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Introduction to ML

Optimization and
Linear Regression

Instructor: Pat Virtue




Pre-reading: Optimization Formulation

Find the best h(x) — y by searching in the space of hypothesis
functions h € H.

Loss: €(y,¥) is the loss or cost of predicting ¥ when the true value is y.

Risk: Risk for a hypothesis function is the expected loss over the data
distribution:

R(h) = Exy|2(Y,h(X))|
Minimizing Risk
Specifically: find a prediction function h*: X’ = Y that minimizes the
expected loss for randomly drawn test data (X, Y)

h* = argmin Eyy [£(Y, h(X))]
h



Pre-reading: Empirical Risk Minimization
Risk
R(h) = Exy [((Y, h(X)])

Empirical Risk

:%i (O n (@) D= {90,

Empirical Risk Minimization

h* = argmin R(h)
heH



Pre-reading: Loss Functions
h* = argmin Eyy [L(Y, h(X))]
h

Loss function:
L:YxY->NR
Classification:

= Two-class, 0,1 loss
= Two-class, arbitrary loss

False positives and false negatives:



Poll (unused)

For a healthcare classification problem where:
Y=0 represents a negative test for cancer (healthy)
Y=1 represents a positive test for cancer (sick)
Which two-class loss value should be highest?

True negative
False negative
False positive

O 0O WP

True positive



Poll (unused)

Does our decision tree algorithm
(recursively finding the best attribute to
split on a each node) find a hypothesis
that minimizes empirical risk for zero-
one loss?

A. Yes, always

B. Yes, but only when splitting with
error rate

C. Yes, but only when splitting with
mutual information

D. No

D = { (1, y®) }?:1

h."

Ry = 5 30 (5.0 ()

i=1

h* = argmin R(h)
heH



Poll 1

Which is a correct depiction of linear regression error lines for x € R,
y=wx+b>b

A B




Poll 1

Which is a correct depiction of linear regression error lines for x € R,
y=wx+b Error
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Poll 2

Given 8 = |wq |, what goes in the top entry for a linear regression

vector with two features, x = [ x{|?




A0 = MX 1 b
4
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Given 8 = yw,\|, what goes in the top entry for a linear regression TAN
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Poll 3: Two questions (unused)

Fill in the blanks: Linear regession optimization

N
: . 1 : :
1) min/max/argmin/argmax? - E (y® — HTX(l))Z
i=1

2)?
1) What type of optimization? 2) What are we optimizing over?
A. min A. X
B. max B. vy
C. argmin C. 6
D. argmax D. x, 0
E. Xy



Poll 3: Two questions (unused)

Fill in the blanks: Linear regession optimization

N
: . 1 : :
1) min/max/argmin/argmax? - E (y® — HTX(l))Z
i=1

2)?
1) What type of optimization? 2) What are we optimizing over?
A. min A. X
B. max B. vy
C.) argmin C/ 6
D. argmax D. x, 0
E. Xy



Machine Learning

Using (training) data to learn a model that we’ll [ater use for prediction

Training Data
Input and
Measured Output

Derain = {(X(i)'L(i))}Iivﬂ

Inout Predicted
X(new) )f;(new)

Model

Structure and
Parameters, 0




Machine Learning

Using (training) data to learn a model that we’ll [ater use for prediction
Training Data
x(l),y(l)
X(Z),y(z)
x(3),y(3)

Model

Structure and
Parameters, 0

(M), 5y (N)

Predicted

Output
)f;(new)

Input
X(new)




Machine Learning

Using (training) data to learn a model that we’ll [ater use for prediction

Training Data

x(l),y(l) Mode!
x@ 5@ ode
’ Structu_r>e:;_
x(3) 53 S v = WX + b
: Parameters, O
J b
X(N)’y(N) )
Inout Predicted
P Output
X(new)

5; (new)



Machine Learning

Using (training) data to learn a model that we’ll [ater use for prediction

Training Data DT
x5
2’ ) Model /
x(?), y Structure and
x(3), () Parameters, 6
. =
() () -
& b .
Inout Predicted
P Output
X(new)

