝜋𝐾

 Assume the following data-generating 

model for our dataset, 𝒟 = 𝒙 𝑖
𝑖=1

𝑁

1. Sample a cluster at random: 

𝑝 𝑧𝑘
𝑖
= 1 = 𝜋𝑘

2. Sample a data point from the 
chosen cluster: 

𝑝 𝒙 𝑖 𝑧𝑘
𝑖
= 1 ∼ 𝑁 𝜇𝑘 , Σ𝑘
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 The log complete likelihood of 𝒟𝑐 = 𝒙 𝑖 , 𝒛 𝑖
𝑖=1

𝑁
is

ℓ𝑐 𝜃 𝒟𝑐 = logෑ

𝑖=1

𝑁

𝑝 𝒙 𝑖 , 𝒛 𝑖 𝜃 =෍

𝑖=1

𝑁

log 𝑝 𝒙 𝑖 , 𝒛 𝑖 𝜃

=෍

𝑖=1

𝑁

log 𝑝 𝒙 𝑖 𝒛 𝑖 , 𝜃 + log 𝑝 𝒛 𝑖 𝜃

=෍

𝑖=1

𝑁

logෑ

𝑘=1

𝐾

𝑝 𝒙 𝑖 𝑧𝑘
𝑖
= 1, 𝜃

𝑧𝑘
𝑖

+ logෑ

𝑘=1

𝐾

𝑝 𝑧𝑘
𝑖
= 1 𝜃

𝑧𝑘
𝑖

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝒙 𝑖 𝑧𝑘

𝑖
= 1, 𝜃 +෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝑧𝑘

𝑖
= 1 𝜃

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log𝑁 𝒙 𝑖 ; 𝜇𝑘 , Σ𝑘 + log 𝜋𝑘

Maximizing 
the 

Likelihood? 
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 The log complete likelihood of 𝒟𝑐 = 𝒙 𝑖 , 𝒛 𝑖
𝑖=1

𝑁
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𝑁

log 𝑝 𝒙 𝑖 𝒛 𝑖 , 𝜃 + log 𝑝 𝒛 𝑖 𝜃

=෍

𝑖=1

𝑁

logෑ

𝑘=1

𝐾

𝑝 𝒙 𝑖 𝑧𝑘
𝑖
= 1, 𝜃

𝑧𝑘
𝑖

+ logෑ

𝑘=1

𝐾

𝑝 𝑧𝑘
𝑖
= 1 𝜃

𝑧𝑘
𝑖

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝒙 𝑖 𝑧𝑘

𝑖
= 1, 𝜃 +෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝑧𝑘

𝑖
= 1 𝜃

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log𝑁 𝒙 𝑖 ; 𝜇𝑘 , Σ𝑘 + log 𝜋𝑘

Maximizing 
the 
Complete
Likelihood
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 The log complete likelihood of 𝒟𝑐 = 𝒙 𝑖 , 𝒛 𝑖
𝑖=1

𝑁
is

ℓ𝑐 𝜃 𝒟𝑐 = logෑ

𝑖=1

𝑁

𝑝 𝒙 𝑖 , 𝒛 𝑖 𝜃 =෍

𝑖=1

𝑁

log 𝑝 𝒙 𝑖 , 𝒛 𝑖 𝜃

=෍

𝑖=1

𝑁

log 𝑝 𝒙 𝑖 𝒛 𝑖 , 𝜃 + log 𝑝 𝒛 𝑖 𝜃

=෍

𝑖=1

𝑁

logෑ

𝑘=1

𝐾

𝑝 𝒙 𝑖 𝑧𝑘
𝑖
= 1, 𝜃

𝑧𝑘
𝑖

+ logෑ

𝑘=1

𝐾

𝑝 𝑧𝑘
𝑖
= 1 𝜃

𝑧𝑘
𝑖

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝒙 𝑖 𝑧𝑘

𝑖
= 1, 𝜃 +෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log 𝑝 𝑧𝑘

𝑖
= 1 𝜃

=෍

𝑖=1

𝑁

෍

𝑘=1

𝐾

𝑧𝑘
𝑖
log𝑁 𝒙 𝑖 ; 𝜇𝑘 , Σ𝑘 + log 𝜋𝑘

 Parameters decoupled → set partial derivatives equal to 0

Maximizing 
the 
Complete
Likelihood is 
easy but 
requires 𝑧 𝑖 !



