10-315
Introduction to ML

Neural Networks

Instructor: Pat Virtue




Poll 4

Logistic regression for 28x28=784 pixel hand-written digit images into
10 classes:

How many parameters (including piasterms)? _one /066
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Poll 4

Logistic regression for 28x28=784 pixel hand-written digit images into

10 classes: e cla§§€5
How many parameters (including bias terms)?

A. 10 , =l

B. 10+784 \ i E -
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Poll 4 f = Gefionan (W)

Logistic regression for 28x28=784 pixel hand-written digit images into

10 classes: e c)a§§€5
How many parameters (including bias terms)?
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Outline

Pre-reading: Neural Networks

= Network diagrams for linear and logistic regression
= Neuron and activation functions

" Three-neuron network

Today: Neural Networks

" Three-neuron network + optimization

= Neural network structure (adding more neurons)

= Forward pass and backpropagation (scalar version)



Network Diagrams for
Linear and Logistic Regression

Pre-reading




Neuron

Pre-reading



Single Neuron

Single neuron system

= Perceptron (if g is step function)
" Logistic regression (if g is sigmoid)
" Linear regression (if g is nothing)

Computed Value True Label
Z1 Y

hy, (x) = Z1

hy(x) =g 2 W;X;

l



Activation Functions

It would be really helpful to have a g(z) that was nicely differentiable

1 z=0 d_g_{() z=0 -

» Hard threshold: g(z) = {O 7 <0 dz |0 z<0 z

» Sigmoid: g(z) = 1+2_Z Z—g = g(Z)(l — 9(2)) __f_

= RelU: g(z) = max(0,z2) 49 — {(1) ; i 8

dz




Activation Functions

Pre-reading



Three-neuron Network



Three-neuron Network

Network diagram 2”

W1,2 Z Zl,z g

5; — he (X) = bz +Z]W2’] allj

Ay, = gReLU(bl,j T Wy xl) A = ﬁ (ZS



Poll 1

How many total parameters?

W11




Poll 2

Which of the following updates will we execute during gradient descent?

Select all that apply

0
A x <« x —a—]
0x
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Traffic Data Example

Quadratic feature engineering vs three-neuron network

X1
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Traffic Data Example

Three-neuron network

Parameters

W1’1: 0.4

W1’2: -0.6

W2,1: -1.0

W2,2: -1.0

bl,l: -5.9

b1,2: 5.2

b2,1: 5.1

Traffic volume

g 6 ) 8 _ O Training data
J 0 gokB — Prediction
@® Prediction 8 am
0 4 8 12 16 20 24
Hour of day




Traffic Data Example

Three-neugon network J S AegEees
Para 4 s/ © a _
i — - o o)
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) . . o I 1 g 4 ~ @ 5 O Training data

Traffic volume

01 ® Prediction 8 am
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Neural Network Optimization



Three-neuron network

Interactive demo: three neuron interactive.ipynb on course website

w1
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w2
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b3
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https://drive.google.com/file/d/1vGMwv1tvdSMgfK16cLlBX7GrGOgU0eYH/view?usp=drive_link

Poll 3

Interactive demo: three neuron interactive.ipynb on course website
What's the smallest MSE that you can find?
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https://drive.google.com/file/d/1vGMwv1tvdSMgfK16cLlBX7GrGOgU0eYH/view?usp=drive_link

Objective, Loss Functions, Gradient Descent

Objective N
1 . . . . >
1(6) = NE JjO@)  JO) = £(yD,9D) 9 =(x; 0)>
i=1 - —
Loss functions =
= Regression = Squared error: £(y,9) = (y — 9)?
= C(Classfiication = Cross entropy: £(y,y) = — Y., Vi log i

Gradient descent

while not converged
0 <60—ad]/ob



Optimization y = hg (x)