5; (new)



Machine Learning

Using (training) data to learn a model that we’ll [ater use for prediction

Training Data MQMC‘))‘ \M‘%\;\\}N
1 ,,(@)
x , 4 ) Model
x(),y Structure and
x(3) 1) Parameters, 0
() ()
Inout Predicted
P Output
X(new)

5; (new)



Linear Regression

Output y

>y Ualed errar
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Risk in Regression

Squared error loss £(y, h(x)) = (y — h(x))z
h* = argmin Eyy [£(Y, h(X))]
h

B(h) =+ 3¢ (40 (+@))
(H{ﬂ — h (-‘1’.-‘“))) ’ <— Mean squared error!

Xoff

(19— (w0 +1))’

;‘/CO

.r"||—h

|
= -
= 10 11
f—t [a— s
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Linear Regression Optimzation

Finding the parameter values that minimize
the mean squared error objective function

30000
Error=2925.0

20000 1

10000 1

0 X

0 50000 100000 150000

D= {(«0,y®)},_
h* = argmin R(h v \)(W bl

heH

1 <
R(h) = EZF(”{} h( (}))



I~ D y:ux b
Linear in Higher Dimensions 2-D y=V X+ WX b
What are these linear shapes called for 1-D, 2-D, 3-D, M-D input?

xR x € R? x € R x € R
Yy = wlix+b ]““\6 ?\m\e P\ﬁDHP\W\ ¢ b\\/pe!’o}m\ e

/
\,\\/[pe r@lme

Wix+b=0  pont [ine plane

wlix+ b > () L\o\,f}(r\e L\a\)‘[)ﬁ )41\6 ;\o\\wcspﬁce }V\\'Pépﬁlé



Linear Regression Optimzation

Finding the parameter values that minimize
the mean squared error objective function

30000

Error=2925.0

20000 1

10000 /

@\ 0 50000 100000 15000,0 ]
8- - 52 (- 2l %v (0,0, S

q. \//‘”:w% 410
7«6@3(“)\\/ 2( o Amx/

Wﬂe
h* = argmin R(h)
heH

. 1 Y
R(h) = Ezf (U{} h ( U))
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Contructing the Desigh Matrix



Error=2925.0

Linear Algebra Formulation

Constructing the design matrix

O\Q \Q'.P\QCQ Sumnalion? w/ Jin. ol g b
/J(“s“’s’x[;’é (‘m ~ (b+§ W xﬂ }jt ‘9:[{;;
JE)= (%"’):—A',-[éi (yf 55 . QW[J
@Y= MoD=5 15 - %8, |



30000

Linear Algebra Formulation e

20000 1

Constructing the design matrix

10000 1

0 50000 100000 150000

VY =aD=L N5 Xl




Linear Algebra Formulation

Constructing the design matrix

Sepal Sepal Petal Petal
Length Width Length Width
4.3 3.0 1.1 0.1




Linear Algebra Formulation

Constructing the design matrix

Sepal Sepal Petal Petal
Length Width Length Width
4.3 3.0 1.1 0.1




Linear Algebra Formulation

Constructing the design matrix




30000
Error=2925.0

Linear Algebra Formulation
Constructing the design matrix /‘/) //)Ko(\)/\fﬁj
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30000
Error=2925.0

Linear Algebra Formulation
Constructing the design matrix /‘/) //)Ko(\)/\fﬁj
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Linear Regression
System of Equations



Poll 4 (unused)

Now that we have y = X0, we can solve %
this system of equations to get the best 8? &

A. Yes
B. No
C. | have noidea

Error=2925.0

50000 100000 150000
Mileage (miles)




PO” 4 (Unused) Error=2925.0

=~ 20000 -
Now that we hav we can solve 3
£

this system of equations to get the best 87?

A. Yes 0 5060(;4 ”eage (m?eog) 15)'000
No ; ‘_Z,
C. lhave noidea SPWC
~ | A
X \/ = 6 J

Nl - M|

Pl
b
1



Linear Regression

Number of solutions?

