10-315
Introduction to ML

Optimization and
Linear Regression

Instructor: Pat Virtue




Pre-reading: Optimization Formulation

Find the best h(x) — y by searching in the space of hypothesis
functions h € H.

Loss: €(y,¥) is the loss or cost of predicting ¥ when the true value is y.

Risk: Risk for a hypothesis function is the expected loss over the data
distribution:

R(h) = Exy|2(Y,h(X))|
Minimizing Risk
Specifically: find a prediction function h*: X’ = Y that minimizes the
expected loss for randomly drawn test data (X, Y)

h* = argmin Eyy [£(Y, h(X))]
h



Pre-reading: Empirical Risk Minimization
Risk
R(h) = Exy [((Y, h(X)])

Empirical Risk

, :%i (v (29)) D ={(«0,59)},

Empirical Risk Minimization

h* = argmin R(h)
heH



Pre-reading: Loss Functions
h* = argmin Eyy [L(Y, h(X))]
h

Loss function:
L:YxY->NR
Classification:

= Two-class, 0,1 loss
= Two-class, arbitrary loss

False positives and false negatives:



Poll (unused)

For a healthcare classification problem where:
Y=0 represents a negative test for cancer (healthy)
Y=1 represents a positive test for cancer (sick)
Which two-class loss value should be highest?

True negative
False negative
False positive

O 0O WP

True positive



Poll (unused)

Does our decision tree algorithm
(recursively finding the best attribute to
split on a each node) find a hypothesis
that minimizes empirical risk for zero-
one loss?

A. Yes, always

B. Yes, but only when splitting with
error rate

C. Yes, but only when splitting with
mutual information

D. No

D = { (21, D) }?:1

h."

f?(h') - :\i* Z ’ (H(i}, h (:}_‘f{ij))

i=1

h* = argmin R(h)
heH



Poll 1

Which is a correct depiction of linear regression error lines for x € R,
y =wx+b . ~
d () A (2
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Given 8 = @ what goes in the top entry for a linear regression
Wo

vector with two features, x = [ x{|?
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Poll 3: Two questions

Fill in the blanks: Linear regession optimization
AN N
(57 — ﬂ? ! ) _ gTx®)*
= = (y® - 67x®)
2) 2 4 &

1) What type of optimization? 2) What are we optimizing over?
A. min A. X
B. max B. v
(C._argmin >
D. argmax D. X, 0
E. X,V

F. x,v,0



Pre-reading: Risk in Regression

Squared error loss £(y, h(x)) = (y — h(x))2 5?~ < I‘/.‘
h* = argmin IEXY[f(Y,h(X))]
h

R(h) =

4 (y{ﬂ, h (:r{ﬂ))

(y'i'” — h (:r:{ﬂ)) : <— Mean squared error!
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Contructing the Desigh Matrix



Linear Algebra Formulation

Constructing the design matrix

Goal: Replace summations with linear algebra

o M
J(w,b) = Nz y —| b+ 2 ijj(l)
L J
N

30000

20000 1

10000 1

0
0

Error=2925.0

50000

100000 150000

1 . 0\ 2
= NZ: (y(‘) — (HTx(l))) & From pre-reading
i

1 2
Slly - X613




Reminder (Lec 2): Dataset notation

Dataset notation
— (v OV
D ={(v"x")},
_ . . . N
— {(y(‘),xil),xél),xél),xil))} Sepal Sepal Petal Petal
=1 Length Width Length Width
. 4.3 3.0 1.1 0.1
Linear algebra can represent all data | |

lyle {0,1,23"
E RN*%  (design matrix)




Linear Algebra Formulation

Constructing the design matrix

)J)}* Sepal Sepal Petal Petal
Length Width Length Width
4.3 3.0 1.1 0.1




Linear Algebra Formulation

Constructing the design matrix

Sepal Sepal Petal Petal
Length Width Length Width
4.3 3.0 1.1 0.1




Linear Algebra Formulation 30 =b+ ) w,

{
R j
Constructing the design matrix 2' ] ~ 4() O — gTx®

(account
for bias)




Linear Regression
System of Equations



Error=2925.0

Poll 4 (A=A M xT]

Now that we have y = X0, we can solve %
this system of equations to get the best 8? &

0 50000 100000 150000

A. Yes Mileage (miles)

B No D B ﬂ
C. I have noidea

[




S ;/z-xi

Number of solutions? Objective function value, J(0)?