Three-neuron network A1,j =

5 W21
X1 1,1 3 -
P
W12 Ny [Z12f 4 [F12 Wy, P21 y
2%




Optimization , 375 hg (X) = by + X;w,j @y
- da, -
Three-neuron network /’3%’ - j{:alj — g(bl,j T Wy, xl)
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—
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Optimization y=he (X) =by+X;wy;ay;

Three-neuron network A1,j = g(bl,j T Wyj xl)
oy y Z11 g ai,1 w,
X4 b1,1 ’ Z ........ ﬁ
I~ - - g . - b2,1- ........ Q y
b1,
d/ B af dy 6a1,j 621,]- d] B af 0dy
Owy; 09 day; 0z1; 0w, 0w, 09 0wy
0] 0¢ 09 Oay; 0z 0] _ 0t 0y

db,; 09 da,; 0z;; 0b; 0byy 09 by,



Adding More Neurons



Poll 4

Logistic regression for 28x28=784 pixel hand-written digit images into
10 classes:

How many parameters (including bias terms)?
10

10+784

10*784

10*784 + 10

10*784 + 784

F. I have noidea

m O O ® >



Parameter naming conventions

Three-layer Network Wiayer output input

blayer output
Network diagram

Wiiq Z11
X4 g
b1,
W311
Z1y Z31 a1 =Y
X2 g > g
12 b3,
W312
Z
13
Wi33



Three-layer Network N (—
Different ways to define network layers

.
)~
z




Three-layer Network

Different wa
X1

efine nety{ork layers

e [

2 g




Image Classification

Demo of (Fully-connected) neural network to classify images of hand-
written digits



https://adamharley.com/nn_vis/mlp/3d.html

Reminder: Image Classification

Demo of (Fully-connected) neural network to classify images of hand-
written digits

https://adamharley.com/nn vis/mlp/3d.html

Digit network

Output layer | 10 neurons 50’;'/"\4)(

Hidden layer 2 100 neurons 'f{jw

Hidden layer 1

300 neurons e ly

Input / 784 pixels \



https://adamharley.com/nn_vis/mlp/3d.html

Image Classification

Demo of (Fully-connected) neural network to classify images of hand-
written digits



https://adamharley.com/nn_vis/mlp/3d.html

Poll 5

How many parameters does one neuron in the output layer have?
1

2 0123456789
" B

10
.11
100
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8 |
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https://adamharley.com/nn vis/mlp/3d.html
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https://adamharley.com/nn_vis/mlp/3d.html

Poll 6

How many parameters does one neuron in the first hidden layer have?
1

2 0123456789
C I |

300
. 301
784

785 S= = mEss 5 % [ ® BN B BN 5N Ssss  ss sses

mm g 0O w >

https://adamharley.com/nn vis/mlp/3d.html



https://adamharley.com/nn_vis/mlp/3d.html

Poll 7

What do the colors of the lines represent?
A. Weight
B. Value from previous neuron

0123456789
LI |

https://adamharley.com/nn vis/mlp/3d.html



https://adamharley.com/nn_vis/mlp/3d.html

Poll 8

What do the colors of the neuron squares represent?
A. Weight

B. Output value of the neuron

C. Input value of the neuron

0123456789
" N

https://adamharley.com/nn vis/mlp/3d.html



https://adamharley.com/nn_vis/mlp/3d.html

Neural Net Forward Pass and
Backpropagation



Forward pass

Parameter naming conventions
Wlayer output input
blayer output

Predicting output from input

)

aiq

W311
Z31 a3q :@
) g
W31 \ /@

S
w
—_

! g




Parameter naming conventions

Three-layer Network Wiayer output input

blayer output
Network diagram

W311

oy

31

W312




O pt| m |Zat|O N y=hex)=g <b3,1 + Z W31k 9 (bz,k + Zl Woki 9 <b1,i + Z Wi, j x]>>>

Tons of repeated partial derivatives ‘75
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Forward Pass
Width 1 deep network (no bias) (dumb but will help with calculus)

