10-701: Introduction to Machine Learning

Lecture 8 — Regularization

Hoda Heidari

* Slides adopted from F24 offering of 10701 by Henry Chai.
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Feature

Transforms
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* Given D-dimensional inputs x = [ x4, ..., xp], first

compute some transformation of our input, e.g.,
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General
ch_order * Paaflx1, x2]) =
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| X1, X2, X1, X1X2, X5, X1, X1 X2, X1X5, X5, X1, X1 X2, X1 X5, X1X5, X5 ]

Transforms

* ¢ 0 Mmapsa2-Dinputtoa O@D output

* Scales even worse for higher-dimensional inputs...
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Feature
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Low-Dimensional

High-Dimensional

Input Space Input Space
Training Error THigh > Low)
Generalization @@ @a@

Tesy Buey
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* Targets are generated by a 10™'-order polynomial in x

with additive Gaussian noise:

Feature

10
Y= z agx? +fuwhere € ~?N£O, a?)
d=0
\/—\(‘)
« H, = 2" order polynomials

" $1,2(x0) =[x, x?]

Transforms:
Experiment

* Hyo = 10™-order polynomials

5 6 7 8 9 10
,x, x7,x8,x°, x19]

“P110(x) =[x, x%, x5, x%, x
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In-Class Poll:
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‘x€ER,yeRand N = 20

10

y= Y azx%+ e where e ~N(0,0?)
d=0

« H, = 2" order polynomials

* Hyo = 10™-order polynomials

Which hypothesis space (H, or H; ) is a better choice to
fit to this data set?
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Noisy Targets
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Noisy Targets

 10-dimensional target
function with additive

Gaussian noise
e H, = 2"d_order polynomial

e Hio = 10%-order

polynomial
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More Data

H,

Training 0.018

Error N

True 0.00
Error s___9;
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Regularization
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* Constrain models to prevent them from overfitting

* Learning algorithms are optimization problems and

regularization imposes constraints on the optimization
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- H,, = 10™-order polynomials ¥ ) = (’ﬁf’?’“")‘]

*P110(x) = [x, 2%, x3, x4, x5, x5, x7, %8, 1%, x1°]

1 ¢1 10(35(11 | 'y(l)‘

(2 )) (2)
* Given X = 1 ¢1 10(X and y = y find
Hard 1 M) y™

Constraints ® = [wy, 1, Wz, W3, Wy, Ws, We, w7, Wg, Wo, Wy
that minimizes

‘ T
AN Lp(¥) = ( ~Xw - )Xo - y)lj
N
()
* Subject to
SWyD WP = 5= we = Wy = Wg = Wg = W19 =0

Henry Chai-2/12/24

26



Hard
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* Given X = 1 ¢1,1o(x(2))

“110(x) = [x,x%,x3, x*

1 ¢1,10(x(1))_

|1 ¢1,10(x(N))-

* H1o = 10™-order polynomials

x5, x5 x7, x8, x°, x19]
_y(l)_
(2)
andy =|Y " |find
Ly ).

w = [(1)0, W1, Wy, W3, Wy, Ws, Wg, W7, Wg, Wy, wlO]

that minimizes

1 N 10
T2 D xPaa ) =y
n=1 d=0

W3 = Wy = W5 = Wg = W7 = Wg = W9 = W19 =0

- Subject to

_—




*Hip = 10t -order polynomials

cp110(x) =[x, 22, x3,x%, 2, x6, x7, x8, %%, x1°]
1 ¢1,10(x(1))' (D
(2) (2)
‘Givenx =1 #110(x) ang y = [¥ | find
Hard 1 ¢1,10(x(N))_ _y(N)_
ConStra ints W = [(1)0, (1)1, (1)2, (1)3, wll-) (1)5; (1)6; 0)7, a)8; (1)9, wlO]

that minimizes

* Subject to nothing!
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* H, = 2"-order polynomials

“hr2() K]

1 ¢ (x) y(D]
(2) 2
- Given X = 1 qbl’z(.x ) and y = y(.) find
Hard 1 ¢y ,(x™)] Ly

Constraints w = [wy, Wy, W,]
that minimizes

1
) = = Ko = )Xo - y)

* Subject to nothing!
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Constraints
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* More generally, ¢ can be any nonlinear transformation,

e.g., exp, IOg, sin, sqrt, etc...
ArvanRorwed J‘E‘;S“ ek

N 1 ¢1(,.c(1>) ¢m(?c(1))'

* GivenX = | : : . ;
1 ¢1(x(N)) ¢m(x(N))_

find w that minimizes

Lplw) = (ke ~ )~ y)

[

" Subjectto:  Some constraint on w, e.g.,

andy =

D
Ridye s [|w]l2 = wTw = z w3 <(C)
a=0 )

re]h\&ﬁ (8N

_y(l)_
y(Z)

