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10-701: Introduction to 
Machine Learning
Lecture 10 –
Backpropagation



Recall: 
Stochastic 
Gradient 
Descent 
for Learning

 Input: 𝒟 = 𝒙 𝑛 , 𝑦 𝑛
𝑛=1

𝑁
, 𝜂 0

 Initialize all weights 𝑊 0
1

, … , 𝑊 0
𝐿

to small, random numbers

and set 𝑡 = 0 (???)

 While TERMINATION CRITERION is not satisfied (???)

 For 𝑖 ∈ shuffle 1, … , 𝑁

 For 𝑙 = 1, … , 𝐿

 Compute 𝐺 𝑙 = ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

(???)

 Update 𝑊 𝑙 : 𝑊 𝑡+1
𝑙

= 𝑊 𝑡
𝑙

− 𝜂0𝐺 𝑙

 Increment 𝑡: 𝑡 = 𝑡 + 1

 Output: 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿
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Matrix 
Calculus

Types of 
Derivatives

scalar vector matrix

scalar
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matrix

Numerator
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Matrix 
Calculus: 
Denominator 
Layout

 Derivatives of a 

scalar always 

have the same 

shape as the 

entity that the 

derivative is 

being taken 

with respect to. 

Types of 
Derivatives

scalar

scalar

vector

matrix
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Matrix 
Calculus: 
Denominator 
Layout

Types of 
Derivatives

scalar vector

scalar

vector
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Recall our
neural
network
notation…
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑤(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜,𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
(𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜) 𝑠(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜)

𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜

𝑜1
1

𝑜(𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
𝑙𝑎𝑦𝑒𝑟 𝑜𝑢𝑡 𝑜𝑓

𝑥1

𝑥2

𝑤1,1
1

𝑤1,2
1
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃
𝑤1,1

1

𝑤1,2
1

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑤(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜,𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
(𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜) 𝑠(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜)

𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜

𝑜1
1

𝑜(𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
𝑙𝑎𝑦𝑒𝑟 𝑜𝑢𝑡 𝑜𝑓

𝑥1

𝑥2

Write equations for the signal 𝑠1
1

 and output 𝑜1
1

 for the highlighted node: 
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃
𝑤1,1

1

𝑤1,2
1

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑤(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜,𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
(𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜) 𝑠(𝑛𝑜𝑑𝑒 𝑖𝑛𝑡𝑜)

𝑙𝑎𝑦𝑒𝑟 𝑖𝑛𝑡𝑜

𝑜1
1

𝑜(𝑛𝑜𝑑𝑒 𝑜𝑢𝑡 𝑜𝑓)
𝑙𝑎𝑦𝑒𝑟 𝑜𝑢𝑡 𝑜𝑓

𝑥1

𝑥2

Write equations for the signal 𝑠1
1

 and output 𝑜1
1

 for the highlighted node: 

𝑠1
(1)

= 𝑤1,0
1

+ 𝑤1,1
1

𝑥1 + 𝑤1,2
1

𝑥2 𝑜1
(1)

= 𝜃(𝑠1
(1)

)
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃
𝑤1,1

1

𝑤1,2
1

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑜1
1

𝑥1

𝑥2

We can also write our weights, signals, and outputs using matrices:
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃
𝑤1,1

1

𝑤1,2
1

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑜1
1

𝑥1

𝑥2

𝑊
1

=
𝑤1,0

1
𝑤1,1

1
𝑤1,2

1

𝑤2,0
1

𝑤2,1
1

𝑤2,2
1

out of

in
to 𝑜

1
=

1

𝑜1
1

𝑜2
1

Can you write 𝑠
2

as a matrix product of 𝑊
2

 and 𝑜
1

?
What shape is each matrix? 
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11

Input layer 0 Layer 1                  Layer 2              Layer 3 (Output)

𝑤1,0
1

𝑠1
1

𝜃

𝜃 𝜃

𝜃

1

𝜃
𝑤1,1

1

𝑤1,2
1

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 2

𝑜1
1

𝑥1

𝑥2

Can you write 𝑠
2

as a matrix product of 𝑊
2

 and 𝑜
1

?

