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Introduction to ML

Optimization and
Linear Regression

Instructor: Pat Virtue




Prereading: Optimization Formulation

Find the best(iw) © wby searching in the space of hypothesis
functionsON = .

Loss: /butw is the loss or cost of predictingwhen the true value i
Risk:Risk for a hypothesis function is the expected loss over the data

distribution:
Y M [Raiaa)]
Minimizing Risk
Specifically: find a prediction functidfdn © + that minimizes the
expected loss for randomly drawn test datahw
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Prereading: Empirical Risk Minimization
Risk
R(h) =Exy[((Y. h(X)])

Empirical Risk

fg_ (}h( )) D= {(«®, @)}

||'M,,=

Empirical Risk Minimization

h* = argmin f?(h)
heH



Prereading: Loss Functions
Q@ AOCME]J(ndw))|

Loss function:
L <+ O 4
Classification:
A Two-class, 0,1 loss

A Two-class, arbitrary loss

False positives and false negatives:



Poll (unused)

For a healthcare classification problem where:

Y=0 represents a negative test for cancer (healthy)
Y=1 represents a positive test for cancer (sick)
Which two-class loss value should be highest?

A. True negative
B. False negative
C. False positive
D. True positive



Poll (unused)

Does our decision tree algorithm
(recursively finding the best attribute to
split on a each node) find a hypothesis
that minimizes empirical risk for zero
one loss?

A. Yes, always

B. Yes, but only when splitting with
error rate

C. Yes, but only when splitting with
mutual information

D. No

D = { (21, D) }?:1

h."

f?(h') - :\i* Z ’ (H(i}, h (:}_‘f{ij))

i=1

h* = argmin R(h)
heH



Poll 1

Which is a correct depiction of linear regression error linesa®ra
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Poll 2 S ueights
W — >Qacure trs

Given— F , what goes In the top entry for a linear regression
s &—— [ tp aCloOnnT ‘fdf

K 41 he hias ferm
vector with two featuresp | |?
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Poll 3: Two questions

Fill in the blanks: Lineaegessioroptimization
N alﬂmw\

§ = A__—2 P Po)

2) 24 k

1) What type of optimization? 2) What are we optimizing over?
A. min A. X
B. max B.
D. argmax . X, —
E. X,V



Prereading: Risk in Regression

Squared error losfafiQw) (0 "Tw) 5?‘ err-
Q@ AOCIME |/HaEw))]

R(h) =

/ (y{ﬂ. h (;::f{ﬂ))

(;U{'i) — h (:r_r{ﬂ)) : <— Mean squared error!
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Contructinghe Design Matrix



30000

Llnear AIgEbra FOrmulathn Error=2925.0

20000 1

Constructing the design matrix

10000 1

. . . 0 - . .
Goal: Replace summations with linear algebia ° 20000 i 150000
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Reminderl(ec?): Dataset notation

Dataset notation

© (@)

{((JO( )F[b( )FIJ‘O( )FIJ‘O( )FIJ‘O( ))} Speci Sepal Sepal Petal Petal
PECIES 1 Length | width | Length | Width

: 4.3 3.0 1.1 0.1

Linear algebra can represent all date 49 o W 0.1

o]y {ripit}

@N A (design matrix




Linear Algebra Formulation

Constructing the design matrix

;)f Species Sepal Sepal Petal Petal
P Length | Width | Length | Width
4.3 3.0 1.1 0.1
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Linear Algebra Formulation

Constructing the design matrix

Sepal Sepal Petal Petal
Length Width Length Width
4.3 3.0 1.1 0.1

0
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0
1
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Linear Algebra Formulation I
Constructing the design matrix(g ) 2&];(1 ND.
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Linear Regression
System of Equations



Poll 4

A. Yes
B. NoO

C. | have no idea

[Nx ) ( :’D)yﬂ\‘j ) M x 1

Now that we haved P, we can solve
this system of equations to get the bd3?
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Linear Regression — y=X4

Number of solutions? Objective function valuwé?




