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Learning: Value & Policy lteration
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* Slides adopted from F24 offering of 10701 by Henry Chai.



Learning

Paradigms
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* Supervised learning - D = {(x(i)»y(i))}livﬂ

* Active learning

- Regression - y®¥ € R
- Classification - y(i) e{1,..,C}

~<N o
- Unsupervised learning - D = {x(‘)}izl (< ok

* Clustering

* Dimensionality reduction

* Reinforcement learning - D = {(s("), a("),r("))}zzl t?;(

‘LN

state Hchen v epewd

- Semi-supervised learning

* Online learning



Environment

<)

Interpret

Action

Reinforcement

Learning (RL) \ﬁl

Agent

The typical framing of a reinforcement learning (RL) scenario: an agent
takes actions in an environment, which is interpreted into a reward and a
state representation, which are fed back to the agent.

From https://en.wikipedia.org/wiki/Reinforcement learning

Henry Chai-3/18/24


https://en.wikipedia.org/wiki/Reinforcement_learning

Source: https://techobserver.net/2019/06/argo-ai-self-driving-car-research-center/

Source: https://www.wired.com/2012/02/high-speed-trading/

Reinforcement
Learning:

Examples
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Henry Chai-3/18/24
Source: https://twitter.com/alphagomovie



Decision ).
Process (MDP) 5
4
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* Assume the following model for our data:
1. Startin some initial state s,

2. Fortime step t:
Markov 1.

Agent observes state s; :
- 0

Agent takes action a, = m(s;) %Hp(vlf-ﬁw%f
Doy Uy pr-- g,
Agent receives reward 1y ~ p(r | s¢, a;) €—

Agent transitions to state s,.; ~ p(s’ | s, a;)

PR N e A
e J

* MDPs make the Markov assumption: the reward and

next state only depend on the current state and action.



Formalization
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- State space, & S,/ 1S, & >
* Actionspace, A i, € A

- Reward function

- Stochastic, p(r | 5,a)

* Deterministic, R: § X A —-> R
\_—-&\"_“'—\___)

* Transition function

* Stochastic, p(s’ | s, a)

* Deterministic, §: § X A > S

S|, 1A <

”R-.Sx%%S—“)R



* Policy, T :£—> c(i

* Specifies an action to take in every state

Formalization * Value function, V™: S - R Vi) Vs cS
* Measures the expected total payoff of starting in

some state s and executing policy m, i.e., in every

state, taking the action that  returns

Henry Chai-3/18/24



Toy Example

* § = all empty squares in the grid
* A = {up, down, left, right}

* Deterministic transitions

* Rewards of +1 and -1 for entering
the labelled squares

* Terminate after receiving either
reward

Henry Chai-3/18/24 Figure courtesy of EricXing



Toy Example

s this policy optimal?




Toy Example

Optimal policy given a

reward of -2 per step




Toy Example

Optimal policy given a

reward of -0.1 per step

Henry Chai-3/18/24

Figure courtesy of EricXing
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The Objective

Function
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* Agent receives reward 1y ~ p(r | s, a;) at time t.

* The cumulative reward can be defined as
* Finite time-horizon

T
Tt
; 0-\
— ] -

* Infinite time-horizon | |

o< Y <L\ Aisconvk Kador Eztﬁ 2.
t=0

> Q-4§
|- |

* The optimal policy t* on an MDP is the one yielding the
highest possible expected cumulative reward among all
allowable policies.

MDP it 18 stdes  [A\ acdkions ok eede st

\ .
n:S—A [A\m ] polieies 1



Planning

Challenges
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= Bl ies me b A5,
‘_;,_ﬁ\e WPwMjspeuP‘sx w o R

Known environment:

1. The outcome of taking some action is often stochastic

or unknown until after the fact

2. Decisions can have a delayed effect on future

outcomes (exploration-exploitation tradeoff)

14



Value Function

Henry Chai-3/18/24

Astuwphion - R (S,a) o deterwinigic.

* Find a policy m* = argmax V”(s) fors € S

T

- V™(s) = E[discounted total reward of starting in state
. )
s and executing policy  forever]

[R(Sﬂj'ﬂtgﬂ) X \6 R(ﬁ :'-"‘({*313 A
?{shr £ X R(‘S?JTT(S))":‘ - W'Sn:S}

- [E[ 2; ¥ R(5. () ] Sa:S}

e 'y _ Z\ét EYR(S;;:T{(BQ\&FS}
t= o0
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Value Function

Henry Chai-3/18/24

* Find a policy m* = argmax V™(s) fors € §

T

- V™(s) = E[discounted total reward of starting in state

s and executing policy  forever]
=Ep(s' s a) [R(so = s,7(sp))

+ YR(sy,m(s1)) + ¥?R(s2,m(s5)) + -]

= z ytIEp(Sr s, @) [R(s¢,(se))]
t=0

where 0 < ¥ < 1is some discount factor for future rewards

16



2 3 4 6 —\-\UD'\\ do

1
-2 | 7

.