What shape is each matrix? 

𝑠
2

=  𝑊
2

 𝑜
1

𝑠
2

: 2, 1 , 𝑊
2

: 2, 3 , 𝑜
1

: [3, 1]



Recall: the 
chain rule 
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The chain rule tells us how to differentiate composite functions.

It is important for neural networks because the output of our neural 
network is a composite function of the network weights.

A simple example:

𝑎 = 2𝑥3 − 4𝑥
𝑏 = sin(𝑎)

𝜕𝑏

𝜕𝑥
=



Recall: the 
chain rule 
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The chain rule tells us how to differentiate composite functions.

It is important for neural networks because the output of our neural 
network is a composite function of the network weights.

A simple example:

𝑎 = 2𝑥3 − 4𝑥
𝑏 = sin(𝑎)

𝜕𝑏

𝜕𝑥
=

𝜕𝑏

𝜕𝑎

𝜕𝑎

𝜕𝑥

= cos 𝑎 (6𝑥2 − 4)



Applying the 
chain rule to 
our neural 
network 
example
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Use the chain rule to calculate the following partial derivative. 
Assume that the activation function 𝜃 − = tanh −

Hint:  
𝜕

𝜕𝑧
tanh 𝑧 = 1 − (tanh(𝑧))2 𝜕𝑜1

(1)

𝜕𝑤1,1
1

= 

𝑠1
(1)

= 𝑤1,0
1

+ 𝑤1,1
1

𝑥1 + 𝑤1,2
1

𝑥2 𝑜1
(1)

= 𝜃(𝑠1
(1)

)

Recall from our toy neural network that:

= 1 + 𝑜1
1

𝑤1,1
1

𝑥1

= 1 − (𝑜1
1

)2 𝑥1

= 𝑜1
1

 𝑤1,1
1

= 1 − 𝑜1
1

𝑤1,1
1A: B:

C: D:



Applying the 
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Use the chain rule to calculate the following partial derivative. 
Assume that the activation function 𝜃 − = tanh −

Hint:  
𝜕

𝜕𝑧
tanh 𝑧 = 1 − (tanh(𝑧))2 

𝜕𝑜1
(1)

𝜕𝑤1,1
1

= 

𝑠1
(1)

= 𝑤1,0
1

+ 𝑤1,1
1

𝑥1 + 𝑤1,2
1

𝑥2 𝑜1
(1)

= 𝜃(𝑠1
(1)

)

Recall from our toy neural network that:

=
𝜕𝑜1

(1)

𝜕𝑠1
1

𝜕𝑠1
(1)

𝜕𝑤1,1
1

= 1 − (tanh(𝑠1
1

))2 𝑥1

= 1 − (𝑜1
1

)2 𝑥1



Zooming out…
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11

Input layer 0 Layer 𝑙 Layer L (Output)

𝜃

𝜃 𝜃

𝜃

1

𝜃

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 𝑑 𝑙

𝑥1

𝑥
 𝑑 0

⋮ ⋮

⋮⋮ ⋮

⋮

⋮
⋮

⋮ ⋮
⋮

⋮

A neural network has 𝐿 layers.
Each layer has 𝑑 𝑙  nodes, and its own weight matrix 𝑊 𝑙

The matrix 𝑊 𝑙  connects layer (𝑙 − 1) to layer 𝑙



Building 
intuition for 
backprop
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11

Input layer 0 Layer 𝑙 Layer L (Output)

𝜃

𝜃 𝜃

𝜃

1

𝜃

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 𝑑 𝑙

𝑥1

𝑥
 𝑑 0

⋮ ⋮

⋮⋮ ⋮

⋮

⋮
⋮

⋮ ⋮
⋮

⋮

The final loss is a function of the output of the entire network:

𝑜1
𝐿

ℓ 𝑖 = 𝑜1
𝐿

− 𝑦 𝑖
2

But the final output is a composite function of all of the weights that came before…

𝑜
𝐿

= 𝜃 (𝑠
𝐿

)

= 𝜃 (𝑊
𝐿

(𝜃 (𝑠
𝐿−1

)))