Linear Regression




30000

Error=2925.0

Linear Regression

Linear algebra formulatlon

= X0

\/ 0 _e‘-( 50000 100000 150000

r3M N \\@3 Lo Mileage (miles)
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Closed-form Solution



—

- on — lE=g=-Z A
Linear Regression

Expanding objective before computing gradient fﬁ(c\s

M T
](9):%||y—X9||% T./ N}jw i /€_ _ _))SO/VC
> = fo
ny-—X@)g\/ "XQ . N
\ T UV Y
-5y -O0)G-40
7 (3 @ T @_ye’xx@_\; =0
.__:,/L\, {bT\ ——QTXy DA — / 89
3 <aS s o ysolve
DS (T/’W/Yén:*@f)('\p for

\5(@\: ~(y"y —20"XTy + 67X"X6) A



J2l} =2 2f =2 an = 272
- : = <. = (4i ~
Linear Regression <l = ¢ N

—

Expanding objective before computing gradient

J(8) = ~lly — X613
= ~(y — X0)" (y — X6)
=~ (y" - 07XT)(y - X6)
=—(y"y —0"X"y —y"X0 + 67X"X0)
=—(yTy —207X"y + 67X"X0)



Calculus Time-out
Partial derivatives



Calculus with Linear Algebra

Vector in, scalar out (56/\@/
Gradient o [~ )
y=f(x) yeR, xeRM
ES o1 _ |
VJ = /iﬁ\ 0‘5? /

LQ;N\J ds(D ;Efd{(\ h

%

on )



Calculus with Linear Algebra J C9>

Functions with linear algebra X 9

) |

y = f(x)
o Yy - -
V1 1 Xy V1 i
Pl = 1(x) E =f<l5D l=f] :
XM
VN VN Yy -
-Y1,1 Yl,K- —Y1,1 Yl,K_ X1 _Y1,1 Yl,K_
: : — f(x) : : — f( : ) : :
Ynie - Yagk vk o Yk M Yvne - Yag




Calculus with Linear Algebra

One way to think of it: bag of partial derivati
-




Calculus with Linear Algebra C = f(/b = ADB

One way to think of it: bag of partial derivatives O C

Yl,l Yl,K ( -Xl,l , )




Numerator Layout

Do || e

dy
Z_y - ax X
x Output by input Transpose of input
dy dy ‘ dy
d0x 0x 0X
Output by input Output by input \ ?
aY aY aY
— € RNVN*K —e R’ — € R’
d0x 0x 0X

Size of output ? ?



Denominator Layout

O

d
yE]R _yeR
dx

dy
d0x
Input by output

E RlXN

0x

Transpose of output

a_y € ]RMxl

)( Input by output

dy
ox

Input by output

E [RMXN

GYE R?
0x

?

pu———

1 of

ay € ]RMXL S

X | dx

Size of input |

ay S

— € R’
0X

?

aY c R’
0X

?



Calculus with Linear Algebra

Jacobian: Vector in, vector out

Numerator-layout

y=f(x) yeRN xeRM ayeIRNXM

~ DOooT

X
po )




Calculus with Linear Algebra
Numerator-layout vs denominator-layout

Vector in, vector out

SR

VN

“Al.)

y=f(x) y€ERY xeRM (assume N > M for illustrative purposes)

Numerator layout Denominator layout

Number of outputs X number of inputs Number of inputs X number of outputs

dy

0x

% = ]RNXM

0x

E IRMXN



Calculus with Linear Algebra f([xlb
y: .

Vector in, scalar out
Numerator-layout

y=fx) y€ER, xeRY Z—ZER“M



Calculus with Linear Algebra f([xlb
y: .

Numerator-layout vs denominator-layout

Vector in, scalar out
y=f(X) y€eER, xeRM

Numerator layout Denominator layout

Number of outputs X number of inputs Number of inputs X number of outputs

a_y € ]R{D(M a_y = RMXl
0x 0x



Calculus with Linear Algebra

Scalar in, vector out

Numerator-layout

y=f(x) yeRY xeR, Z—ieRNﬂ

Ve

YN

= f(x)



Calculus with Linear Algebra f([xlb
y: .