Output y

/ 5ol

N8)=g]ly - xbl,# 0




30000

Error=2925.0

Linear Regression

. . @
Linear algebra formulation >
O

a

0 50000 100000 150000
Mileage (miles)



Linear Regression Error=2925.0
o 000
Linear algebra formulation.,  — ;2 o
é - r\o ;<<(-> = )l(;) émooo-
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Linear Regression

Expanding objective before computing gradient

J(8) = ~lly — X613
= ~(y — X0)" (y — X6)
= %(yT —0TXT)(y — X0)
= %(yTy —0TXTy —yTX0 + 07X7X0)
= —(y"y —20"XTy + 67X"X0)



Linear Regression AR S B P

o /
Expanding objective before computing gradient O

J(8) = ~lly — X613 »—wo

=—(y X0 (y - X0) 1 as,\\\\o /\/
:N(L_QTXT)EX:XH /\ l)id(- r»’\M,_‘} ﬂdu

=—(y"y —07X"y —y"X8 + 67X"X0)
= —(y"y —20"XTy + 67X"X0)

BXM][MX@[—N% ) = [I XN][_NXAK][MXH



Linear Regression
Optimizing the objective

From course website under lectures:
* Demo: interactive regression.ipynb
=  Exercise: interactive_blind_regression.ipynb



Linear Regression w0 =5 [(y® — (wx® + )"+ (4@ — (wx® + 1))

ﬁcimizing the objective
b
' 0

p> st
N )Q ® best™

* v

< 4p—4F > W
J(v v\




. . 1 2 2
Linear Regression  J(w.b) =5 |(y® = (wx® +5)) + (¥ = (wx® + b)) |
Optimizing the objective




Poll 5 Jw,b) =5 |47~ e+ 1)) + (5 — (e 4 1)) |

For fixed data and fixed slope, w, what
shape do we get by plotting MSE objective

vs intercept, b?

A. Line

B. Plane

Half-plane
Convex parabola (U-shape)

E. Concave parabola (up-side-down U)
F. None of the above




Poll 5 oy = 202 - (x® + 5§72 (4 (ux® 4]

For fixed data and fixed slope, w, what
shape do we get by plotting MSE objective

Y
A
vs intercept, b? '\

A. Line
B. Plane
C. Half-plane

onvex parabola (U-shape)

E. Concave parabola (up-side-down U)
F. None of the above




Linear Regression / ‘
Optimiziyhe objective  jw,b) = %[(ym) — (wx® + b))2 N (y(z) — (wx® + b))z]
5 7

y / J(v,¥)
oA ¢
/ e((0(5 C\\Q >
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Linear Regression
Optimizing the objective  j(w,b) = %’(ﬁ) — (wx® %2 +(y® = (wx® ?KJ)ZI
y

! - J(w, b)




Linear Regression /™% =3[ = x4 )+ (@ - (wx® 1 p))']

What shape is the obejective function when we consider both
parameters w and b? J(w, b)

y t

A

b

~|
-

\
/

\/
/\
S

L

> X .3(\‘”2 b=0) =0 "




1 2 2
Linear Regression Jow,b) = 3| (Y~ (wx® +0)) + (y® — (wx® +1))'|

What shape is the obejective function when we consider both
parameters w and b? J(w, b)

y ! -

A

b
/
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g g Nw=2 b=0) =0




Linear Regression

Optimizing the objective .