= ⋯



Building 
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backprop
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11

Input layer 0 Layer 𝑙 Layer L (Output)

𝜃

𝜃 𝜃

𝜃

1

𝜃

𝑁𝑜𝑑𝑒 0
Intercept

𝑁𝑜𝑑𝑒 1

𝑁𝑜𝑑𝑒 𝑑 𝑙

𝑥1

𝑥
 𝑑 0

⋮ ⋮

⋮⋮ ⋮

⋮

⋮
⋮

⋮ ⋮
⋮

⋮

𝑜1
𝐿

Idea: We can apply the chain rule to calculate the gradients at each layer.

𝜕ℓ 𝑖

𝜕𝑊
𝐿 =

𝜕ℓ 𝑖

𝜕𝑜
𝐿

𝜕𝑜
𝐿

𝜕𝑠
𝐿

𝜕𝑠
𝐿

𝜕𝑊
𝐿

𝜕ℓ 𝑖

𝜕𝑊
𝐿−1 =

𝜕ℓ 𝑖

𝜕𝑜
𝐿

𝜕𝑜
𝐿

𝜕𝑠
𝐿

𝜕𝑠
𝐿

𝜕𝑜
𝐿−1

𝜕𝑜
𝐿−1

𝜕𝑠
𝐿−1

𝜕𝑠
𝐿−1

𝜕𝑊
𝐿−1



Computing 
Gradients

∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

=

Henry Chai - 2/19/24 19



Computing 
Gradients ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡

1
, … , 𝑊 𝑡

𝐿
=

𝜕ℓ 𝑖

𝜕𝑤1,0
𝑙

𝜕ℓ 𝑖

𝜕𝑤1,1
𝑙

⋯
𝜕ℓ 𝑖

𝜕𝑤
1,𝑑 𝑙−1

𝑙

𝜕ℓ 𝑖

𝜕𝑤2,0
𝑙

𝜕ℓ 𝑖

𝜕𝑤2,1
𝑙

⋯
𝜕ℓ 𝑖

𝜕𝑤
2,𝑑 𝑙−1

𝑙

⋮ ⋮ ⋱ ⋮
𝜕ℓ 𝑖

𝜕𝑤
𝑑 𝑙 ,0

𝑙

𝜕ℓ 𝑖

𝜕𝑤
𝑑 𝑙 ,1

𝑙
…

𝜕ℓ 𝑖

𝜕𝑤
𝑑 𝑙 ,𝑑 𝑙−1

𝑙

Henry Chai - 2/19/24 20

Recall: 𝑊 𝑙 : [ 𝑑 𝑙 ,  𝑑 𝑙 −1 +1] 



Computing 
Partial 
Derivatives

Computing ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 reduces to computing

Henry Chai - 2/19/24 21

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙



Computing 
Partial 
Derivatives

Insight: 𝑤𝑏,𝑎
𝑙

 only affects ℓ 𝑖  via 𝑠𝑏
𝑙

 

Computing ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 reduces to computing

𝜃𝜃

𝜃

1

⋮

Layer 𝑙 − 1 Layer 𝑙

𝑤𝑏,𝑎
𝑙

Node 𝑎

Node 𝑏

𝑠𝑏
𝑙⋮

Henry Chai - 2/19/24 22

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙



Computing 
Partial 
Derivatives
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𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙

Chain rule:

Insight: 𝑤𝑏,𝑎
𝑙

 only affects ℓ 𝑖  via 𝑠𝑏
𝑙

 

Computing ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 reduces to computing

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙



Computing 
Partial 
Derivatives
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𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙

Chain rule:

𝑠𝑏
𝑙

= ෍

𝑎 = 0

𝑑 𝑙−1

𝑤𝑏,𝑎
𝑙

𝑜𝑎
𝑙−1

 →
𝜕𝑠𝑏

𝑙

𝜕𝑤𝑏,𝑎
𝑙

= 𝑜𝑎
𝑙−1

Compute outputs 𝒐 𝑙  ∀ 𝑙 ∈ 0, … , 𝐿  by forward propagation

Insight: 𝑤𝑏,𝑎
𝑙

 only affects ℓ 𝑖  via 𝑠𝑏
𝑙

 