Gradient: Vector in, scalar out

Transpose of numerator-layout

y=f(x) YER, x€RY, ZeR™M, v.feR"



Calculus with Linear Algebra f(’X},l
) =

Matrix in, scalar out
Numerator layout: Transpose of matrix dimensions

Denominator layout: Keep same dimensions as matrix

y=f(X) y€eR, XeRNM g—; e RV*M (denominator layout)




Exercise

Suppose we have a function that takes in a vector and squares each
element individually, returning another vector, y = f(x).

]\ | TN\ [49°
fllxz|] - |x2 Example: f| |3|] =] 9
| X3 ] x% 5. _25_

What is dy/0x? (use numerator layout)

$%‘ o ;l><\\—7 Ax O 07
/% ~V — [—0 7 x

—— =], O

AX |7 -
XL XBS L_D O 2y,

|

~”’



Derivatives of Functions with Respect to Vectors

Numerator layout | Denominator layout | Notes
9 , , N
m If\" Ij\r Vv 'E R
o T . ) N
g Vv I 4."\.- I A: V 'E R
i tv tin tln v e RY
ov 4 1
ji ulv v’i v
ou
% ul'v ul u
ov
ov
o T, T/, AT , AT
% vl Av vl A 2Av If A= AT
‘:}i 14V N 14T
ov
's _/
2 yT A A+ A
av




Numerator Layout

y € R

dy
— € R
0x

dy
dx
Output by input

€ RNX].

0x

Size of output

E R].XM
ax

Output by input

dy
0x
Output by input

€ [RNXM

GYE R?
0x

?

E IRLXM
aX

Transpose of input

dy
a—XE]R

?

aY -
0X

?



Denominator Layout

dy

X
dy

y €ER Z_y € R 9x X
x Input by output Size of input
dy dy dy
— € RN e RM*N — € R’
d0x ox 0X
Input by output Input by output ?
aY aY aY
— € RKXN —e R’ — € R’
d0x 0x 0X

Transpose of output ? ?



Linear Regression
Closed-form Solution



Linear Regression

Methods for optimizing the objective

" (Closed-form solution




Linear Regression

Expanding objective before computing gradient

J(8) = ~lly — X613
= ~(y — X0)" (y — X6)
= %(yT —0TXT)(y — X0)
= %(yTy —0TXTy —yTX0 + 07X7X0)
= —(y"y —20"XTy + 67X"X0)

vgl(aﬁ = ?9‘




RN xeRM

Linear Regression 07T _
° g« R oz =
Gradient of objective with respect to parameters - Of -
1 zTu
J(8) =+ Ily — X6lI3 0 _ o7
=~ ("y —20"X"y + 87X"X6) 1A z

aZT“‘Z =(A+4")z &

MOEHEE 2>( Y D\X)(é’v
(N\ym’\ m,(\ + (M x M) (1) az;l:r"

M %(’X\/%XX@ ’

=zT(A+ AT)




Linear Regression

Gradient of objective with respect to parameters

J(8) =~ lly — X6]|3
=—(y"y —20"X"y + 67X"X0)

VJ(8) =~ (0 — 2X"y + 267X"X)

=Uu
0z
- Or
azTu :uT
0z
0zl Az T
= (A+A )z

- Or -

0zl Az
== zT(A+ AT)




Linear Regression

Gradient of objective with respect to parameters

J(8) =~ lly — X6]|3
=—(y"y —20"X"y + 67X"X0)

V() =~ (0 — 2X"y + 207%%X)

=~(0 — 2X"y + 2X"X0)

0z Az
—— = (A+AT)z

- Or -

0zl Az
== zT(A+ AT)




Linear Regression oz"u _

Gradient of objective with respect to parameters O --
1
J(8) =+ Ily — X6lI3 Tu_y,
=—(y"y —20"X"y + 67X"X0)
92 4% _ (A + AT)z

V() =~ (0 — 2X"y + 207%%X) T

1 -- or --
== (0 —2xTy +2XTXx0) .
0z

=zT(A+ AT)
== (-X"y + X"X0)



