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Busy week!

* Announcements

* HW3 is due on Tuesday

* Homework 3 quiz will be on Friday. There will not be a

recitation this week.

Front Matter

* Project proposal is due on Friday, which requires a group

of 2-3 for submission.

- Recommended Readings

- Zhang, Lipton, Li & Smola, Chapters 9 & 10



https://d2l.ai/chapter_recurrent-neural-networks/index.html

Recurrent

Neural
Networks

* Neural networks are frequently applied to inputs with

some inherent temporal or sequential structure

(e.g., text or video) of variable length

* Idea: use the information from previous parts of the

input to inform subsequent predictions

* Insight: the hidden layers learn a useful representation

(relative to the task)

* Approach: incorporate the output from earlier hidden

layers into later ones.



he =|1,0 (WO + Whht_l)]T ando, =9 = o(W@h,)

* Training dataset consists of

e (input sequence, label sequence)
pairs, potentially of varying lengths

Recurrent [ N JDWO D ={(x",y")},_,

x(W = 'x§"), . x(T:)-

Neural
Networks

(0 y™ = 3",y
* This model requires an initial value

for the hidden representation, h,

typically a vector of all zeros



Training RNNs:
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Challenges

>

Forward pass to compute outputs and hidden representations
<

Backward pass to compute gradients

* Issue: as the sequence length grows, the gradient is

more likely to explode or vanish

Source: http://cs231n.stanford.edu/slides/2023/lecture_8.pdf


http://cs231n.stanford.edu/slides/2023/lecture_8.pdf

* LSTM networks address the vanishing gradient problem

by replacing hidden layers with memory cells

* Each cell still computes a hidden representation but

Long also maintains a separate internal state, C;
Short-Term ‘*

Memory p

(Hochreiter &

Schmidhuber, i A N

1997)

* The internal state allows information to move through time

without needing to affect the hidden representations!

Source: https://colah.github.io/posts/2015-08-Understanding-1 STMs/
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Forget Gate "

Decides what information to erase from cell state.

Example: When a new subject appears ("John left, and Mary..."),
forget the stored gender (male) from the previous subject.

Source: https://colah.github.io/posts/2015-08-Understanding-L STMs/
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i =0 (Wi-lhi—1, 2] + b;)
C, = tanh(We¢-[hi—1, 2] + bo)

Input Gate

Decides what new information to write into the cell state.

When we see "Mary", store female gender into the cell state.

Source: https://colah.github.io/posts/2015-08-Understanding-1 STMs/
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Synthesis



https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/
https://colah.github.io/posts/2015-08-Understanding-LSTMs/

Output Gate

Ot — U(Wo [ht—laxt] + bo)
ht = Ot * tanh (Ct)

Decides what new information to write into the cell state.

When we see "Mary", store female gender into the cell state.

Source: https://colah.github.io/posts/2015-08-Understanding-1 STMs/
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RNNSs vs LSTMs

Source:

P2~

LSTMs
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Applications of

LSTMs

OpenAl’'s early bet was that LSTMs plus RL could become very
powerful if you just kept scaling data and compute.

2018: OpenAl used LSTM trained by policy gradients to beat humans in the
complex video game of Dota 2,[11! and to control a human-like robot hand
that manipulates physical objects with unprecedented dexterity.!!01[54]

2019: DeepMind used LSTM trained by policy gradients to excel at the
complex video game of Starcraft 11.[12154]

Source: https://en.wikipedia.org/wiki/Long_short-term_memory
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* Recurrent neural networks use contextual information

to reason about sequential data

* Can still be learned using backpropagation —

backpropagation through time

» Susceptible to exploding/vanishing gradients for

long training sequences

* LSTM s allow contextual information to reach later
timesteps without directly affecting intermediate

hidden representations

13



Language

Models

Convert raw text into embeddings
(D) — |..(D @)
X [x s X

Learn or approximate a joint probability distribution

over sequences
P(xV)=p (xgl), . (Tl))

Sample from the implied conditional distribution to

generate new sequences
(i) (l)

P (x o ;lg)

P (xT g | x(l) . x(Tll)
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Language

Models

1. Convert raw text into embeddings
x) = [x(l) . x(Tll)]

2. Learn or approximate a joint probability distribution

over sequences
P(xV)=p (xgl), . (Tl))

* Use the chain rule of probability: predict the next word

based on the previous words in the sequence

P(x®) = P( (”)

*P( (1) | x(l))

x P (x(Tll) | x(T") - xg"))
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Language

Models

1. Convert raw text into embeddings
x(D = [x(l) . ,x(Tii)]

2. Learn or approximate a joint probability distribution

over sequences

P(xV) =P (xgl), . (Tl))

~Use-thechainrule-ofprobability Just throw an RNN at

it!