Maximizing 
the 
Marginal
Likelihood
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 The log marginal likelihood of 𝒟 = 𝒙 𝑖
𝑖=1

𝑁
is

ℓ 𝜃 𝒟 = logෑ

𝑖=1

𝑁

𝑝 𝒙 𝑖 𝜃 =෍

𝑖=1

𝑁

log 𝑝 𝒙 𝑖 𝜃

ℓ 𝜃 𝒟 =෍

𝑖=1

𝑁

log෍

𝒛 𝑖

𝑝 𝒙 𝑖 |𝒛 𝑖 , 𝜃 𝑝 𝒛 𝑖 𝜃

ℓ 𝜃 𝒟 =෍

𝑖=1

𝑁

log෍

𝒛 𝑖

ෑ

𝑘=1

𝐾

𝑝 𝒙 𝑖 |𝑧𝑘
𝑖
= 1, 𝜃 𝑝 𝑧𝑘

𝑖
= 1 𝜃

𝑧𝑘
𝑖

ℓ 𝜃 𝒟 =෍

𝑖=1

𝑁

log෍

𝒛 𝑖

ෑ

𝑘=1

𝐾

𝑁 𝒙 𝑖 ; 𝜇𝑘 , Σ𝑘 𝜋𝑘
𝑧𝑘
𝑖

 Parameters coupled and constrained → gradient ascent is 

possible but complicated and slow to converge



 Define a model and model parameters

 Assume 𝐾 Gaussian clusters

 Parameters: 𝜃 = 𝝁1, … , 𝝁𝐾 , Σ1, … , Σ𝐾 , 𝜋1, … , 𝜋𝐾

 Write down an objective function

 Maximize the log marginal likelihood

ℓ 𝜃 𝒟 = logෑ

𝑖=1

𝑁

𝑝 𝒙 𝑖 𝜃

 Optimize the objective w.r.t. the model parameters

 Expectation-maximization

54

Recipe 
for 
GMMs



Expectation-
Maximization 
for GMMs:
Intuition

 Insight: if we knew the cluster assignments, 𝒛 𝑖 , we 

could maximize the log complete likelihood instead of 

the log marginal likelihood

 Idea: replace 𝒛 𝑖 in the log complete likelihood with 

our “best guess” for 𝒛 𝑖 given the parameters and the 

data 

 Observation: changing the parameters changes our 

“best guess” and vice versa

 Approach: iterate between updating our “best guess” 

and updating the parameters

55



Expectation-
Maximization 
for GMMs 

 Iterative algorithm that alternates between two steps

 Expectation or E-step: for fixed parameters 𝜃, 

compute the expected assignment vectors 

conditioned on 𝜃 and the data set 𝒟

𝐸 𝑧𝑘
𝑖
|𝒙 𝑖 , 𝜃 = 𝑝 𝑧𝑘

𝑖
= 1 𝒙 𝑖 , 𝜃 ∀ 𝑖 and 𝑘

 Maximization or M-step: for fixed assignment 

vectors 𝒛 𝑖 , set the parameters 𝜃 to maximize the 

complete log likelihood of the data set 𝒟

 Under the hood: EM performs block-coordinate ascent 

on a lower bound of the log marginal likelihood

56



E-Step for 
GMMs

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 =

𝑝 𝑧𝑘
𝑖
= 1, 𝒙 𝑖 |𝜃

𝑝 𝒙 𝑖 |𝜃

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 =

𝑝 𝑧𝑘
𝑖
= 1, 𝒙 𝑖 |𝜃

σ𝑗=1
𝐾 𝑝 𝑧𝑗

𝑖
= 1, 𝒙 𝑖 |𝜃

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 =

𝜋𝑘𝑁 𝒙 𝑖 ; 𝜇𝑘 , Σ𝑘

σ𝑗=1
𝐾 𝜋𝑗𝑁 𝒙 𝑖 ; 𝜇𝑗 , Σ𝑗

∀ 𝑖 and 𝑘
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M-Step for 
GMMs

Let 𝑁𝑘 =෍

𝑖=1

𝑁

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃

𝜋𝑘 =
𝑁𝑘
𝑁

𝜇𝑘 =
1

𝑁𝑘
෍

𝑖=1

𝑁

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 𝒙 𝑖

Σ𝑘 =
1

𝑁𝑘
෍

𝑖=1

𝑁

𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 𝒙 𝑖 − 𝜇𝑘 𝒙 𝑖 − 𝜇𝑘

𝑇
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 Input: 𝒟 = 𝒙 𝑖
𝑖=1

𝑁
, 𝐾

1. Initialize all parameters 𝝁1, … , 𝝁𝐾 , Σ1, … , Σ𝐾 , 𝜋1, … , 𝜋𝐾

2. While NOT CONVERGED

a. E-step: compute 𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 ∀ 𝑖 and 𝑘

b. M-step: update the parameters

 Output: parameters 𝝁1, … , 𝝁𝐾 , Σ1, … , Σ𝐾 , 𝜋1, … , 𝜋𝐾 and 

assignments probabilities 𝑝 𝑧𝑘
𝑖
= 1 𝒙 𝑖 , 𝜃 ∀ 𝑖 and 𝑘

GMM
Algorithm



Initializing EM 
for GMMs

 Common heuristics for initialization

 Cluster proportions typically initialized to be uniform

 Cluster means

 Randomly select data points to be cluster centers 

 Randomly sample locations in the range spanned 

by the data 

 Cluster covariances 

 Identity (or scaled identity) matrix

 Random positive diagonal matrix

 Randomly sample 𝐿, a lower triangular matrix 

with positive diagonal entries, and set to 𝐿𝐿T

 Set to the empirical covariance of the data

 Use multiple random restarts
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Terminating 
EM
for GMMs