3MSE
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Optimization

Gradients
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Calculus Time-out
Partial derivatives



Calculus with Linear Algebra

Vector in, scalar out vV

o —
Gradient / é 5

y=fx) vy€ER x€eRM
ﬁ

ld

\

Vi =

LT |



Calculus with Linear Algebra

Functions with linear algebra
slalac
y = f(x)

< =X O

Y,

= f(x)

= f(x)

) O P"d/ —>
vec tar iyl
X Xiq -
SN
XM | Xm,1
Y1 o
1 X4 Y1 Xy,
@ [l
X
Yy M . Xm,1
Y1k X1 (Y14 Y1k (X11
“| - f([ s D S
Ynk XM Yy x Ynk Xm1

o




Calculus with Linear Algebra

One way to think of it: bag of partial derivatives

M-V
Pl Mx N




Calculus with Linear Algebra

One way to think of it: bag of partial derivatives

Yl,l "t Yl,K Xl,l
: : = f : )
Yvk 0 Ywk (_XM,1 '
Nx¥ MxL
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Numerator Layout

N ot‘l’ X
a RlxM ]RLXM
7 y €ER G_y E R
x Output by input Transpose of input
A
1 dy \/ dy M dy
— € RNXl — € ]RNXM — € ]R
f; ax ax X
,)b Output by input Output by input ?
S
O _ e M /\_\ag o
d0x 0x 0X
Size of output ? ?




Denominator Layout

dy

X
dy

y €ER Z_y € R 9x X
x Input by output Size of input
dy dy dy
— € RN e RM*N — € R’
d0x ox 0X
Input by output Input by output ?
aY aY aY
— € RKXN —e R’ — € R’
d0x 0x 0X

Transpose of output ? ?



Calculus with Linear Algebra

Jacobian: Vector in, vector out
m— e e

_> Numerator-layout

y=f(x) yeRN xeRM %E]RNXM




Calculus with Linear Algebra
Numerator-layout vs denominator-layout

Vector in, vector out

SR

VN

“Al.)

y=f(x) yeRY xeRM (assume N > M for illustrative purposes)

Numerator layout Denominator layout

Number of outputs X number of inputs Number of inputs X number of outputs

dy

0x

% = ]RNXM

0x
-r’/\’/\j Jacobia M

N

|

AL

1

E IRMXN

N

L

a”

L



Calculus with Linear Algebra f([xlb
y: .

Vector in, scalar out
Numerator-layout

y=fx) y€ER, xeRY Z—ZER“M



Calculus with Linear Algebra f([xlb
y: .

Numerator-layout vs denominator-layout

Vector in, scalar out
y=f(X) y€eER, xeRM

Numerator layout Denominator layout

Number of outputs X number of inputs Number of inputs X number of outputs

a_y € ]R{D(M a_y = RMXl
0x 0x



Calculus with Linear Algebra

Scalar in, vector out

Numerator-layout

y=f(x) yeRY xeR, Z—ieRNﬂ

Ve

YN

= f(x)



Calculus with Linear Algebra f([xlb
y: .

Gradient: Vector in, scalar out

Transpose of numerator-layout

y=f(x) YER, x€RY, ZeR™M, v.feR"



Calculus with Linear Algebra f(’X},l
) =

Matrix in, scalar out
Numerator layout: Transpose of matrix dimensions

Denominator layout: Keep same dimensions as matrix

y=f(X) y€eR, XeRNM g—; e RV*M (denominator layout)




Exercise B &« 5— A VJ@B
) f

Suppose we have a function that takes in a vector and squares each
element individually, returning another vector, y = f(x).

Sy ] Y TN\ [49°
f( X2 ) - |x2] Y7 Example: f( ) =19
x% 7 ’j -25_

:cnw

What is>('3{0x? (use numerator layout)
| 2%, Ix, © O
3

66



Derivatives of Functions with Respect to Vectors

Numerator layout | Denominator layout | Notes
%) i ) N
E Ij\-' Ij\. Vv G R
o T i , N
E V I N I N Vv 'E R
i tv tIn tIn v e RY
ov s .
9 ulvy vl v
du
2 uly ul u
v
J’% viv v’ 2v
ov
o T T(, AT AT
5o VI Av vi(A+ AY) (A+ A" )v
% v Av 2vl A 2AV If A=A"
)i Av A AT
awv
9 yT'A At A




Numerator Layout

y € R

dy
— € R
0x

dy
dx
Output by input

€ RNX].