J6S -
Closed-form solution

2 T T b
vj(0) == (-X"y+Xx"x0) "~

Linear Regression

-0

0

%

BN NG NN %64 20,

N -:.'-_f_’-.’(;‘gooé) 3056500 ~\205%00 %,
—T -10.0 : : , .
T =20 15 10
— -
0=-Xy+A4

y X*>' XTX ) = A 3 X’r y
J =) Xy

)/XQ:/)/

Notmal eimaﬁ/ﬁi



Linear Regression

Number of solutions

A note on matrix rank: Not Sa)v(t\\j 'H'\\‘?

6= (XY Xy =X ety



Optimization

Grid Search, Gradient Descent, Stochastic Gradient Descent



L Inear Regressign @ b) = %[(y(l) — (wx® + b))z n (y(Z) — (wx® +@7

Optimizing the objective

b
Y A=
A
37O Jro
® @ )
Jlw)p)0
V70 v~
< - — - > W

T




Poll 5 J(w,b) = [(l_l) - (x® + b)) +(y® - (wx<2) N b)ﬂ
For fixed data and fixed slope, w, what (C‘ i (Cﬁ’ ) b» "-(C (Cq + 13%

shape do we get by plottmg MSE objective \
vs intercept, b? \} (bj

A. Line

B. Plane

C. Half-plane

onvex parabola (U-shape)

E. Concave parabola (up-side-down U)

F. None of the above b




Linear Regression

Optimizing the objective J(w, b) = %[(y(l) — (wx@® +'g))2 + (y(z) — (wx® JLb.))Z]
Y

A \JC’J)\D)




Linear Regression

Optimizing the objective  jw,b) = %[(y(l) — (wax® + b))2 + (y(z) — (wx® + b))zl

Y ) !
' - J(w, b)




11, 2 2
Linear Regression /™2 =3} y® = (wx® 4 )+ (5O = (wx® + b)) |

What shape is the obejectiv
parameters w and b?

v t

A

unction when we consider both
[(w,b)




Linear Regression /™% =3[ - x4 )"+ (@ - (wx® 1 p))']

What shape is the obejective function when we consider both
parameters w and b? J(w, b)

y t

A

b

~LAT

> X J(V:Q LO:}:’O K




Linear Regression

Optimizing the objective { a0

3MSE

200

1100

| “' Sg 5% o5 2
ffg;ggg O{M\\
SNSSANNNNNNNNN : .

20 15




Optimization

T 2MSE

Gradients

-~

R

¥\
Py

SRR

)
"X X .I’.F.‘.W’.P.Q W’Wﬁh.ﬁb

0 = = )
= .
T T T =

bn_



1 30MSE

form solution!!

*b*

)

Linear regression has a closed

Solve for V/(w, b) = 0 for w

10.0
.

Optimization

=
I



Optimization Jw,5) =349 = (wr® + )+ (5 — (0x +1))'

Gradients



Linear Regression
Gradient Descent



Linear Regression

Demos to optimize the objective

Linear model optimization Blind version
regression interactive.ipynb regression blind interactive.ipynb
m O -0.05 m () -20.00
b O 16000 b () -10.00
30000
®
Error (RMSE)=7737.5 Error (RMSE)=31.7
20000-\]\
10000 -
0

0 50000 100000 150000


https://drive.google.com/file/d/1UGGPDKIVFUr9fx_AjevMoUtvYGRnFgqH/view?usp=share_link
https://drive.google.com/file/d/1UH6S_-ZdVwzCM2KL3KWOtWPb6yT7c6Pf/view?usp=sharing

poll 6,

Open blind optimization on course website
Mess with sliders to find best model

What's the best RMSE that you got?

What's are the corresponding best parameters?



Linear Regression
Methods for optimizing the objective J(w, b)

—u®  Closed-form solution K
" Grid search .
7 Random search . \ :
" Gradient descent b \\\ o—f o
" Stochastic gradient descent (SGD) \ -.