Y
X Zy aq Z, a, Z3 as Zy a, Zs as =y
4
Wlf g sz 9 ng 9 W4f g st g
zg=f(Wp,ap1) =Wy -apq y=hex) =g (Ws g (W4 g (W3 ’g(Wz - g(wq x)))))

ar = 9(z) : (f (g (f (9 (f (97 (ots <x>)))>>>)) )




Forward Pass y=he(x)=g <W5 g (W4 g (Ws -g(wz - gw, -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)

Wy W, W3 Wy Wg

With a new data point (x, y), we have our current weight values
but we don't y (or any of the intermediate values z, and a,)
or the value of our object function



Forward Pass y=hex)=g <W5 g (W4 g (Ws - g(ws - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)
y

X
Wlf g sz g ng I w e w5f g _\E

With a new data point (x, y), we have our current weight values

but we don't y (or any of the intermediate values z, and a,)
or the value of our object function



Forward Pass y=hex)=g <W5 g (W4 g (Ws - g(ws - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)

Wy W, W3 Wy Wg

With a new data point (x, y), we have our current weight values
but we don't have y (or any of the intermediate values z, and a,)
or the value of our object function

The forward pass propagates x (forward) through the network
to give us these values



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)

¥y ou oy Yy oy oy A d
aZl aal aZZ aaz aZ3 aa?, aZ4 aaél- % ay \ -
X Zy aq Z, a, Z3 as Z, a4 5 as =y J
9 f 9 f 9 S 9 f
Wy w, Wy W, We —
0 o o s 9
0_M/1 ow, 0ws ow, dws

j

To do gradient descent we need the partial derivative of the objective with
respect to each parameter, w, <« w, —a dJ/dw,

The backward pass propagates the change in the objective with respect to

intermediate values (d//0z, and d] /da,) back through the network to
produce each dJ /dw,



Reminder: Calculus Chain Rule (scalar version)

Composite functions - chain rule

y = f(gx) y = f(2)
z=g(x)

df dfdg
dx dzdx



Why backwards? y = he(x) = g<w5 -g(w4 g (Ws -g(wz - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)
oy

ER
a i ! Z[ 14 2 gl z as =3 J
f 19 f g B rHd——rH g2 _\E
Wy W3 Wy Wy
a—\é OEL_( o




Why backwards? y = he(x) = g<w5 -g(w4 g (Ws -g(wz - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)

¥ Y Y oy oy a oy Y 9
02, da, 0z, da, 023 das 0z, day dze 09 _\:
4
" fr9 W, fr9 W, fr9 " 9 " fr9

6] __ 0] 0g of 0g Of 9g of dg Of dg 9f
ow ay 0Zs 6a4 624 daz 0zz 0a, 0z, daq 0z1 0w,
ow

- B e




Why backwards? Y= he(x) = g<w5 -g(w4-g(W3 - g(ws - g(wy -x))))>
Width 1 deep network (no bias) (dumb but will help with calculus)

¥ Y Y oy oy a oy Y 9
02, da, 0z, da, 023 das 0z, day dze 09 _\:
, '4
" f19 W, fI9 W, fr9 " fr9 . f9
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dwy __(zy_a/z_rL da, 0z, daz dz3 0a, 8z, daq 0z dwy

I
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—
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9] _ 98] ag of
Owsg - 09 0z5 Ows




Why backwards? y=hex)=g <W5 g <W4 g (Ws - g(ws - g(wy -X))))>
Width 1 diep network (no bias) (dumb but will help with calculus)

Y
0

x [z
I

1]
WlL-Adi sz g ng g W4f g st g ?

o] 0] ag af ag of ag of ag of og\of

dw, | 09 8zs da, 0z, das dzz da, 9z, da, az19w1

a7 |of ]
621 W1
. d]
What if someone had already done all of the work to compute 67 .
1

Then we just need to do the local partial derivative for f with respect to the parameter w
and then use that to compute the partial derivative for J with respect to the parameter w