0x

Size of output

E R].XM
ax

Output by input

dy
0x
Output by input

€ [RNXM

GYE R?
0x

?

E IRLXM
aX

Transpose of input

dy
a—XE]R

?

aY -
0X

?



Denominator Layout

dy

X
dy

y €ER Z_y € R 9x X
x Input by output Size of input
dy dy dy
— € RN e RM*N — € R’
d0x ox 0X
Input by output Input by output ?
aY aY aY
— € RKXN —e R’ — € R’
d0x 0x 0X

Transpose of output ? ?



Linear Regression
Closed-form Solution



Linear Regression

Methods for optimizing the objective

" (Closed-form solution




Linear Regression

Expanding objective before computing gradient

J(8) = ~lly — X613
= ~(y — X0)" (y — X6)
= %(yT —0TXT)(y — X0)
= %(yTy —0TXTy —yTX0 + 07X7X0)
= —(y"y —20"XTy + 67X"X0)



Linear Regression oz"u _

0z
Gradient of objective with respect to parameters O --
. l . 2 azTu . T
J(8) =+ lly — X6lI3 u_y,

=—(y"y —20"X"y + 67X"X0)
1 0zT Az _ (A n AT)Z
Vj(0) = N 0z

- Or -

0zl Az
—— = zT(A+ AT)




N o€ pM
Linear Regression \/é\Q X GKA/XM fgu:u

Gradient of objective with respect to parameters - Of -
1
J(8) =+ Ily — X6lI3 : Tu_y,
=—(y"y —20"X"y + 67X"X0)

6ZTAZ

V(0) =~ (0 —2XTy +20"XTX) E—  ~ =(4+47)z

o]} DM M ;‘ o
I 2~ 2T (A+AT)
M 7] [inmf

0z



Linear Regression oz"u _

Gradient of objective with respect to parameters O --
1 zTu
J(8) =+ Ily — X6lI3 LT
=—(y"y —20"X"y + 67X"X0)
¢ —— 0z Az -

V/(0) == (0 — 2x"y + 207%*%) 5 = (At A)z

1 -- or --

==(0 —2X"y+2Xx"X0
N ( ’ ) 0z 47 _ zT(A+ AT)

0z



Linear Regression oz"u _

Gradient of objective with respect to parameters O --
1
J(8) =+ Ily — X6lI3 Tu_y,
=—(y"y —20"X"y + 67X"X0)
92 4% _ (A + AT)z

V() =~ (0 — 2X"y + 207%%X) T

1 -- or --
== (0 —2xTy +2XTXx0) .
0z

=zT(A+ AT)
== (-X"y + X"X0)



X € N

Linear Regression

Closed-form solution

f \ Vj(0) = % (—XTy + XTXx0) )
’T O%oc:%wgedog:o %:;:0 o \ %zo
? \ D :—%(’— XT\/ * >( )( 9>““’20 S .; S —ino : 5 i : ' X 511_ 20
Typ— 2 & /\/d(MA, %Mﬁ\ﬁ@f\j [}\ZA :X")/
AX= Ay S (e =Xy
_

g = (XJAYXT)/ XX invertzble B
[Px MITMs ALV T —fmx T




Linear Regression

Number of solutions
vy D/ ApwtT

|




A Note on Matrix Rank XX —=>A=1/
2 2 7
5 5

Underlying dimensionality of the data
A
3
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Linear Regression
Gradient Descent



Linear Regression

Demos to optimize the objective

Linear model optimization Blind version
regression interactive.ipynb regression blind interactive.ipynb
m O -0.05 m () -20.00
b O 16000 b () -10.00
30000
@
Error (RMSE)=7737.5 Error (RMSE)=31.7
20000-\1\
10000 -
0

0 50000 100000 150000


https://drive.google.com/file/d/1UGGPDKIVFUr9fx_AjevMoUtvYGRnFgqH/view?usp=share_link
https://drive.google.com/file/d/1UH6S_-ZdVwzCM2KL3KWOtWPb6yT7c6Pf/view?usp=sharing

Poll 6 (unused)

Open blind optimization on course website
Mess with sliders to find best model

What's the best RMSE that you got?