= Minibatch SGD

o (oor) Jesce
(Scjlra&er\ o w

%




N

Optimizatio

N

Gradients
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Optimization

Gradient descent

n)

learning rate a (or sometimes v,

—

10,
L

Ny

A
o
X

1

9] 9]
ow’ ob

|

Compute gradient: V]

SR E
o S S
o
O 2\ )
c 1
v =
)
(q0)
L
O
)



Linear Regression

Methods for optimizing the objective

(Ba‘}c }D ’ J

= Stochastic gradient descent (SGD) |

e —




Linear Regression Gradient Descent

What happens in gradient @ & é) -
descent when we have
N=1,000,000 training points? ’/,‘ *®
\/ |0006D0 <! T !il ° .
w1 RN
= !
T 2N/ \m\ a
X ST




(?)
Linear Regression Gradient Descent A ]

What happens in gradient
descent when we have
N=1,000,000 training points?

Aé—@*o("d’@/

Input x



Lpoch

Gradient Descent
one  Pa&s?3 Mmf/xj/\ datasct

Batch -> Mini-batch -> Stochastic

Basically, just a difference in how many training points are each time
we compute a gradient (and then take a step with that gradient

senco TN

Effective batch size = N

) _ S\

wini-vetch seo [ — )
Batch size =B, e.g., B = 10 i

/ B
SGD [

Effective batch size = 1




Convergence Curves

Mean Square Error on training data

Log-log plot of training MSE versus epochs
10 ¢ . ;

— (Gradient Descent
— SGD

L Closed—férm
(normal eq.s)

Epochs

4

10£

* Def: an epoch is a single pass through
the training data

1. For GD, only one update per epoch

2. For SGD, N updates per epoch
N = (# train examples)

* SGD reduces MSE much more rapidly
than GD

* For GD / SGD, training MSE is initially
large due to uninformed initialization



Additional Slides

(Batch) Gradient Descent and SGD



(Batch) Gradient Descent

Slide credit: CMU MLD Matt Gormley

77



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

= procedure SGD(D, 6V)

x 9 60

3: while not converged do

4: i ~ Uniform({1,2,...,N})
5

6

0« 0 —aVeJ(0)

return @

We need a per-example objective:

Let J(8) = 2o, J7(6)



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

i procedure SGD(D, %)

x 9 60

BE while not converged do

4: for i € shuffle({1,2,...,N}) do
-

6

0 0 —aVeJ(0)

.(-)1 000 -500 0 500 1000 1500 2000
()

return @

We need a per-example objective:

Let J(8) = 2o, J7(6)

79

Slide credit: CMU MLD Matt Gormley



(Batch) Gradient Descent

Optimtl)zing the objective using all points (just two in this example)

Y : J(w,b) = % (y® = (wx® + )+ (y® — (wx® + b))zl
Jw,b) =] JDw,b) + JOw,b) |
JD(w,b) = (O = (wx® + b))’
. J@(w,b) = (@ — (wx® + b))z




(Batch) Gradient Descent

w1

Jw,b) = 5[ JDw,b) + JD(w,b) ]



Stochastic Gradient Descent

Optimiz((;rpg the objective for one point at a time
y /©

A

JD(w,b) = (O = (wx® + b))’




Stochastic Gradient Descent

10.0

715 4

50 4

25

b

o 0o

—-2.5

5.0 -

—1.5 1

-10.0

JD(w,b) = (O = (wx® + b))’




Stochastic Gradient Descent

Optimi((z?i)ng the objective for one point at a time
y & 9[,‘\

A

/ . J@(w,b) = (y@ - (wx® + b))’




Stochastic Gradient Descent
9(2

10.0
1.5 1
5.0 -
25 -
F 4
o 00
—2.5
-5.0 -
e \
—-10.0 - T T T T T
—20 -15 =10 -5 0 5
W

J@(w,b) = (y@ = (wx® + b))’

\\\\\




Stochastic Gradient Descent

Optimi((z?i)ng the objective for one point at a time
y & 9[,‘\

A

1

JD(w,b) = (O = (wx® + b))’

N\




Stochastic Gradient Descent

10.0
75 1
5.0 -
25 - ,\
o oo ;0
(\*
25 - 9
-5.0
-7.5 1
-10.0 . . . )
-20 -15 -10 -5 0 5

JD(w,b) = (O = (wx® + b))’
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