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

Yy
4
" fr9 W, fr9 W, fr9 " 9 " fr19
d] o0t




Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

Iy
- _\[
L
" fr9 W, fr9 W, fr9 " 9 " fr9
9] _ 9] 99



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

9 9y
dzs 09 A—\[ ;
X Zy aq Z a, Z3 as Zy a, Zs as =Y
Wlf g sz g ng g W4f g st g ?
a] _ 9] Of
da, ~ 975 0a,
aJ _ 9] Of

6W5 o 625 6W5

P



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
9] I

aa'él- a_ZS a_y _\:
4
" fr9 W, fr9 W, fr9 " fr9 " fr9

9] _ 9] 99
824 - 5a4 624




Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

o o 9 9y
02, da, dzs 0y A_\: /
X Zq a Z) a, Z3 as Z, Ay Zs as =Y
Wlf 9 sz g st g W4f g st 9 £
d] _ 9] Of
daz ~ 9z40a3
9] _ 0] of

6W4 o 624 6W4



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

o 9 9 9 o y
0613 0Z4 5a4 025 5? _\:
L
" f 9 W, fr9 W, fr19 " fI9 " fr9
9 _ 9] 99

823 - 6a3 623



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

o 9 9o 9 9 0 y
023 das 024 da, 0zs 09 A_\: /
X Zq a Z) a; Z3 a3 Z, Ay Zs as =Y
Wlf g sz g ng g W4f g st g ?
d] _ 9] of
da, ~ 9z30a,
9] _ 9] of

6W3 o 623 6W3



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

g 9 g o 9 9 9 y
da, 023 das 024 da, 0zs 09 _\:
4
" fr9 W, fr9 W, fr9 " 9 " fr19
d] dJ] dg



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

o 9 o o 9 9 9 0 y
0z, da, 025 das 02, da, dzs 0y A_\: /
X Zq a Z) a; Z3 a3 Z, Ay Zs as =Y
Wlf g sz g ng g W4f g st g ?
aJ _ 0] Of
da, 9z, 0a,
9] _ 9] of

aWZ o aZZ aWZ



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

v o Wy Y a Y o Yy
aal aZZ aaz aZ3 aa?, aZ4 aa4 aZS ay _k
4
" fr9 W, fr9 W, fr9 " 9 " fr19
d/] _ 0] dg

621 - aal 6Z1



Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!

¥ oY oy oy oy a oy Y 9
02, da, 0z, da, 023 das 0z, day dze 09 _\:
4
" fr9 W, fr9 W, fr9 " 9 " fr19
9] _ 9] 9F
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 -g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
9] 9] 9] ] 9] 9] 9] 9] o] 9]

e i L L i . 2 L y
021 aal aZZ 0a2 023 0613 0Z4 5614 aZS 5}7
4
" fr9 W, fr9 W, fr9 " 9 " fr19
o o y o o
ow, ow, 0w, dw, Ows

To do gradient descent we need the partial derivative of the objective with
respect to each parameter, w, <« w, —a dJ/dw,

The backward pass propagates the change in the objective with respect to

intermediate values (d//0dz, and d] /da,) back through the network to
produce each dJ /dw,
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Generic Layer Implementation (so-far)

Compute derivatives per layer, utilizing previous derivatives

Obijective: J(0)
Arbitrary layer: z,ut = f(Zin, 6)
Need:

0Zin 0Zoyut 0Zin

a] _ 8] of
90  9zyy 00

_J

>

D

yAa

Zout

- in f

0

Zj I—ayer Zout — f(Zin» 0)

of
0Zin
af
20

> Zout

0]

0Zpyt




Outline

Today: Neural Networks

* Three-neuron network + optimization

= Neural network structure (adding more neurons)

= Forward pass and backpropagation (scalar version)

Next time: Neural Networks

» (Calculus: multi-variate chain rule

= Backpropagation (vector version)

= QOptimization intuition (sliders)

"= Neural network properties and intuition
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