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Today

Linear algebra

▪ Primer and highlighting key aspects

Linear regression

▪ Calculus and optimization



Linear Algebra



Linear Algebra
Convenient and concise way to work with math involving linear operations

3𝜃1 + 0𝜃2 + 5𝜃3 = 36

4𝜃1 + 3𝜃2 + 2𝜃3 = 46

2𝜃1 + 2𝜃2 + 1𝜃3 = 25

𝑉𝜽 = 𝒖 𝑉 =
3 0 5
4 3 2
2 2 1

𝒖 =
36
46
25

𝜽 =

𝜃1
𝜃2
𝜃3

Possible way to solve: 𝜽 = 𝑉−1𝒖 (Actually a pretty unstable way to 
solve in general. More on this later.)



Matrix Multiplication
𝐴 ∈ ℝ𝑀×𝑁

𝐵 ∈ ℝ𝑀×𝐾

𝐶 ∈ ℝ𝐾×𝑁

𝐴 = 𝐵𝐶

The entry of A in row 𝑚 and column 𝑛 is:

𝐴𝑚,𝑛 = ෍

𝑘=1

𝐾

𝐵𝑚,𝑘𝐶𝑘,𝑛

i.e. multiply the elements of row 𝑚 of by the elements of column 𝑛 of 
𝐶, and then sum those products

Width of 𝐵 must match height of 𝐶



Poll 1
What is the resulting dimension of 𝑍, where 𝑍 = 𝒖𝒗𝑇 and 𝒖 ∈ ℝ7×1

and 𝒗 ∈ ℝ7×1?

Select ALL that apply

A. 𝑍 ∈ ℝ

B. 𝑍 ∈ ℝ49

C. 𝑍 ∈ ℝ7×1

D. 𝑍 ∈ ℝ1×7

E. 𝑍 ∈ ℝ1×1

F. 𝑍 ∈ ℝ7×7

G. I have no idea



Vectors
𝐮 ∈ ℝ𝑀×1 Column vector of length 𝑀

𝐯 ∈ ℝ1×𝑀 Row vector of length 𝑀

𝐳 ∈ ℝ𝑀 Ambiguous. In this course, assume column vector unless 
stated otherwise.

𝐮 =

𝑢1
𝑢2
⋮
𝑢𝑀



Vectors
𝐮 ∈ ℝ𝑀

𝐯 ∈ ℝ𝑀 Note these are both column vectors

Multiplication of vectors of the same length

Dot product (inner product):

▪ 𝑦 = 𝐮 ⋅ 𝐯 = 𝐮𝑇𝐯 = σ𝑖=1
𝑀 𝑢𝑖 𝑣𝑖 𝑦 ∈ ℝ

▪ A dot product is an inner product (inner product is a more general term)

Outer product (inner product):

▪ 𝑌 = 𝐮⊗ 𝐯 = 𝐮𝐯𝑇 𝑌 ∈ ℝ𝑀×𝑀 Y𝑖,𝑗 = 𝑢𝑖𝑣𝑗



Vectors
𝐮 ∈ ℝ𝑀

What happens when we do the dot product of a vector with itself?



Vectors
𝐮 ∈ ℝ𝑀

Vector magnitude

𝐮 = σ𝑖
𝑀 𝑢𝑖

2 = σ𝑖
𝑀 𝑢𝑖

2 1/2
= ? 1/2

L2 norm (Euclidean norm) (More norms later)

𝐮 2 = σ𝑖
𝑀 𝑢𝑖

2 = σ𝑖
𝑀 𝑢𝑖

2 1/2
= 𝒖𝑇𝒖

1/2

L2 norm squared

𝐮 2
2 = σ𝑖

𝑀 𝑢𝑖
2 = 𝒖𝑇𝒖



Vectors
𝐮 ∈ ℝ𝑀

𝐯 ∈ ℝ𝑀

𝛼 ∈ ℝ

Scalar multiplication

𝛼𝐮 =

𝛼𝑢1
𝛼𝑢2
⋮

𝛼𝑢𝑀
Vector addition

𝐮 + 𝐯 =

𝑢1 + 𝑣1
𝑢2 + 𝑣2

⋮
𝑢𝑀 + 𝑣𝑀



Vectors
𝐮, 𝐯 ∈ ℝ𝑀

Linear combination of vectors

𝐳 = 𝛼𝐮 + 𝛽𝐯 =

𝛼𝑢1 + 𝛽𝑣1
𝛼𝑢2 + 𝛽𝑣2

⋮
𝛼𝑢𝑀 + 𝛽𝑣𝑀

for any 𝛼, 𝛽 ∈ ℝ

Notation alert!



Span
Set of all linear combination of a set of vectors

Given a set of vectors 𝒮 = 𝒗1, 𝒗2, 𝒗3 , where 𝒗𝑖 ∈ ℝ𝑀 ∀ 𝑖
𝑠𝑝𝑎𝑛 𝒮 = 𝑤1𝒗1 + 𝑤2𝒗2 + 𝑤3𝒗3 𝑤𝑖 ∈ ℝ

Span of a set of vectors is an example of a vector space. Vector space is a 
more general term.

Notation alert!



Span, Dimensionality, and Rank



Span, Dimensionality, and Rank



Linear Regression



Fitting a linear model

𝒟 = 𝑥 𝑖 , 𝑦 𝑖
𝑖=1

4

= { −1, 2.5 ,

(7, −1.5),

(−5, 4.5),

(1.5, 1.25)}



Jupyter Demo