P(x®) = P( (‘))

*P( (1) | x(l))

x P (x(Tll) | x(Tii)_l, . xg"))

16



1. Convert raw text into embeddings
D — | (1)
xV) = [xl ,...,xTi]

2. Learn or approximate a joint probability distribution

over sequences

P(x®) = P (x{, .., x{)

RNN
Language

Models ~Use-the-chainrule-ofprobability Just throw an RNN at it!

P(x?) = 04 (")

* 0o (xgi), h1 (xgi)))

o, (60, hry s (R )
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predict the next word) , [ l [
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RNN
Language

Models:
Training

Input sequence



Generated sequence (use each token

as the input to the next timestep)

RNN
Language

Models:
Sampling

Input sequence

(2)
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Generated sequence (use each token
as the input to the next timestep)

Aside:
Sampling from
these
distributions to

get the next
word is not
always the best
thing to do

Input sequence

20



* Pros:

* Can handle arbitrary sequence lengths without
having to increase model size (i.e., # of learnable
parameters)

* Trainable via backpropagation

RNN * Cons

La Nguage * Vanishing/exploding gradients

Models: * Can be addressed by LSTMs

Pros & Cons - Does not consider information from later timesteps
* Can be addressed by bidirectional RNNs

- Computation is inherently sequential

* "You can't cram the meaning of a whole %&!S#

sentence into a single S&#* vector!” — Ray
21

Mooney, UT Austin



RNN
Language

Models:
Pros & Cons

* Pros:

* Can handle arbitrary sequence lengths without
having to increase model size (i.e., # of learnable
parameters)

* Trainable via backpropagation

* Cons

* Vanishing/exploding gradients
* Can be addressed by LSTMs

* Does not consider information from later timesteps
* Can be addressed by bidirectional RNNs

- Computation is inherently sequential

* The entire sequence up to some timestep is
represented using just one vector (or two vectors in
an LSTM)

22



Decoder
Architect

e e e e
(Sutskev ﬁﬁﬁ\ﬁﬁﬁﬁﬁj

er et al,,
20 14) - Y Decoder network

Encoder network



https://arxiv.org/pdf/1506.00019.pdf

Attention

* Approach: compute a representation of the input

sequence for each token x' in the decoder

* |dea: allow the decoder to learn which tokens in the

input to “pay attention to” i.e., put more weight on

24



Attention

 Approach: compute a representation of the input

sequence for each token x’ in the decoder
4

C() = ) a(x)v,

t=1
attention weights

a1 g a,O asrd/|Aa

V4 1% V3 Uy values
(T OO OO O™

25



Attention

 Approach: compute a representation of the input

sequence for each token x’ in the decoder
4

Clx") = Z softmax(st(x’))vt

t=1
attention weights

softmax

Sq L S5 scores

Vs values
|||| ||||

26



Attention

 Approach: compute a representation of the input

sequence for each token x’ in the decoder
4

C(x") = z softmax(s(x’, xt))v(xt)

t=1
attention weights

softmax

SzL scores
vy () V2 (%2) v3(x3) V4|(x4) values

|||| [T |||| |||| '
input tokens
____ 27




Scaled
Dot-product
Attention

 Approach: compute a representation of the input

sequence for each token x’ in the decoder
4

C(x") = z softmax(s(x’, xt))v(xt)

t=1
attention weights

T

. _ ki q
scores. St =
Jlength(q)

q(x’) query
[T 1]

kq(x1) 2 (%)) ks xIS)II{ (|3|C4) keys

) V2 (azz) U3 ¢x3) U4\(X4) values

([0 OO O O

X1 Xy X3 Xy input tokens

[(T1 17 [T CIIT] CIT1] 28




 Approach: compute a representation of the input

sequence for each token x’ in the decoder
4

C(x") = z softmax(s(x’, xt))v(xt)