—2 if entering state 0 (safety)

3 if entering state 5 (field goal)

7 if entering state 6 (touch down)
| 0 otherwise

Value Function:

Example R(s,a) =

Henry Chai-3/18/24



Value Function:

Example

Henry Chai-3/18/24

G

&

[

—

"1

@

.

0

—2 if entering state 0 (safety)
3 if entering state 5 (field goal)
7 if entering state 6 (touch down)
| 0 otherwise

u

3

f ©

U'ﬁ (<)

e +\{(333"U
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Value Function:

Example

Henry Chai-3/18/24

G

—

—

—

—

%

.

—2 if entering state 0 (safety)
3 if entering state 5 (field goal)
7 if entering state 6 (touch down)
| 0 otherwise

y =0.9 S
0 5.10 | 5.67 | 6.3 7 0
— e ~_ " — S —
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How can we

G

—

—

—

—

%

.

—2 if entering state 0 (safety)

learn this
optimal policy?

3 if entering state 5 (field goal)
7 if entering state 6 (touch down)
| 0 otherwise

0

5.67 | 6.3 7 0

Henry Chai-3/18/24



Value

Function

Henry Chai-3/18/24

A%{mv«fw} R “’—" J"'{?W'-’“—'

- V™ (s) = E[discounted total reward of starting in state s and

executing policy m forever]
‘[_E[R(So»ﬂ(So)) + YR(S1;7T(S1)) + VZR(Szyﬂ(Sz)) t+ 5o =5] «—

R(s,m(s)) + ]/l]_E[R(Sl,T[(Sl)) +YR(s5,m(s2)) + .| S = s],

= R(s,m(s)) + VZSlecS@Sl | s, nﬁ(R(sl,n(sl))
+)/IE[R(SZ,T[(SZ)) + - | §_1_])

21



Value

Function

Henry Chai-3/18/24

- V™ (s) = E[discounted total reward of starting in state s and

executing policy m forever]
= [E[R(So:ﬂ(so)) + YR(S1»7T(S1)) + VZR(Sz»ﬂ(Sz)) + | 59 = 5]
= R(S,TL'(S)) -+ ]/]E[R(Sl,T[(Sl)) -+ )/R(SZ,TL'(SZ)) + .| so = 5]

= R(S,T[(S)) -+ yZSlegp(sl | S,T[(S))(R(Sl,ﬂ(sl))
+)/IE[R(SZ,T[(SZ)) + .- | Sl])
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Value

Function

Henry Chai-3/18/24

- V™ (s) = E[discounted total reward of starting in state s and

executing policy m forever]

= [E[R(So:n(so)) + YR(S1»7T(S1)) + )’ZR(Sz»ﬂ(Sz)) + | 59 = 5]

= R(s,m(s)) + YE[R(s1,7(s1)) +—| So = S|
= R(S,T[(S)) -+ yZSlegp(sl | S,n(s))(R(sl,n(sl))

HYE[R(s2,m(s,)) + | 511)
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Value

Function

Henry Chai-3/18/24

- V™ (s) = E[discounted total reward of starting in state s and

executing policy m forever]
= [E[R(So:ﬂ(So)) + YR(S1»7T(S1)) + VZR(Sz»ﬂ(Sz)) + | 59 = 5]
= R(S,n(s)) -+ )/[E[R(Sl,n'(Sl)) + )/R(SZ,TL'(SZ)) + .| So = 5]

= R(s,1(s)) + v Zs,e sP(51 1 5,7(s)) (R(51,72(51))
+)/IE[R(32,7T(52)) -+ | Sl])
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- V™ (s) = E[discounted total reward of starting in state s and

executing policy m forever]
= [E[R(So»ﬂ(So)) + YR(S1;7T(S1)) + VZR(Szyﬂ(Sz)) + | 59 = 5]

Value =(R(s,1(s)) + YE[R(s1,7(5)) + YR(s5,m(s,)) + .| 56 = 5] \

Function

= R(S,T[(S)) -+ yZSlegp(sl | s,n(s)) R(sl,n(sl))
\:I—)/IE[R(SZ,R'(SZ)) + - | Sl])

1

rw@ _ R+, Y pls |5 a()V sy \

- 5165 |\
W r \ /
system o1 Nonere equcter S e
Henry Chai - 3/18/24 dn vavaMe  GT(s0), 0 (56 - S| € Bellman equations



* Optimal value function:

.,V (S) = max[ (s,a) + y p(s |s,a)V* (s’)]
o

a€EA

S 'esS
Oot ! » System of |§| equations and |S| Variables
IMall
pt - ty * Optimal policy:

m*(§) = argmax %(s, a)+ vy z p(s’|s, a)V*(s’)l
- \__’a_ga_él__‘/ s'es

N VAN y,

Y Y
Immediate (Discounted)

reward Future reward

Henry Chai-3/18/24



E'(}kefl po:h’f & & I 9 o Ca(,';(.]jf;?