 Common heuristics for termination

 Stop if the log complete likelihood changes by less 

than some tolerance

 Stop if the parameters and assignment probabilities 

change by less than some tolerance 

 Stop after a fixed number of iterations
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62Figure courtesy of Pat Virtue

GMMs: 
Example
(Initial)



63Figure courtesy of Pat Virtue

GMMs: 
Example
(1 Iteration)



64Figure courtesy of Pat Virtue

GMMs: 
Example
(2 Iterations)



65Figure courtesy of Pat Virtue

GMMs: 
Example
(3 Iterations)



66Figure courtesy of Pat Virtue

GMMs: 
Example
(4 Iterations)



67Figure courtesy of Pat Virtue

GMMs: 
Example
(5 Iterations)



68Figure courtesy of Pat Virtue

GMMs: 
Example
(6 Iterations)



69Figure courtesy of Pat Virtue

GMMs: 
Example
(20 
Iterations)
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Key Takeaways

 Partition-based clustering

 𝐾-means (hard assignments)

 Block-coordinate descent

 Setting 𝐾

 Initializing 𝐾 means

 Gaussian mixture models (probabilistic assignments)

 Complete vs. marginal likelihood

 Expectation-maximization for GMMs

 Initializing EM for GMMs

72



73

Poll Link:


	Slide 1: 10-701: Introduction to Machine Learning Lecture 15: Clustering 
	Slide 2: Front Matter
	Slide 3: Recall: Transformers
	Slide 4: How on earth do we train these things?
	Slide 5: Learning Paradigms
	Slide 6: Learning Paradigms
	Slide 7: Clustering
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12: Recall: Similarity for start equation kNN
	Slide 13: Partition-Based Clustering
	Slide 14: Which partition is best?
	Slide 15: General  Recipe  for  Machine Learning
	Slide 16:   Recipe  for  start equation cap K-means  
	Slide 17:  Coordinate Descent
	Slide 18: Block Coordinate Descent
	Slide 19: Optimizing the start equation cap K-means objective 
	Slide 20: start equation cap K-means Algorithm
	Slide 21: start equation cap K-means: Example (cap K equals 3)
	Slide 22: start equation cap K-means: Example (cap K equals 3)
	Slide 23: start equation cap K-means: Example (cap K equals 3)
	Slide 24: start equation cap K-means: Example (cap K equals 3)
	Slide 25: start equation cap K-means: Example (cap K equals 3)
	Slide 26: start equation cap K-means: Example (cap K equals 3)
	Slide 27: start equation cap K-means: Example (cap K equals 3)
	Slide 28: start equation cap K-means: Example (cap K equals 3)
	Slide 29: start equation cap K-means: Example (cap K equals 2)
	Slide 30: start equation cap K-means: Example (cap K equals 2)
	Slide 31: start equation cap K-means: Example (cap K equals 2)
	Slide 32: start equation cap K-means: Example (cap K equals 2)
	Slide 33: start equation cap K-means: Example (cap K equals 2)
	Slide 34: start equation cap K-means: Example (cap K equals 2)
	Slide 35: start equation cap K-means: Example (cap K equals 2)
	Slide 36: start equation cap K-means: Example (cap K equals 2)
	Slide 37: Setting start equation cap K
	Slide 38: Initializing  start equation cap K-means
	Slide 39: Initializing  start equation cap K-means
	Slide 40: Initializing  start equation cap K-means
	Slide 41: Initializing  start equation cap K-means
	Slide 42: Initializing  start equation cap K-means
	Slide 43:     start equation cap K-means++ (Arthur and Vassilvitskii, 2007)
	Slide 44
	Slide 45
	Slide 46: Shortcomings of start equation cap K-means
	Slide 47: Probabilistic or “Soft” Assignments
	Slide 48: Gaussian Mixture Models (GMMs)
	Slide 49: Gaussian Mixture Models (GMMs)
	Slide 50: Maximizing  the   Likelihood?   
	Slide 51: Maximizing  the  Complete Likelihood  
	Slide 52
	Slide 53: Maximizing  the  Marginal Likelihood  
	Slide 54
	Slide 55:  Expectation- Maximization for GMMs: Intuition
	Slide 56: Expectation- Maximization for GMMs 
	Slide 57: E-Step for GMMs
	Slide 58: M-Step for GMMs
	Slide 59:   GMM Algorithm
	Slide 60:  Initializing EM for GMMs
	Slide 61:  Terminating EM for GMMs
	Slide 62: GMMs: Example (Initial)
	Slide 63: GMMs: Example (1 Iteration)
	Slide 64: GMMs: Example (2 Iterations)
	Slide 65: GMMs: Example (3 Iterations)
	Slide 66: GMMs: Example (4 Iterations)
	Slide 67: GMMs: Example (5 Iterations)
	Slide 68: GMMs: Example (6 Iterations)
	Slide 69: GMMs: Example (20 Iterations)
	Slide 70
	Slide 71
	Slide 72: Key Takeaways
	Slide 73