Scaled /N 1
DOt-product / (?/% ﬁ /A‘} \attentlon weights

Attention softmax
scores: Sy = ki q
' L Jlength(q)
query: q=wix'
keyS: kt — Wth
values: vy = Wyx,

input tokens
1T O 11 O 29




[ Attentlon

ottt

LSTM1 STM\ LsTM1 LSTM2
J L
Encoder network Decoder network

Encoder-Decoder Architectures

with Attention



https://arxiv.org/pdf/1506.00019.pdf

J/iy i

LSTM1 STM\ LSTM1 LSTM2

ﬁﬁ ﬁﬁﬁﬁﬁ

Encoder network Decoder network

Encoder-Decoder Architectures

with Attention



https://arxiv.org/pdf/1506.00019.pdf
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LSTM1 STM\ LSTM1 LSTM2

ﬁﬁ ﬁﬁﬁﬁﬁ

Encoder network Decoder network

Encoder-Decoder Architectures

with Attention



https://arxiv.org/pdf/1506.00019.pdf

[ Attention } WI'IAT “: | 'I'lllll Yllll

Y '
\ . ‘*,
1!
.", ' .
g .
I
i |

NTION IS ALL YOU NEED

[ AYA AVYAFA A A a [
WA W W A W

with Attention (Vaswani et aI ,2017)


https://arxiv.org/pdf/1706.03762.pdf

* Approach: compute a representation for each token in

the input sequence by attending to all the input tokens

hq 4
0 O hy = Z softmax(sl, j)vj
Scaled j=1
a; ftent oht
Dot—pr()duct 1,1 attention weights
Self-attention [ softmax -
L L L scores: Sp j =
Sl'l Sl: Sl S1 4 \/length(k])
d1 2 (4 queries: q; = WyXx;
OO oo\ OO o
i3 I%&2| | |\<(3| [ k|4| ] keys: ke = Wi,
LT
vy Ug\ v v values: Ve = Wth
IO OO OO OO
X1 X2 X3 X4 input tokens



* Approach: compute a representation for each token in

the input sequence by attending to all the input tokens
h, *
O OO h, = Z softmax(szlj)vj
j=1
attention weights

Scaled
Dot-product

Self-attention

T
kjdz

SCores: Sz’j —
\[length(kj)

queries: q; = Wyx;

keys:  ky = Wgx;

3 (2 values: v, = Wy x;

|
X4 input tokens



Scaled
Dot-product

Self-attention:
Matrix Form

* Approach: compute a representation for each token in

the input sequence by attending to all the input tokens

LTI 1] 11y ] il
A A A A

[ softmax }
oy s o
71 42 Q43 44

k1 kz k3 k4

U3 Uy
T [0 IO [OI1

H = softmax(S)V € RN*%v

attention weights

KT
scores: § =& ¢ RVNXN

Jk
queries: Q = XW, € RV*%
keys: K = XW, € RV*%

values: V = XW,, € RN*%v

design matrix: X € RV*P

36



MythBusters

®

Myth: Attention weights are
symmetric: if i attends to j, then j

attends to i equally.

Reality: Attention is directional: each
query produces its own distribution
over keys. Even in self-attention,
A(i—=j) need not equal A(j—1) unless the
learned representations make it so.

37



Multi-head
Scaled
Dot-product

Self-attention

* Idea: just like we might want multiple convolutional filters

in a convolutional layer, we might want multiple attention

weights to learn different relationships between tokens!

Frpy Hern Mo Mo HMW = softmax(sW)y

'—ljl' LTI IT]  attention weights

softmax (W) (7T
scores: S =4
M&-ﬁ. [
k

queries: QM) = XWQ(h)

ey T e e
ey T e e

T D T T

X1 X2 X3
____

keys: K™ = xw

values: VW = XWV(h)
design matrix: X

38



Key Takeaway:
All of this
computation is

1. differentiable
2. highly
parallelizable!

* Idea: just like we might want multiple convolutional filters

in a convolutional layer, we might want multiple attention

weights to learn different relationships between tokens!