* Given some equations and initial values

X1 = il(xl, ...,xn)

‘H._________________-

FIXEd &1 — fn(x1; ---;xn)
Mellals xio),... x,ﬁ")

)

Iteration

- While not converged, do

D £y (0,0, 0)

0 o (39, 0)

Henry Chai-3/18/24

Iterative method for solving a system of equations

fiued put

27



Fixed Point Iteration: Ju 0 o )
1 05 0
Example 2 0.5 0.75 <
3 0.125 0.75 «—
| A 0.4063  -0.1875 «_
v 5 0.4238  -0.6094
K25 2 }e OORR 6 02417  -0.6357
K e -0 7 03463  -0.3626
8 03744  -0.5195
9 03055  -0.5616
10 03284  -0.4582
11 0.3495  -0.4926
12 03278  -0.5243
13 03281  -0.4917
14 03386  -0.4922
15 9%33?'1 -0.5080
Henry Chai - 3/18/24 "'g — jé
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Value Iteration

Henry Chai-3/18/24

* Inputs: R(s,a), p(s’ | s,a)
- Initialize V(9(s) = 0V s € S (or randomly) and set t = 0

- While not converged, do:

‘Fors €$

VD (5) « max[f?(s, a) +y z p(s'|s,a)V® (S’)l
- . aeEA _
— —s'€S )
_ ~ /
t=t+1 QG a)
‘Fors €S

*(s) « argmax R(s,a) + y p(s’|s, @)V (s

a€EA
s'es

* Return ©*
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Synchronous

Value Iteration

Henry Chai-3/18/24

* Inputs: R(s,a), p(s’ | s,a)
- Initialize V(9 (s) = 0V s € S (or randomly) and set t = 0

- While not converged, do:

‘Fors €$§
*Fora € A
Q(5,0),=R(s,@) +7 ) p(s' |5,V (s)
s'es
- P+ () « max Q(s, a)
: -~ a€eA )
t=t+1
‘Fors € s

m*(s) « argmax R(s,a) + y z p(s’|'s, @)V (s

a€EA
s'es

- Return *

30



Asynchronous

Value Iteration

Henry Chai-3/18/24

* Inputs: R(s,a), p(s’ | s,a)
- Initialize V(9 (s) = 0V s € S (or randomly)

- While not converged, do:

‘Fors €$
‘Fora e A
05, =R(s,) +y ) p(s'|5,a)V(s)
s'es
*V(s) « max Q(s,a)
JR— aeA
‘Fors es$

n*(s) « argmax R(s,a) + y p(s’'|s,a)V(s')

a€EA
s'es

* Return ©*

31



Value Iteration
Theory
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* Theorem 1: Value function convergence
I will converge to V™ if each state is “visited”
infinitely often (Bertsekas, 1989)

* Theorem 2: Convergence criterion

if max |V(t+1) (s) —v® (S)| <€,

SES

then max |V(t+1) (s) — V*(S)| < f—a; (Williams & Baird, 1993)
: _

* Theorem 3: Policy convergence
The “greedy” policy, m(s) = argmax Q(s, a), converges to the
aeA
optimal 7™ in a finite number of iterations, often before

the value function has converged! (Bertsekas, 1987)

32



* A policy m is optimal if and only if it is greedy (optimal)
w.r.t. its own value function V*.

* Proof:
Bel I man * (=) If T is optimal, then it must be greedy w.rt V™. If T were
not greedy at some state, there would exist an action with
Optl ma | |ty strictly higher expected return = we could improve the policy
/ : = 1T was not optimal. Contradiction.
Characterization - (&) If T is greedy w.r.t V™ ,then 7 is optimal.

Greedy w.r.t its own value solves the Bellman optimality fixed
point, which is known to have a unique solution. So V'™

= V *and i is optimal.

Henry Chai-3/18/24 33



Policy Iteration
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* Inputs: R(s,a), p(s’ | s,a)
* Initialize ™ randomly

- While not converged, do:

* Solve the Bellman equations defined by policy

VT (s) = R(s,n(s)) + vy z p(s' | s, n(s))V”(s’)
s'es
*Update

(s) « argmax R(s,a) + y p(s'|s,a)V™(s')

a€EA
s'es

* Return it

34



Policy Iteration
Theory

Henry Chai-3/18/24

* In policy iteration, the policy improves in each iteration.

* Given finite state and action spaces, there are finitely
many possible policies
* Thus, the number of iterations needed to converge

is bounded!

- Value iteration takes O(|S|?|A|) time / iteration

- Policy iteration takes O(|S|?|A| + |S|3) time / iteration
- However, empirically policy iteration requires fewer

iterations to converge

35
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Two big Q’s

1. What can we do if the reward and/or transition

functions/distributions are unknown?

2. How can we handle infinite (or just very large)

state/action spaces?

36



* In reinforcement learning, we assume our data comes from a

Markov decision process

* The goal is to compute an optimal policy or function that

mayps states to actions

* Value function can be defined in terms of values of all other
Key Ta keaways states; this is called the Bellman equations

* If the reward and transition functions are known, we can
solve for the optimal policy (and value function) using value

or policy iteration

* Both algorithms are instances of fixed point iteration and

are guaranteed to converge (under some assumptions)

Henry Chai-3/18/24 37
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