Ly
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. minimize £p(w) = Xw — )T Xw — y)
_ '

subjectto ww < C

L——

UEJ cdve T'x

ek PS
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“Qb(“ﬁ « 0.6000\ ATy,

minimize £p(w) = Xw — ) Xw — y)

subjectto ww < C
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minimize £p(w) = Xw — ) Xw — y)

subjectto ww < C
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minimize £p(w) = Xw — ) Xw — y)

subject to w”w <(C )

A AN

Vo Upletmp) oL = 2Llmp
A AN

YA QD(N(\MD> = "QL}\CNMFP

A a VoA
U Lo (7 map ) + 2 e Wb =0 y
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minimize £p(w) = Xw — ) Xw — y)

subjectto ww < C

Vlp(@pap) X =28y 4p
waz)(&\)MAp) — _ZAC(/‘\’MAP
Vlp(@pyap) + 2Ac@ppp = 0

Vo (p(@prap) + Ac(@prap) " @prap) = 0
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minimize £p(w) = Xw — ) Xw — y)

subjectto ww < C

)

Constraints: minimize £5"°% (@) = £p(w) +/1cw w K
Solving for @y 4 » NN (9_me —2><“H NI )

=5 9X X Wppp — 2%\’ %Q?\cwmﬁ? =0
A

.
By o Ny W z ?k\’
- MAP A
= XXM ‘/C‘N\L,,-mciw S
= (?‘X**?\cIm)NMﬁ? =x Y
T — -\ LY'
=) N ANRP = (){X*?\Q ) X

Soft

Henry Chai-2/12/24

(%)
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minimize £5"% (w) = 45 (w) +@wT(o
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Ridge
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minimize £5"% (w) = £p(w) + 1cw"w
Vot (w) =2(X"Xw — XTy + 1 @)
2(X"X@pap — X'y + Ac@yap) =0
X'X + Aclpr ) @pyap = X"y
Dyap = X"X + Aclpy) ' X"y

—~

Adding this positive (A, = 0) diagonal

matrix can help if X7 X is not invertible!
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—— Target Function
—10*-Order Hypothesis
o Noisy Samples

Ridge Regression

Henry Chai-2/12/24

 10-dimensional target function with

additive Gaussian noise

* Hyo = 10™-order polynomial
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Setting A
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Average True Error over 1000 Trials

0.019
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Average True Error over 1000 Trials
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Other

Regularizers
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Ridge or L2

Lasso or L1

Elastic Net

L1+ L2
— >

D
r(w) = llwllf = ) j
d=0

‘-—-.___l_'_..,.ﬂ

D
(@) = llll, = ) logl
Ld=0___J

r(w) =Mlwll; Pl

‘BZ) ((l)) + AT'((I))

Encourages
small
weights

Encourages
sparsity

Encourages
sparsity &
shrinkage
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Ridge or L2

Other Regularizers
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Lasso or L1

Elastic Net
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NI A

1«
2
* Then given X = 1 x(. )
M(C)LE for =
1 2

Linear
Regression

andy =

® = argmax log P(y|X, w)
w - —

=~(xTx)—1xTy

J —

Henry Chai-2/12/24

y(l)
y(Z)

Ly (V).

* If we assume a linear model with additive Gaussian noise

y = w x+ewhere€~N(O 02)—>y N(w"x,c?)

the MLE ofg iS



* If we assume a linear model with additive Gaussian noise
y = w'x + ewheree ~N(0,6%) >y ~ N(w!'x,5?)

and independent Gaussian priors on all the weights...

M

MAP for wg ~ N (0,67)

Linear
Regression

* ... then, the MAP of w is the ridge regression solution!

@ = argmax log P(w|X,y) = argmax log P(y|X, w)P(w)
w w

: ' - lt«Hm
iEXTX‘FAcIDH)_Uﬂ = e 0

Henry Chai-2/12/24 48




* If we assume a linear model with additive Gaussian noise
y = w'x + ewheree ~N(0,6%) >y ~ N(w'x,5?)
and independent Laplace priors on all the weights...

2 2
MAP for wg ~ Laplace (O,%)

Linear
Regression

-10 -8 6 -4 2 0 2 4 6 8 10

* ... then, the MAP of w is the Lasso regression solution!

* No closed form solution exists but we can solve via

(sub-)gradient descent

Henry Chai-2/12/24 49



* Polynomial/non-linear feature transformations allow for

learning non-linear functions/decision boundaries

* Can lead to overfitting...
- Address with regularization!

* Analogous to constrained optimization, solve via
Key Ta keaways method of Lagrange multipliers

- Regularization level is a hyperparameter
- Can be computationally expensive...

* Address with kernels!

- Alternative to explicitly computing feature

transformations for inner product methods

Henry Chai-2/12/24
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