I‘I--IL|“II I'_L|i“ii||-_|L“ii|

softmax
M&-ﬁ.
T Ty TRy T

e oy o T
T D T T

X1 X2 X3
____

HMW = softmax(sW)y M

attention weights

oW gm’

scores: S(M =
[
k

queries: QW = XWQ(h)
keys: KW =% WK(h)
values: V() = XWV(h)

design matrix: X
39



* Idea: just like we might want multiple convolutional filters
in a convolutional layer, we might want multiple attention

weights to learn different relationships between tokens!

| - Scaled Dot-Product Attention Multi-Head Attention
Multi-head
S I d -Linear
C a e I Concat
5

Dot-product

Self-attention

9]
PN
<

\Y K Q

* The outputs from all the attention heads are

concatenated together to get the final representation

H=[HY H?, . HWM]

 Common architectural choice: d, =2/, » |H| =D
Source: https://arxiv.org/pdf/1706.03762.pdf

40
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Transformers

]
Add & Norm

Feed
Forward

A

.

Add & Norm

Multi-Head
Attention

L

\.

Positional
Encoding

D
1

Input
Embedding

T

Source: https://arxiv.org/pdf/1706.03762.pdf
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Generated sequence (use each token

as the input to the next timestep)

Transformer
Language
Models

Input sequence

sofnnax
5 +

|\

~

Add & Norm

Feed

Forward

A

\.

.

Add & Norm

Multi-Head
Attention

L

Positional
Encoding

&
t

Input
Embedding

[

Source: https://arxiv.org/pdf/1706.03762.pdf

[ i |

|\

sofnnax

1 +

~

Add & Norm

Feed
Forward

A

Add & Norm

Multi-Head
Attention

L

&
t

Input
Embedding
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Predict next token at every position

3 B B kT8
T 1 1

Transformer

1
LM: [ softmax ] [ softmax ] [ softmax ]

)

softmax ]

Training 1 1 1 1 N

-

Transformer block(s)

.

1 1
EZl 3 &8 B

1

1




In a causal language model, token t is allowed to
attend to:

A. Only future tokens (t+1 ... N)

B. Only the current token t qr:::fizs .
C. Only past tokens (1 ... t—1) 7 > > * X
IV X XX
D. Past and current tokens (1 ... ©, |,/ « «
Causal Self- E. All tokens (1 ... N) AIRAIRZIRAIR
VIS S S

Atte ntion keys —




Causal Self-

Attention

In a causal language model, token t is allowed to
attend to:

A. Only future tokens (t+1 ... N)

B. Only the current token t qr:::fizs .

C. Only past tokens (1 ... t—1) 7 > > * X
ViV X XX

D. Past and current tokens (1 ... ©, |,/ « «

E. All tokens (1 ... N) | K4 ||
Al A I A4
keys —

Answer: D (past + current).
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* In addition to multi-head

1 Y
Add & Norm _
- attention, transformer
Feed
zorward architectures use
Nix e 1. Positional encodings

Transformers

Multi-Head
Attention

Layer normalization

3. Residual connections

Positional

Encoding 4. A fully-connected

Input _
Embedding feed-forward network

T

Source: https://arxiv.org/pdf/1706.03762.pdf 46
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Scaled
Dot-product

LTI 1] 11y ] il
A A A A

Self-attention: [ softmax

]
Matrix Form -I- J— L -I—

d1 d> ds d4
([0 [ OO OO

k1 kz k3 k4

Vq (%) U3 Uy
[T [0 IO LI

* Issue: if all tokens attend to every token in the sequence,

then how does the model infer the order of tokens?

H = softmax(S)V € RN*%v

attention weights

scores: S = oK? e RNVXN
' Jdk

queries: Q = XW, € RV*%
keys: K = XW, € RV*%

values: V = XW,, € RN*%v

design matrix: X € RV*P

47



Positional

Encodings

* Issue: if all tokens attend to every token in the sequence,

then how does the model infer the order of tokens?

* Idea: add a position-specific embedding p; to the token

embedding x;

I __
Xt = X¢ T D¢

* Positional encodings can be

- fixed i.e., some predetermined function of t or learned

alongside the token embeddings

* absolute i.e., only dependent on the token’s location in

the sequence or relative to the query token’s location

48



Rotary Position Embeddings (RoOPE)

®* Problem: self-attention alone can’t tell word order —» we
add positional information.

