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Poll 1

Let’s say we gave an exam that had 3 different versions where the probability of
different exams was modeled as a categorical random variable Y and the scores

. ~~ N
from each exam were modeled as Xy—; ~ N (u, J,f). D = {x(‘),y(‘)}izl

How many parameters are in this generative model?
A. 2



Poll 2

Let’s say we gave an exam that had 3 different versions where the probability of
different exams Y given the scores from the exam x was modeled as a multiclass

. ~~ N
logistic regression p(Y, = 1 | x) trained on dataset D = {x(l),y(‘)}izl

How many parameters are in this discriminative model?
A. 2



Poll 3

Which of the following probability models will allow us to sample new data,

MO0 N

D=1x",x, ,y(i)} where x4, X5, vy are length, weight, and species (cat or

=1

dog), respectively? Assume that we have learned all of the corresponding

parameters

A) Logistic regression

p(Y = cat | X1, X2, W1, W>, b)

C) None of the above

B) Bernoulli + Gaussian

p(Y =cat | ¢)

p( X1 cat, .ucat,lr Ucat,l )
p( X2 Cat' .ucat,z: O-cat,z )
p( X1 | dog, Hdog,1>Odog,1 )

P(Xz

dOQ, .udog,2» O-dog,z )



Sampling Cats and Dogs

301
25+
201
15-

10

|
B Clusterl

Cluster 2

0 10

20 30

B) Bernoulli + Gaussian

p(Y = cat | ¢)
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Generative Stories



Generative vs Discriminative Modeling
Discriminative: p(y | x)
Generative: p(y | x) = ap(x,y) =ap(x|y) p(y)

Model assumptions vs Data
= Discriminative:

" (Generative:



Generative Story Examples

Spam Generation

Discriminative

Generative Generative + Naive Bayes



Generative Story Examples

Hand-written digits Discriminative

y: Digit class: 0-9 % X cg
: L v &<

X: Pixels in images
Xjoo Yy \4

Generative Generative + Naive Bayes

o [1=3) ﬁ\\@




Discriminative and Generative



Two Applications of Bayes Rule

_p(bla)p@
Pl =%
D16)p(®
p(@l])):p( 16)p(9) p(ylx):p(xly)p(y)



Bayes Rule

Terminology

Posterior Likelihood Prior

p(D16)p(O)
p(D)

p(81D) =



Bayes Rule

Terminology

Conditional likelihood  Posterior  Class conditional  Class prior

p(x|y)p®y)
p(x)

p(ylx)=



Bayes Rule

Where did the parameters go?!?

p(x|y)p®)

p(ylx)= > (0)



Optimization: Generative vs Discriminative

Discriminative: model p(y | x, ) directly
" Learn parameters 6 from data

Generative: model p(y | Hclass) and p(x | Y Hclass conditional)
" Learn parameters 0,;,5c anNd 01455 conditiongr from data

= Use Bayes rule to compute p(y | x, Oc1ass) Ociass conditionat)

p(y | X, Hclass» Hclass conditional) X p( X | Y, 6class conditional ) p( y | Hclass)



Estimating Cats and Dogs
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Bernoulli + Gaussian

p(Y = cat | ¢)



Reminder: Likelihood

Simple example with three i.i.d. samples of Y ~ Bernoulli(¢)
_ (N3
D = {y }i=1

Likelihood

p(D; 0)

= P(y(l);y(z),y(:”); o, 92, qb(S)) Expand notation

= p(y(”,y(z),y(?’); ¢) |dentically distributed

— P()’(l)} ¢) p(y(Z); ¢) p(y(g); qb) Independent
— Hi3=1 p(y(i); ¢)



Generative MLE D ={y®xV}_|

y® €{0,1}
L(¢,0) =p(D | ¢,0) x® € {0,1}"
¢ € [0,1]
M
=TN_, p(D™ | ,0) i.i.d assumption 0 € [0,1]"*

=1N_, p(y™,x™ | ¢,0) Generative model

=TN_, p(y™ | ) p(x™ | y™,0)  Generative model story

=IN_, p(y(") | ) p (xfn),xén), ...,xlgl) ‘ y("),@)



Nalve Bayes



Multivariate Generative Models

Hand-written digits: How many parameters?