Computing ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 reduces to computing

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙



Computing 
Partial 
Derivatives
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𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙

Chain rule:

Insight: 𝑤𝑏,𝑎
𝑙

 only affects ℓ 𝑖  via 𝑠𝑏
𝑙

 

Computing ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 reduces to computing

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

𝛿𝑏
𝑙

≔
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙



Insight: 𝑠𝑏
𝑙

only affects ℓ 𝑖  via 𝑜𝑏
𝑙
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Computing 
Partial 
Derivatives

𝜃

Layer 𝑙

𝑜𝑏
𝑙

Node 𝑏

𝑠𝑏
𝑙
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Computing 
Partial 
Derivatives

𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

Chain rule:

Insight: 𝑠𝑏
𝑙

only affects ℓ 𝑖  via 𝑜𝑏
𝑙
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Computing 
Partial 
Derivatives

𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

Chain rule:

𝑜𝑏
𝑙

= 𝜃 𝑠𝑏
𝑙

 →
𝜕𝑜𝑏

𝑙

𝜕𝑠𝑏
𝑙

=
𝜕𝜃 𝑠𝑏

𝑙

𝜕𝑠𝑏
𝑙

= 1 − tanh 𝑠𝑏
𝑙

2

when 𝜃 ⋅ = tanh ⋅

Insight: 𝑠𝑏
𝑙

only affects ℓ 𝑖  via 𝑜𝑏
𝑙
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Computing 
Partial 
Derivatives

Recap:

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙
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𝜃

⋮

Layer 𝑙 + 1Layer 𝑙

Node 𝑏

𝑜𝑏
𝑙

𝜃

𝜃

1

𝑠1
𝑙+1

𝑠
𝑑 𝑙+1

𝑙+1

Computing 
Partial 
Derivatives

Insight: 𝑜𝑏
𝑙

 affects ℓ 𝑖  via 𝑠1
𝑙+1

, … , 𝑠
𝑑 𝑙+1

𝑙+1
 



Insight: 𝑜𝑏
𝑙

 affects ℓ 𝑖  via 𝑠1
𝑙+1

, … , 𝑠
𝑑 𝑙+1

𝑙+1
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𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝜕ℓ 𝑖

𝜕𝑠𝑐
𝑙+1

𝜕𝑠𝑐
𝑙+1

𝜕𝑜𝑏
𝑙

Chain rule:

Computing 
Partial 
Derivatives



Insight: 𝑜𝑏
𝑙

 affects ℓ 𝑖  via 𝑠1
𝑙+1

, … , 𝑠
𝑑 𝑙+1

𝑙+1
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𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝜕ℓ 𝑖

𝜕𝑠𝑐
𝑙+1

𝜕𝑠𝑐
𝑙+1

𝜕𝑜𝑏
𝑙

Chain rule:

𝑠𝑐
𝑙+1

= ෍

𝑏 = 0

𝑑 𝑙

𝑤𝑐,𝑏
𝑙+1

𝑜𝑏
𝑙

 

Computing 
Partial 
Derivatives



Insight: 𝑜𝑏
𝑙

 affects ℓ 𝑖  via 𝑠1
𝑙+1

, … , 𝑠
𝑑 𝑙+1

𝑙+1
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𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝜕ℓ 𝑖

𝜕𝑠𝑐
𝑙+1

𝜕𝑠𝑐
𝑙+1

𝜕𝑜𝑏
𝑙

Chain rule:

𝑠𝑐
𝑙+1

= ෍

𝑏 = 0

𝑑 𝑙

𝑤𝑐,𝑏
𝑙+1

𝑜𝑏
𝑙

 →
𝜕𝑠𝑐

𝑙+1

𝜕𝑜𝑏
𝑙

= 𝑤𝑐,𝑏
𝑙+1

Computing 
Partial 
Derivatives

𝛿𝑏
𝑙

≔
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙



Insight: 𝑜𝑏
𝑙

 affects ℓ 𝑖  via 𝑠1
𝑙+1

, … , 𝑠
𝑑 𝑙+1

𝑙+1
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𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝜕ℓ 𝑖

𝜕𝑠𝑐
𝑙+1

𝜕𝑠𝑐
𝑙+1

𝜕𝑜𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝛿𝑐
𝑙+1

𝑤𝑐,𝑏
𝑙+1

Chain rule:

𝑠𝑐
𝑙+1

= ෍

𝑏 = 0

𝑑 𝑙

𝑤𝑐,𝑏
𝑙+1

𝑜𝑏
𝑙

 →
𝜕𝑠𝑐

𝑙+1

𝜕𝑜𝑏
𝑙

= 𝑤𝑐,𝑏
𝑙+1

Computing 
Partial 
Derivatives

𝛿𝑏
𝑙

≔
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙
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Computing 
Partial 
Derivatives

Recap:

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

=
𝜕ℓ 𝑖

𝜕𝑠𝑏
𝑙

𝜕𝑠𝑏
𝑙

𝜕𝑤𝑏,𝑎
𝑙

= 𝛿𝑏
𝑙

We just learned that we can write 𝛿𝑏
𝑙

 as a function of the 

terms 𝛿𝑐
𝑙+1

 at the next layer!  



= ෍

𝑐 = 1

𝑑 𝑙+1

𝛿𝑐
𝑙+1

𝑤𝑐,𝑏
𝑙+1

1 − 𝑜𝑏
𝑙

2
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𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

Computing 
Partial 
Derivatives

Pasting over what we calculated previously:



= ෍

𝑐 = 1

𝑑 𝑙+1

𝛿𝑐
𝑙+1

𝑤𝑐,𝑏
𝑙+1

1 − 𝑜𝑏
𝑙

2
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𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

Computing 
Partial 
Derivatives 𝜹 𝑙 ≔ ∇𝒔 𝑙 ℓ 𝑖 𝑊 𝑡

1
, … , 𝑊 𝑡

𝐿

How would you write the vector 𝜹 𝑙  as a function of the 

matrices 𝜹 𝑙+1 , 𝑾 𝑙+1  and 𝒐 𝑙 ? 

Hint: 𝒔 𝑙 : [𝑑 𝑙 , 1], 𝒐 𝑙 : [𝑑 𝑙 +1, 1], 𝑾 𝑙 : [𝑑 𝑙 , 𝑑 𝑙−1 + 1]
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Computing 
Partial 
Derivatives 𝜹 𝑙 = 𝑊 𝑙+1 𝑇

𝜹 𝑙+1 ⊙ 1 − 𝒐 𝑙 ⊙ 𝒐 𝑙

where ⊙ is the element-wise product operation

Sanity check: 𝑊 𝑙+1 ∈ ℝ𝑑 𝑙+1  × 𝑑 𝑙 +1  and                    

                    𝜹 𝑙+1 ∈ ℝ𝑑 𝑙+1 × 1 so              

     𝑊 𝑙+1 𝑇
𝜹 𝑙+1  ∈ ℝ 𝑑 𝑙 +1 × 1, the same size as 𝒐 𝑙 !

𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

= ෍

𝑐 = 1

𝑑 𝑙+1

𝛿𝑐
𝑙+1

𝑤𝑐,𝑏
𝑙+1

1 − 𝑜𝑏
𝑙

2
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Computing 
Partial 
Derivatives

Putting it all together:

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

= 𝛿𝑏
𝑙 𝜕𝑠𝑏

𝑙

𝜕𝑤𝑏,𝑎
𝑙

= 𝛿𝑏
𝑙

𝑜𝑎
𝑙−1

𝜕ℓ 𝑖

𝜕𝑾
𝑙

=
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Computing 
Partial 
Derivatives

Putting it all together:

𝜕ℓ 𝑖

𝜕𝑤𝑏,𝑎
𝑙

= 𝛿𝑏
𝑙 𝜕𝑠𝑏

𝑙

𝜕𝑤𝑏,𝑎
𝑙

= 𝛿𝑏
𝑙

𝑜𝑎
𝑙−1

𝜕ℓ 𝑖

𝜕𝑾
𝑙

= 𝜹 𝑙 𝒐 𝑙−1 𝑇

Sanity check: 𝒐 𝑙−1 ∈ ℝ 𝑑 𝑙−1 +1  × 1 and           

                      𝜹 𝑙 ∈ ℝ𝑑 𝑙 × 1 so              

  𝜹 𝑙 𝒐 𝑙−1 𝑇
∈ ℝ𝑑 𝑙 × 𝑑 𝑙−1 +1 , the same size as 𝑊 𝑙 !