What's are the corresponding best parameters?



Linear Regression

Methods for optimizing the objective
s s|ider search (coo( Jinale dsee
" C(Closed-form solution : é;
(=D Grid search
@ Random search
" Gradient descent
= Stochastic gradient descent (SGD) |
= Minibatch SGD

b




Optimization

- T oMSE

Gradients
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Optimization

Gradient descent

Hyperparameter:

learning rate a (or sometimes y, 1)

While not converged
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Linear Regression

Methods for optimizing the objective

b

= Stochastic gradient descent (SGD) g




Linear Regression Gradient Descent

What happens in gradient
descent when we have
N=1,000,000 training points? .

Culfont MDAé\ —

P,‘C[Q/\S Just one
of Twa (ondom
Poim‘b Will allow us

¥ 0 quﬁ a reasonable L
3(‘6\&361\’( ?‘)CP

Output y

Input x



Gradient Descent
Batch -> Mini-batch -> Stochastic

Basically, just a difference in how many training points are each time
we compute a gradient (and then take a step with that gradient

CEEDRCCRN ||

Effective batch size = N

Mini-batch SGD IIIIIIIIII

Batch size=B, e.g.,, B =10

SGD [

Effective batch size = 1




(Batch) Gradient Descent

Slide credit: CMU MLD Matt Gormley

89



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

= procedure SGD(D, 6V)

x 0« Y

3: while not converged do

4: i ~ Uniform({1,2,...,N})
5 0+ 0 -yVoJ(O)

6

return @

We need a per-example objective:

Let J(0) = Zf\;l J)(6)




(Batch) Gradient Descent
Optimki);ting the objective using all points (just two in this example)
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Jw,b) == JYWw,b) + JP(w,b) |
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JD(w,b) = (y© = (wx® + b))’

T@(w,b) = (y® - (wx® + b))’




(Batch) Gradient Descent

N

Jw,b) = 5[ JDw,b) + JD(w,b) ]



Stochastic Gradient Descent

Optimiz((i)rgg the objective for one point at a time
y

JD(w,b) = (y© = (wx® + b))’




Stochastic Gradient Descent
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Stochastic Gradient Descent

Optimiéi)ng the objective for one point at a time
y @ @U\

A

/ . J@(w,b) = (y = (wx® + b))’




Stochastic Gradient Descent

J@(w,b) = (y - (wx® + b))’



Stochastic Gradient Descent

Optimiéi)ng the objective for one point at a time
y @ QU\
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Stochastic Gradient Descent
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Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

= procedure SGD(D, 6V)

x 0« Y

3: while not converged do

4: i ~ Uniform({1,2,...,N})
5

6

0+ 0 -yVoJ(O)

return @

We need a per-example objective:

Let J(0) = Zf\;l J)(6)



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

i procedure SGD(D, %)

x < 0

¥ while not converged do

4: for i € shuffle({1,2,...,N}) do
5:

6

0+ 0 —-7VeJD(O)
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0y

return 6@

\

We need a per-example objective:

Let J(0) = Zf\il J ()
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Slide credit: CMU MLD Matt Gormley



Gradient Descent
Batch -> Mini-batch -> Stochastic

Basically, just a difference in how many training points are each time
we compute a gradient (and then take a step with that gradient

CEEDRCCRN ||

Effective batch size = N

Mini-batch SGD IIIIIIIIII

Batch size=B, e.g.,, B =10

SGD [

Effective batch size = 1




Convergence Curves

Mean Square Error on training data

Log-log plot of training MSE versus epochs
10 ; . :

— Gradient Descent
— SGD

L Closed—férm
(normal eq.s)

Epochs

10

* Def: an epoch is a single pass through
the training data

1. For GD, only one update per epoch

2. For SGD, N updates per epoch
N = (# train examples)

* SGD reduces MSE much more rapidly
than GD

* For GD / SGD, training MSE is initially
large due to uninformed initialization
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