= P(Y)

= P(X|Y=3)

—_ p(Xl'XZJ "'X64 | Y —_ 3)

Naive Bayes assumption (bag of pixels)
= P(Y)
= P(X|Y=3)
=p(X; 1Y =3)p(X, 1Y =3)...0Xgs | Y =3)



Conditional Independence and Naive Bayes

Independence
P(A | B) = P(A) P(A,B) = P(A)P(B)
A—-{—L B P(B|A) = P(B)

Conditional independence

P(A1B,C)=P(AI1C) P(ABIC)=PAIC)P(BIC)
/“ZBXC P(B14,0) =P(B1|C) - B

Naive Bayes assumption r MJ
\’/j:f-k Xf__U_)()- l >/ j"‘I\(P(XJ'\\/\



Naive Bayes for Digits
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SPAM Classification

Recitation Exercise

P(Y =0,Xq, ., X3)

P(Y =1,Xq, 0, Xa)

P(Y =01Xq, ., Xpr)

P(Y =1 | Xl’ IXM)




Naive Bayes MLE D ={y"x"},

y™ € {0,1}
_ () e {0,1}M
L($,0) =p(D| ¢, 0) x™ € {0,
¢ € [0,1]
Mx2
=TIIN_, p(D(") | cl),@)) i.i.d assumption ® € [0,1]"7

== p(y™, 2™ | ¢,0)

=TN_, p(y™ | ) p(x | y™,8)  Generative model
=1N_, p(y™ | ) p (xfn),xén), ...,xlgl) | y("),@)

— l_[7I¥=1 p(y(n) | (I)) Hrﬂr/ll=1 p (xr(;:) | y(n)’ Qm,y) Naive Bayes



Generative Models

SPAM:

® Class distribution: Y ~ Bern(¢)

= Class conditional distribution: X;; ~ Bern(6,,,)

= Naive Bayes X; conditionally independent X; given Y forall i # j
p(Xi, Xj|Y) = p(X; |Y) | p(X;|Y)

Digits:

® Class distribution: Y ~ Categorical(¢p)

= Class conditional distribution: X;, ~ Bern(6,,,)

= Naive Bayes X; conditionally independent X; given Y for all i # j
p(Xi, X; | Y) = pX;i | V) | p(X; | V)




Generative Models with Continuous Features

Iris dataset:
® Class distribution: Y ~ Bern(¢)

= Class conditional distribution: Multivariate Gaussian X ~ N (i, Z,,)
= Naive Bayes assumption?



Iris dataset:

= Class distribution: Y ~ Bern(¢)

= Class conditional distribution: X ~ N (i, Z,,)
= Naive Bayes assumption?

Poll 5

Which of the following pairs of Gaussian class conditional distributions
satisfy the Naive Bayes assumptions? Select ALL that apply.

A. ”3/:0 — 0. ’zy=0 — 0 1_, ”y:l = 0. ,2y=1 — 0 1)
1 1 0 17 3 0]
Bly=o=lgB=0=]y 1} HM=1=|gl=15]g 3
1" 1 -1 17 1 -1
C ﬂy=0 — 0. ’Zy=0 — 1 5 | My=1 o n ,Zyzl — 1 ) ]
—1 1 —1] 1] 1 0
Plty=o=| g 2y=0=]1 | HM=1=]g]%=1%1g 1]




Class-conditional Gaussian Distributions

Iris dataset:

= Class distribution: Y ~ Bern(¢) (or Categorical)
= Class conditional distribution: X ~ N (i, Z,,)

= Naive Bayes assumption:

" Linear Decision Boundary:

» Quadradic Decision Boundary:



Generative + MAP



MLE vs MAP vs Generative vs Discriminative

Descriminative

Models only the

conditional
likelihood,

[Tp(ylx,6)

Generative

Models the full
joint likelihood,

[Ip(x,y16)

Maximum likelihood estimation

Maximum a posteriori estimation

p(D* | 0) * conditional p(8) p(D* | 9) * conditional
N likelihood N likelihood
_ 1_[ p(y® | x®,9) = p(6) 1_[ p(y® | x®,9)
i=1 i=1
p(D | 6) *actual p(6) p(D | 0) *actual
N likelihood N likelihood
= H p(x®,yD | 9) = 2@ | [ p(x®,y | 6)
i=1 i=1
N N
= | | p:®@159,0) p(y©16) =p@® | [ PP 15®,0) p(y©16)
i1 \L AN J =1 L AN J
' ' '
class- class class- class
conditional prior conditional prior




Reminder: Prior Distributions for MAP
If the prior p(0) is unh;\c,)rm, then MLE and MAP are the same!

p(D 1) p@) = | [p(y@ [6)p@) = ¢™=1(1 = $)"= p(e)

Conjugate priors: when the prior and the posterior distributions are in the
same family

Bernoulli likelihood with a Beta prior has Beta posterior

Categorical likelihood with a Dirichlet prior has Dirichlet posterior

Gaussian likelihood with a Gaussian prior has Gaussian posterior

https://www.desmos.com/calculator/kr7m2m6cf7



https://www.desmos.com/calculator/kr7m2m6cf7
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