Computing 
Partial 
Derivatives

• Assume the output layer is a single node and the error 

function is the squared error: 𝜹 𝐿 = 𝛿1
𝐿

, 𝒐 𝐿 = 𝑜1
𝐿

 

ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

= 𝑜1
𝐿

− 𝑦 𝑖
2

, and 𝜃 𝑧 = 𝑧

• Can recursively compute 𝜹 𝑙  using 𝜹 𝑙+1 ; need to 

compute the base case: 𝜹 𝐿
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𝜹 𝑙 = 𝑊 𝑙+1 𝑇
𝜹 𝑙+1 ⊙ 1 − 𝒐 𝑙 ⊙ 𝒐 𝑙



Computing 
Partial 
Derivatives

• Assume the output layer is a single node and the error 

function is the squared error: 𝜹 𝐿 = 𝛿1
𝐿

, 𝒐 𝐿 = 𝑜1
𝐿

and 𝜃 𝑧 = 𝑧, calculate 𝛿1
𝐿

=
𝜕ℓ 𝑖

𝜕𝑠1
𝐿 : 
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ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

= 𝑜1
𝐿

− 𝑦 𝑖
2



Computing 
Partial 
Derivatives

𝛿1
𝐿

=
𝜕ℓ 𝑖

𝜕𝑠1
𝐿

=
𝜕

𝜕𝑠1
𝐿

𝑜1
𝐿

− 𝑦 𝑖
2

• Assume the output layer is a single node and the error 

function is the squared error: 𝜹 𝐿 = 𝛿1
𝐿

, 𝒐 𝐿 = 𝑜1
𝐿

 

ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

= 𝑜1
𝐿

− 𝑦 𝑖
2

𝛿1
𝐿

= 2 𝑜1
𝐿

− 𝑦 𝑖
𝜕𝑜1

𝐿

𝜕𝑠1
𝐿

= 2 𝑜1
𝐿

− 𝑦 𝑖 1 − 𝑜1
𝐿

2

when 𝜃 𝑧 = 𝑧
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Computing 
Partial 
Derivatives
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We can compute 𝜹 𝐿 !!!

We can use these to compute 

𝜹 𝐿−1 , 𝜹 𝐿−2 , all the way back to 𝜹 1 , 
using our equation from before….

𝜹 𝑙 = 𝑊 𝑙+1 𝑇
𝜹 𝑙+1 ⊙ 1 − 𝒐 𝑙 ⊙ 𝒐 𝑙

𝜕ℓ 𝑖

𝜕𝑾
𝑙

= 𝜹 𝑙 𝒐 𝑙−1 𝑇

And we know how to use the 𝜹 𝑙  to 
compute the gradient: 



Back-
propagation
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 Input: 𝑊 1 , … , 𝑊 𝐿  and 𝒙 𝑖 , 𝑦 𝑖

 Run forward propagation with 𝒙 𝑖  to get 𝒐 1 , … , 𝒐 𝐿

 (Optional) Compute ℓ 𝑖 = 𝑜 𝐿 − 𝑦 𝑖 2

 Initialize: 𝜹 𝐿 = 2 𝑜1
𝐿

− 𝑦 𝑖

 For 𝑙 = 𝐿 − 1, … , 1

 Compute 𝜹 𝑙 = 𝑊 𝑙+1 𝑇
𝜹 𝑙+1 ⊙ 1 − 𝒐 𝑙 ⊙ 𝒐 𝑙

 Compute 𝐺 𝑙 = 𝜹 𝑙 𝒐 𝑙−1 𝑇

 Output: 𝐺 1 , … , 𝐺 𝐿 , the gradients of ℓ 𝑖  w.r.t 𝑊 1 , … , 𝑊 𝐿



Key take-aways

 A weight affects the prediction of the network (and 

therefore the error) through downstream signals/outputs

 Use the chain rule!