Error=2925.0

Linear Regression

Llnear algebra formulatlon =
h—
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Closedform Solution



Voo, N AT o

i llfll;\f—"Z, 20 = Z 2% = 22
(= (z

Linear Regression Q
Expanding objective before computing gradient ,ﬁ( Q} \
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Linear Regression 1
Expanding objective before computing gradient
uP) —llo Pl
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Calculus Timeut
Partial derivatives



Calculus with Linear Algebra

Vector in, scalar out ael\w,
Gradient B ‘i
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Calculus with Linear Algebra J C9>
Functions with linear algebra X g
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Calculus with Linear Algebra

One way to think of it: bag of partial deri
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Calculus with Linear Algebra C = f(/b = ADB

One way to think of it: bag of partial derivatives () C
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Numerator Layout

w Qw

Size of output ? ?



‘Denominator Layout

Transpose of output
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Calculus with Linear Algebra

Jacobian: Vector in, vector out

Numeratorlayout
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Calculus with Linear Algebra

Numeratorlayout vs denominatetayout

Vector In, vector out
6 Q0 ONga hova (assumd)
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L for illustrative purposes)

Numerator layout Denominator layout

Number of outputs number of inputs Number of inputs number of outputs
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Calculus with Linear Algebra . ‘é

Vector In, scalar out
Numeratorlayout

|
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Calculus with Linear Algebra |
Numeratorlayout vs denominatcftayout »

Vector In, scalar out
W Q0 wNahon g

Numerator layout Denominator layout

|

Number of outputs number of inputs Number of inputs number of outputs

T @ T ®
ro 75



Calculus with Linear Algebra

Scalar in, vector out
Numeratorlayout
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Calculus with Linear Algebra . ﬁé

Gradient: Vector in, scalar out
Transpose of numeratdayout
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Calculus with Linear Algebra . {

Matrix in, scalar out
Numerator layout: Transpose of matrix dimensions
Denominator layout: Keep same dimensions as matrix

D>
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Exercise

Suppose we have a function that takes in a vector and squares each
element individually, returning another vectar, "(30).
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Derivatives of Functions with Respect to Vectors

Numerator layout | Denominator layout | Notes
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Numerator Layout

w Qw

Loy [
I & o A
o Output by input Transpose of input
T_ON q Ir_éN q EN q¢
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Output by input Output by input ?
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Denominator Layout
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Linear Regression
Closedform Solution



Linear Regression

Methods for optimizing the objective A

A Closedform solution




Linear Regression
Expanding objective before computing gradient
uP) —llo o]
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N X M
Linear Regression / CRT xeR «

geR™ = 2
Gradient of objective with respect to parameters T or--
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Linear Regression o

Gradient of objective with respect to parameters -~ O --
uP) -l oP . 0
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Linear Regression o
Gradient of objective with respect to parameters -~ O --
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Linear Regression o
Gradient of objective with respect to parameters -~ O --
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Linear RegreSS|05n(
Closedform solution b
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Linear Regression

Number ofsolutions

Anote on matrix rank Not %}V‘v -H\\'ﬁ

6= (XY X'y =X ety



Optimization

Grid Search, Gradient Descent, Stochastic Gradient Descent



Linear Regressic@ﬁb o ©o @) (@ ©e @)

Optimizing the objective

b
Y 1=
37O Jro
& ’
Jlw)p)0
V70 v )
< - — - > \\/

» X




Poll 5 o o ©o. 9) (@ o )

_ 2

For fixed data and fixed slope, w, whé? (Cﬁ) ’ b> "‘(C (Cq + %
shape do we get by plotting MSE ObjeCtIVE\A > g \

~ \,( N

vs intercept, b? ] (bj ;

A. Line LI T

B. Plane R
C. Halfplane S ; :
onvex parabola @shape) J \\(ﬁ

E. Concave parabola (ugide-down U)
F. None of the above b
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Linear Regression

Optimizing the objective 0 iH
y
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Linear Regression

Optimizing the objective o i)