* Absolute PE (classic): add a position vector p: to token
embedding Xt: X't = Xt + p.

ROPE * ROPE: instead of adding pt, apply a position-dependent
(Rotary)
Positional

rotation to Q and K.
gt = Re(W_Q X¢) ki = Re(W_K X¢t)

* Key property: the dot product gt"ks depends on the
Encoding relative offset (t — s).

* Interpretation: ROPE gives a relative-position inductive
bias with the same attention formula.

® Practical: no extra token embeddings; tends to work
well at long context lengths.




MythBusters

®

Myth: Transformers learn word
order automatically — positional
encodings are optional.

Reality: Without positional
information, self-attention is
permutation-equivariant: reordering
tokens just reorders the outputs. To
represent sequence order, we add
positional encodings (absolute,
relative, or RoPE).

50



Layer

Normalization

* Issue: for certain activation functions, the weights in later
layers are highly sensitive to changes in the earlier layers

- Small changes to weights in early layers are amplified

so weights in deeper layers have to deal with massive

dynamic ranges — slow optimization convergence

* ldea: normalize the output of a layer to always have the
same (learnable) mean, 5, and variance, y?
H—-u
o

H =y (—F5)+p

where u is the mean and ¢ is the standard deviation of the

values in the vector H

51



=
(=)

LSTM
BN-LSTM

BN-everywhere
LN-LSTM

o
©o

o
o)

validation error rate
o
~J

0.6¢
0.5
La 0.45 150 500 %rba(:mng Stegg%housang'g? 600 700 800
yen - * Idea: normalize the output of a layer to always have the
Normalization same (learnable) mean, B, and variance, y?2
o) e

where u is the mean and ¢ is the standard deviation of the

values in the vector H

Source: https://arxiv.org/pdf/1607.06450.pdf


https://arxiv.org/pdf/1607.06450.pdf

Residual

Connections

* Observation: early deep neural networks suffered from the

“degradation” problem where adding more layers actually

56-layer

20-layer

made performance worse!

=]
=]
1
b2
=
1

—
=
T

56-layer

training error (%)
test error (%)

20-layer

=]
=

1 I L i [ 1 i
1 2 5 6 0 1 2 5 6

iter? (1034)4 iter.3 (1@4)4
* Wait but this is ridiculous: if the later layers aren’t helping,

couldn’t they just learn the identity transformation???

* Insight: neural network layers actually have a hard time

learning the identity function
Source: https://arxiv.org/pdf/1512.03385.pdf
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Residual

Connections

* Observation: early deep neural networks suffered from the

“degradation” problem where adding more layers actually

made performance worse!

* Idea: add the input embedding back to the output of a layer

H = H(xW) + x®

* Suppose the target function is f

* Now instead of having to learn f(x(i)), the hidden layer

just needs to learn the residual r = f(x?) — x®

* If f is the identity function, then the hidden layer just

needs to learn r = 0, which is easy for a neural network!

54



Residual

Connections

* Observation: early deep neural networks suffered from the
“degradation” problem where adding more layers actually

made performance worse!

* Idea: add the input embedding back to the output of a layer
H = H(xW) + x®

34-layer

plain-18 ResNet-18
—plain-34 5 ——ResNet-34 34-layer
10 20 30 40 50 C'0 10 20 30 40 50
iter. (1e4) iter. (1e4)
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* Language models fit joint probability distributions to

sequences of inputs

* Can be sampled from to generate text

* Attention allows information to directly pass between

every pair of tokens

\CVAELCEENR

- Attention can be used in conjunction with RNNs/LSTMs

* However, (self-)attention can also be used in isolation

* Transformers consist of multi-head attention layers with

residual connections, layer normalization and fully-

connected layers

56



Why do we divide by vd k in scaled dot-product
attention?

A. To reduce the number of parameters in W_Q and
W_K

B. To keep dot products in a reasonable range so
softmax doesn’t saturate

C. To make attention weights symmetric

D. To make attention computation O(N) instead of
O(N?)

E. To inject positional information

57
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