 Any weight going into the same node will affect the 

prediction through the same downstream path

 Compute derivatives starting from the last layer and 

move “backwards”

 Derive a recursive definition for the relevant partial 

derivatives

 Automatic differentiation: store intermediate values 

and reuse for efficiency (dynamic programming)
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Aside: 
Vanishing 
Gradients

𝛿𝑏
𝑙

=
𝜕ℓ 𝑖

𝜕𝑜𝑏
𝑙

𝜕𝑜𝑏
𝑙

𝜕𝑠𝑏
𝑙

Chain rule:

𝑜𝑏
𝑙

= 𝜃 𝑠𝑏
𝑙

 →
𝜕𝑜𝑏

𝑙

𝜕𝑠𝑏
𝑙

=
𝜕𝜃 𝑠𝑏

𝑙

𝜕𝑠𝑏
𝑙

= 1 − tanh 𝑠𝑏
𝑙

2
≤ 1

when 𝜃 ⋅ = tanh ⋅

Insight: 𝑠𝑏
𝑙

only affects ℓ 𝑖  via 𝑜𝑏
𝑙

 



Recall:
Other 
Activation 
Functions
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https://en.wikipedia.org/wiki/Activation_function


Recall: 
Gradient 
Descent

 Iterative method for minimizing functions

 Requires the gradient to exist everywhere
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Non-convexity

 Gradient descent is not guaranteed to find a global 

minimum on non-convex surfaces
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Stochastic 
Gradient 
Descent 
for Learning

 Input: 𝒟 = 𝒙 𝑛 , 𝑦 𝑛
𝑛=1

𝑁
, 𝜂 0

 Initialize all weights 𝑊 0
1

, … , 𝑊 0
𝐿

 to small, random numbers 

and set 𝑡 = 0 (???)

 While TERMINATION CRITERION is not satisfied (???)

 For 𝑖 ∈ shuffle 1, … , 𝑁

 For 𝑙 = 1, … , 𝐿

 Compute 𝐺 𝑙 = ∇𝑊 𝑙 ℓ 𝑖 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 (???)

 Update 𝑊 𝑙 : 𝑊 𝑡+1
𝑙

= 𝑊 𝑡
𝑙

− 𝜂0𝐺 𝑙

 Increment 𝑡: 𝑡 = 𝑡 + 1 

 Output: 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿
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Mini-batch
Stochastic
Gradient 
Descent 
for Learning
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 Input: 𝒟 = 𝒙 𝑛 , 𝑦 𝑛
𝑛=1

𝑁
, 𝜂𝑀𝐵

0
, 𝐵

1. Initialize all weights 𝑊 0
1

, … , 𝑊 0
𝐿

 to small, random         

numbers and set 𝑡 = 0 𝐺−1
𝑙

= 0 ∗ 𝑊 𝑙  ∀ 𝑙 = 1, … , 𝐿

2. While TERMINATION CRITERION is not satisfied

a. Randomly sample 𝐵 data points from 𝒟, 𝒙 𝑏 , 𝑦 𝑏
𝑏=1

𝐵

b. Compute the gradient w.r.t. the sampled batch,

𝐺 𝑙 =
1

𝐵
෍

𝑏=1

𝐵

∇𝑊 𝑙 ℓ 𝑏 𝑊 𝑡
1

, … , 𝑊 𝑡
𝐿

 ∀ 𝑙

c. Update 𝑊 𝑙 : 𝑊𝑡+1
𝑙

← 𝑊𝑡
𝑙

− 𝜂𝑀𝐵
0

𝐺 𝑙  ∀ 𝑙

d. Increment 𝑡: 𝑡 ← 𝑡 + 1 

 Output: 𝑊𝑡
1

, … , 𝑊𝑡
𝐿
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